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r , Randon Error atlal !,lean Value

If  there are n observed data a.,  a-,  . . .  ,  a on a o\rant i tv,

then the arithnetic mean M is gi'i'en to be

when a quantity is trEasureal, it is usualf,y reaal by mears of

tie scale of an apparatus. Generally, the measulernent is taken by

the eye to the nearest 1/10 of the srnallest scale. fn consequence,

the last figule of the rneasured va1ue6 conlains a reailing error,

besiales an instnrnental error.

1 ,

the alifference o. of, each measured value

resialual or si[ply tne elror. The sum of,

u -a t=q ] , M ' a 2 =  a 1 , 2 '  . . .  I

X  0 .  =  0 .

{ 1 . 1 )

a, from M is called the

these errors must be zero,

M -  a  =

lr.2 )

the notewor.thy point is that the rEan vafue is not a neasureal value

but a vahre alerived froEr rneasuleal data. when neasuring a quantity,

its true value is unknoxm and can never be determined e)€ctly by

obsewation. In cases containing randon errors, the mean vahE is

regarded Es the best estinate that can approach closer to the true

value as the nlrllber of observations increases: .

V In t]re present case, the tlue value is uriknolrn but calr be

estinated by the aritfunetic rnean of observeil data. fhe accuracy

of this estlnate is given as o/6, \ihere o antl n are the stan-

alard deviation of the sanple anal the nunber of, cibservations

respectively (Refer Eq. 1.3). Theref,ore, if o alo€s not vary

greatly with increasing n, we can roughly regard that the

accuracy of the estinate increases in proportion to /;.
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A peculiarity of random error is that the lE're observations

are maale the nore frequently tie rneaBulaeal values f,all in the praoxi-

nity of the nean value i tne probabiliq' of llaking an erlor decleases

very rapidly as tle nagnituale of the error increases. ln othe!

Fig.  I

worals the frequency distribution of such ilata sho\ds a s!'nmetricat

bell-shaped grap#/with the center at the nean (Fig. 1).

iry)lies tlat the probabi-lity of a datum which falls betow the mean

is equal to that of the alatun a.bove this vatue.

the stanalaral deviaLion o of a set of observations is defined

as the root-mean-square value of t}le ileviation fron tne aritlmetic

mean. o! the square root of the aveliaged squareal residual. tthus

if n is the nusber of observations, we have

(  1 . 3 )

4 lttis tyEe of curve is Lef,erreal to as error culve or prcbability
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Tte nuniber e , such that tne probability tnat an error is bet\,reen

- e and + 6 is *, is caLled tlrc pratiable error of a single obser-

vation. These o- and e are relateal by the following equation'

o .6145 =  0 .6745o  =E .

M

E i g . 2

{  1 .4 )

t'he value of o or of e can be r.rsed as a lneasurje of dbsPersion of a

set of observations. I'o! srn;rll o or e tie curve of frequency tli6-

tribution has a high peak and fafls 6ha4)1yr shoeting a small spreaal

or aispelsion in the observation, anal, conversely. if o anal e have

a large value, t-he peak is 1ow. the curve fa1ls graaluallY and the

spreaal is wide (l'ig. 2),

since alry neasured value contains sone elror€, it is neaning-

less to write ato\rn sirply atl tie figures alerived from nathenatical

calculations. zls an exa!p1e, let us consialer a volulne of tiquid in

a vessel graaluated to the order of IO ml. anal another volurne of

liquid in the other ves6e1 grailuated to the oraler of 1,/1O n1.

Suppose tfiat the forBer value was measured to be 251 !l1. and the

Lat|.F-t 25.27 nl, and tlte liquids were lldxeal. ltle voll]lre of the
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trLixed liquiils should not be er.presseal as 276.27 EI. but 6hould be
276 h1. Ihe valu6 Ehou1d be lounaleal off to the nearest flgure of
tbe less precisely neasurieal value (Fig. 3).

,  25 I  t  0 .5  n1 .

