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PTAPACE

The book is conpi led fron standard !ex! book6 in mechanica aod
is tended for use inrernal ly in the SEAFDEC Trainin8 Department a€ a
! e f e r e n c e  b o o k  f o r  t h e  M a r i n e  E n g i n e e r i n g  C o u r s e  t ! a i n e e s .  T h e  n a i n
o b j e c t i v e  i s  t o  h e l p  ! h e  t r a i n e e s  r e v i s e  t h e  b a s i c  c o n c e p t s  o f
rechenics rhich are involved in t .heir  everyday engioeering rork.

l l e c h e n i c s  i s  b a s e d  o n  s u r p r i s i n g l y  f e v  f u n d a m e n r a l  p r i n c i p L e s ,
b u t  l ' i t h  c o u n t L e s s  a p p l i c e t i o n s .  T h e  t r a i n e e s  w i L l  t h e r e f o r e  b e
reninded that to obtain the ful l  benef i t  f roo nechanics they nust
l e e r n  b y  u n d e r s t e n d i n g  r h e  p h y s i c a L  a n d  n a t h e m e t i c a l  p r i n c i p l € s ,
a n d  n e v e r  b y  n e n o r i z a t i o o  o f  t h e  f o n n u l e r ,  p a r t i c u l a r l y  t r h e n  t h e
e m p h q s i s  o f  t h i s  b o o k  i s  m o s t l y  o n  e n g i n e e r i n g  p r o b l e n s  o ( ,  i o  o t h e r
i totds, appl ied 0echanics.

S t a t l c s  i s  a  p a r t  o f  m e c h s n i c s  v h i c h  c o n c € r n s  t h e  e q u i l i b r i u m
o f  b o d i € s  u n d e r  t h e  a c t i o o  o f  f o r c e s .  T h i s  i s  s t u d i e d  f i r s t  a s  a
prel ininary step to Eechanics, and is fol towed by "Dynamics" l rhich
c o n c e r n s  t h e  o o t i o n  o f  b o d i e s ,  A  c o n s i d e r a b l e  r e l a t i o n s h i p  e x i s t g
b e t w e e n  t h e s e  2  t o p i c s  v h e l e  r e f e r e n c e s  a ! e  n a d e  d u r i n g  t h e  a n a L y s i s
of sone Droblems.

Treinees are expected to gain fron an experience this book in
s o l v i n g  v a r i o u s  p r a c E i c a l  p l o b l e m 6 ,  r h i c h  a ! e  e p p l i c a b l e  ! o  r e a l
s  i t u e t  i o n s .

R e f e r e n c e s :

l ,  l l € c h a n i c s ,  b y  J . L .  l { e r i a n ,  2 n d  e d i r i o n ,  1 9 6 1 .
2. Engin€ering l lechanics, by Lane K. Bransom, 1970.
3 .  l l e c h a n i c e l  E n g i n e e r ,  b y  D a v i d  A I l a n  L o ! r ,  1 9 7 0 ,



I .  l l e c h a n i c a  i s  r h a r  p h y s i c a l  s . i e n c e  w h i c h  d e a L s  l r i t h  t h e
s t a t e  o f  r e s t  o r  n o t i o n  o f  b o d i e s  u o d e r  r h e  a c t i o n  o f  f o r c e s .  I t  i s
t h e  o l d e s t  o f  t h e  p h y s i c a l  s c i e n c e s  a n o n 8  s h i c h  l h e r e  i E  n o  o n e  s u b -
ject t . 'h ich plays a greater role in engioeering anetysis than does
mechanica. l lodern research and development in the f ie lds of v ibra-
t i o n s ,  s t a b i l i t y ,  s t r e n g t h  o f  

" t r u . t u r t s  
a n d  r a c h i n e ,  e n g i n e  p e r f o r -

m a n c e ,  f l u i d  f l o s ,  e l e c t r i c a l  n a c h i n e s  a n d  a p p a r a t u s ,  a n d  n o l e c u l a r
atonic,  aod sub-atotnic behaviour are highly dependent upon rhe basic
p r i n c i p l e s  o f  m e c h a n i c s .  A  r h o r o u g h  u n d e r 6 c a n d i n g  o f  t h i 6  s u b j e c t  i s
t h e r e f o r e  a n  a b s o l u t e  p r e r e q u i s i t e  f o r  i { o r k  i n  t h e s e  s n d  n a n y  o t h e !
f i e l d s .

Mechanica is ba6ed on surpr is ingly fel '  fuodanenral  pr inci-
ples ehich part  icular enphasis is ptaced on, together ei th lheir
a p p l i c a t i o n .  H o n e v e r ,  i !  i s  e s s e n t i a l  t o  d e v e l o p  t h e  a b i l i t y  E o
represenl the $ork in a clear and logical  nanner.  The lools to gain
a  u i d e (  u n d e r s t a n d i n g  o f  t h e  s u b j e c r  a d d  i r s ,  a p p l i c e t i o n  a r e  g i v e n  L n
t h i s  b o o k  i n  r h e  f o r m  o f  s a n p L e  p r o b l e m s  l ' i r h  € o l u r i . ; o s  a n d
e x e r c i s e s .  l t  i s  t h e r e f o r e  b e n e f i . i a L  t o  f i n d  i n ! e r e s r  &  s t i n u l a r r o n
i n  n a n y  o f  t h e  ! e a l  a n d  p r a c t i c a l  s i t u e t i o n s  i n c l u d e d  i n  t t r e  p