.25.27 ! O.OO5 dt.

r r g .  J

When calculatlons are nade using nunef,ical values containLnq
elrolg sucb as (a J 6a) and (b t 6b), Ure eEor 6y exertlng
influence upon the calculated leBult y caJI be obtalned as follcrrs.

1 .  6y  =  nda ,

2. 6y = Il6a/a2,

3 .  6y  =  n (6a  +  6b ) ,

4. 6y = n(bda + adb)
= nab (6ala + 6b/b) ,

s. q = n(aA) (6ala - 65751 ,

tot "y = ^/a.

f o r  y  =n (a tb ) .

for

fo!

Y
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Generally, if, tne equation i.s given to be

Y  =  f  ( a .  b ,  c ,  . . . ) , \2 .  r )

the error 6y is expressed as

"  3 f .  e f  ^_  a f ^
da dD dc

\ 2 . 2 )

Since the calculateal y contains tie error 6y, those figures

beloi? the place affected by the error are insignificant: It nust

al.so be noteal that the precision of observations should be taken

into account with the relative error 6y/y . not with the absolute

When lrriting nunbers containing many zexo6 before or after

the decimaf point, it is convenient to erl[)loy por^iers of 10. For

example, 135,000 or 0.000135 have three signi f icant f igures in

comrnon a.nal can be expresset l  as 1.35 x lO) or 1.35 x ]O-q respec-

tivety. Nmlcers associateal with enunexations or countings, as

opposedl to measurements, axe of course exact a.rral so have an

unlinited number of significant figures. In sone of these cases,

however, it nray be difficult to deciale which figures are signi-

ficant without further information. For exaq)f,e, rhe nunber

1 8 6 , 0 0 0 , 0 0 0  m a y  h a v e  3 ,  4 ,  . . . , 9  s i g n i f i c a n t  f i g u r e s .  r f  i r  i s

kno$,n to have five significant fiqures, it woufal be better to

record tie nufirber as t.86OO x fO8.

Bearing the exact mea[ing of sigmificant figures in nind, we

can often obtain a sufficient accuracy even by appxoxinate calcu-

lation. In cases where the erxor is sma]], it riay be sufficient to

take merely the infinitesinal terms of the first degree given by

expansion. The following axe expansions usually employeal under

such circunstances, Here 6 ,  y ,  , . .  denote the inf ini tesimal
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1 .  ( 1  1d )n  =  r  t  ' . ' 6 .

where 0, i  0r.

8 .  s i n  ( x t  6 )  =s i nx l 6cosx ,

c o s ( x 1 d ) = c o s x + 6 s i n x ,

t a n x t 6
- L r 0 t a n x

s i n 6 = t a n 6 = 6 ,

where 6 is siven in radia.i.



3. claphical Replesentatiqr of Data (Linearization of Pl.ots)

when stualying the variation or the ilistributlon of, nrnerical

values, graphical lepresentation la nostly used to Eho!,r U)e quan-

tj.tative lelationship between tlto variables, By thls representation

t}}e general trend in a group of trEasureal values can be unflelstooal at

a glance. SotrE notenorthy points in using qraph papers are

desc.itreal beloqr.

Ttrere are dlfferent types of graph papers. The most comnonly

used are thoee in which the rectangular cooralinate axes are

graaluateal ln equi-intervals. Logarithmic graph paFers are also r.rseal

and they can be in the form of seni-log or 1og-1og papers.

lhe nethoil of using tle €s of the graph papers is as fotlows:

1. ltake the inalependent variable on the absclssa,

2. Pl"ace tnarks on ttre axes ln such a banner that the plots of

alata ale distributed over a wide enouqh 6pace.

4 .

select the valiables in such a way tlat the plots al.e

distributed almost linearly. This incluiles t-he trans-

forrnation of oxiqinal valiables,

Matk the units of tbe variables on the resDective a:ais.

lihen the Logarithns of tie lEasured values are plotted,

the oralinary linear section paper can of course be useal

but if l-ogarithnlic sectj.on papers are used the neasured

values can be plotted wlthout any rrJdification. In the

latter case the alecirnal places of the figiules such as

0.1, 1.0, 10, 100, etc,, rnust be taken in equi-j"ntervals
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on the stanilaral stubs of the axis (!'i9. 4). theref,ole,

there is no zero on the logarithmic scale.

0 . 1 o.2 1 . 0 2 . O 5 . 0o.5 l 0 .o

When a theoretical equation is to be conpareil fiith neasureal

alata on a graph, it is preferable to plot them as straight lines

rather than cuxves. Many types of curves can be converteal into

straight lines by suitable transf,oflnation of variabfes on the

coordinate axea.

3.1. Straiqht l , ine

F i g . 4

lihen plota are alistributeal allE)st linearly, the relation

of the two quantities x anal y is e).pressed by

Y = a + b x , (  3 . 1 )

where a and b are constants whose values can be aleterldneal

from the observeal data. The constants can be obtained by

solving two si:nultaneous equations which are given by the

reaalings of two pairs x anal y fron the l-ine fitted visuatty.

Ho!,rever, tl:e more convenient nethod is a graphicat sofution.
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the intercept on
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( 3 . I ) ,  Y  =  a ,  w h e n  x  =

t h e  y - a x i s  ( F i s .  5 ) ,

0;  therefore a sho$/s

Since,  moreover,

where e is the angle

l ine v isuaf ly  f i t ted,

F i g .  5

beirdeen the x-axis and the straight

\de can easi lY obta in b.

( * 'v )



3,2. Parabola or llr.Der:bola

Consialer the case where the two quantities x anal y are

related by

- to -

where a anal n are constants.

origi.nal equation becorles

( 3 . 3 )

Taking logarit-hna, the

l o g y = l o g a + n f o g x . ( 3 . 4 )

Iherefore, when vre plot log ,< and Io9 y tnstead of, x and y.

we can get the following linear relation

(  3 .4 '  )

(3 .  s )

this relationship is of course obtainable by plotting 1o9 x

and 1o9 y on a linear section papet. tihen u.sing log-tog

papers, however, we can easiLy obtain the relationship.

For the tletennination of the constant a, taking the fact

that 1o9 x = 0, for x = I into consialeration, we have the

relation

lherefore, Ire can get log a by readi$g the value on the

Y-axis for x = 1. l,ihen there is no point x = 1 on the

a.bscissa, we can also cbtain the value by using the y-inter-

cepts coftesponaling to x - 10, 100, ... For e)<ample, alenoting

by 1o9 at the reading of the y-intercept fo! x = ]OOO (Fig. 6),
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F i g . 6

l o 9 a f = l o g a + 3 n .

l o g  a  =  l o g a t -  3 n . ( 3 . 5 ' )
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The constant a ib thus aletennined, and n can be obtained frotn

the gradient of the glven straight lineY.

3.3. ErQonential Curve

I,{heD the relation bebreen the two observed quantlties x

anq y rs  g lven by y = a. IU or  y  = a.e ano accol ( l lngty rn

l o g y = 1 o 9 a + n x ,

l o g y = 1 o g a + l i l n x ,

{ 3 . 6 )

( 3 . 6 ,  )

i t  is convenient to plot lo9 y against x,  ! r 'here U = 0.4343
toq! ^ N

r= -----:::-\ +L6 ^,igina] e)Aonentiat curve is'  
log-  N"

converleal into a stralght llne which forms

Y = b + c x ,

there b and c ale constants,

( 3 . 6  '  ' )

In the equat ions (3,6 and 3.6rr) ,  denot ing the increments

of Y and x by A Y and A x respectively, we have

( 3 .7 )

V rn Fig. 6, the stope n is given numericalty to be 0.467

(using an appropxiate unit of lengti for BA anal AC), anal

al is reaal to be 340 for x = l-000. Therefole, fron the

equat ion (3.5r )  ,  we have

1o9 a = 1og 34O - 3 x0.467

-  2 . 5 3 2  -  I . 4 0 1  =  t . t 3 l

lhus, t}te constant a can be aletenlined to be 13.52,



y=150
->
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F i g . 7

A Y = - A C , / O E ,

For example, referring to ?ig.'7, consialer the A x = 10, tlen

the corresponding AY is given to be the lincar seqlent AC on

the Y-axis.  s ince 6i '= 1o9 fOO - 1o9 1O = 1in this f igure,

by neasuring the linear segnents ;e and 68, we obtrin

anil therefore.

(  3 , 8 )
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Since y = a ldlen x = O iD the original fo!fi y - a.1ou

the value of a is obtailteal frorn the intercept 6n the
4 /

Y (=l-og y) -axisr .

when we hane no infofinati,on as to the theoletical equation

for pulposes of, cornparison' it i5 usually very alifficult to

ascert-ain the algebraical expf,ession foL a series of obaerved

ilata, L€cause there is no definite nethod by t}ilch to arlive at

the finat e)<pression. ltonever, ttre foll-oreihg table rnay be help-

ful in suggesting the tlFe of rnathenaticat equationa \thlch

erapress the shape of the curve on section paPer.

Equation Chalacterlstics

1. y = a + bx Sttaight line on linear section

paper '

2. y = a + bx' Curveal line whose graalient i3

ptoPortional to x otr llnea! 6ection

paPer '

7
3, y = . + bx + cx_ Curveal line whose grlaillent ls

proportional to x on llnear section

Paper '

A/ In Fig. 7, tlle constant a can insEttiately be lead to be 150.

The slope n is given nmerically to be - 0.069A flom the

equat ion (  3.8) .



EquatLon Characteliatics

a. v = 
T stlaLght Ilne when y is plotted

agalnst l,/x on llnea! section paper,

- a x
'  1 + b x

2
o r  v  =  - ^

-  
1 + b x z

Itx

Stralght line when 1/y ls plotteal

agalnat L,/x on linear section pape!.

Stlaight line nhen l/y is plotted

against l/x_ on linear section

Paper.

Straight line ,hen y is plotted

against x on 6€Di-Iog sectlon paper.

8. y = .*t stralght line when y is plotteat

against x on log-1og section pape!.

4. !c+!!-!sseIg-leg€

!{hen a series of obgerved ilata (xir yl) foUoes t]le relation

y = mx + b, as a natutaf con€equence the following equaCions Dust

be valid:

n x .  + b - y i = 0 ,

where i = I,2, 3, . . . ,  n. since, ho,eeve!, the el lors vi al$ays

accoq)airy ttre reasureal alata. t-he above lelation should be

re$rLtt€n aa

rnx ,+b -v .=V , . ( 4 .2 ,



For the aletermination of constants m and b which are the nearest to

their ideal values, the least square rEtlloal can be emptoyed. In

the equaLion 14.2),  y,  t j tke the nost l ikely l iatues when X v.2 t .1. ."

l:he -Least value. Puttingr r vi = S for the sake of sirpticity, \de

obtain

s=  t (x .m+b- r ' , )2

= .2x 
"r2 

+ 2bir t xi - ar r x.r, + nl2

. 2- u b l y .  l r y .  ( 4 . 3 )

S takes its least value when the following conditions are satisfieal,

*=o=-  t x .2  +  2b  * .  -  zxx iy i ,  e .4 )

t 4 . 7 )

S= o = - Ixi + 2bn - 2 tv .

On solving the si$ul" taneous equat ions (4.4) and (4.5),  we f ind

n  X x .  v .  -  I x . I v .
l - 1

-  2  ^  . 2

-  2 -z x  z y .  -  L x ,  r x , y ,

Generally, when an enpirical explession is given in the form

!  =  F  ( x ,  Y '  z ,  . . , ) ,

the xesidual V. are expressed as fo1lor,rs

(4 .s )

( 4 . 6 )

! .  =  F  ( x i ,  v a '  z i ,  . . . )  -  L i  ,



where x., y,, z. ... a!€ observed vaJ.nes. I'he conetants A, B.

C' ... contaLned in the function F are selecteal in such a nanne! as

to nLotEize tv,_ t

a ( tv .  2)

AA

2
a (x\)r )
-5_ = 0r

Ee!e. tlre nrnber of these sLerltaneous equations mrst be equal to

tiat of ttle constants @ntaifletl ln the oliglnal equation. llhet

these eguatrions are solveil we can aletendne t}!e congtants.

To facilltate U€ unilerstanillng of tlle least square Etlrcd.

Iet uE consialer the following exaq)e: Tab1e I gives er.peritEnta:

values of the ptessure P of a ginen Dass of gas corleapontling to

varLoug values of the vollm v. Accortling to thereiLryEmic plinci-

plee, a relatlonship havlng the forn pvY = C, where Y and C are

constants, shoulil exist betveen tlt€ \,"ariab1ea. (a) Finil t}Ie values

of Y antl c. (b) nrit6 ttte equation connectitrg P anfl v.
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Ta.ble I

P

5 4 . 3

6r.2

6 1 , 8

49 .5

' 72 .4

37  .6

8 8 . 7  1 1 8 . 6  1 9 4 . 0

2 4 . 4  1 9 . 2  1 0 . 1

Since PvY = c, we have

l o g P + Y l o g V = 1 o g C ,

l o g P = 1 o 9 C - ' t l o g V ,

Taking 1,og V = X and log P = Y, t]te last equalioD can be written

y  =  b  +  m X ,

w h e r e b = l o g C a n d n = - Y .

(  4 . 8 )

Table 2 below gi!€s X = log V and Y = 1o9 p corresponding to

the values of V anal P in Table I and also indicates the calculations

ina.olved in corputing the least square line (4.8).

Table 2

x (= 1o9 v) Y (= 1o9 P) --2

r .7  34A
l .?9 to
1 . 8 5 9 7
1.9479
2 . O 7  4 r
2 , 2 A 7 A

1 . 7 8 6 4
1.6946
r .5752
1.4533

1 . O 0 4 3

3 . 0 0 9 5
3 . 2 0 7 7
3 . 4 5 8 5
3.7943
4 . 3 0 1 9
5.2340

3 . 0 9 9 ?
3 . 0 3 5 0
2 . 9 2 9 4
2 . 8 3 0 9
2.6617

tx = rr.6953 tY = 8.?9?5 Lx2 = 23.oo5s txY = L6.8543
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From t le equat ions (4.6) and (4.7),  rr te have

ntxY- tx lY =  -  1 . , 1 O ,
, r t x2 - ( t x )2

atral

tx2 ty- tx t rs =  4 . 2 O .
, ,  x  y2-  1x x12

therefore, the equation (4.8) becorEs v - 4.2O - 1,40 x. Since

b  -  4 . 2 o  = r o g  c  a n c t m  =  -  1 , 4 0  -  -  " ( ,  c =  l , 6 o  x  ] o a  a n d

Y = 1.40. rhe required equation in teflna of P and v can be written

Pv l ' 4o=  16 ,000 .

This ploblem can be solveal as ivell by using t-he nethoa in

Sectton 3.2. 5'or each pai.r of values of P anal v in Ta.b1e 1r we

obtain a point !.'hich is plotted on a 1og-1og graph paper as shovrn

in gig. 8. A line (dravn freehanal) approxifiating these points is

also indicateal. lhe resulting graFh shctr^rs t-hat there is a linear

relationship betneen log P anal f,og V !,rhic.h can be reptesented by

the eguation

1 o g  P = b  + n l o g V o t  Y  = b  + m  X .

the slope m, which is negative in this case, i6 given

nurnerically by the ratio of, the lellgths of AA to AC (using an

appropriate unit of l-ength). Mea6urement in ttlis case yietdls

tn = - 1.4. To obtain b, one Foint on the l-ine ls needleal.

{
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VotsE. y

F i g .  a

: j

For exarq)1e lvhen V = 1O0, P = 25 from the graph. lhe!

b  =  1 o g  P  - n 1 o g v =  l o g  2 5  +  1 . 4  1 o g  1 0 0

=  1 . 4  +  ( 1 . 4 )  1 2 )  =  4 . 2

so that

a

1o9 P + 1.4 Log v = 4.2, ana pv1'4 = 16,000.


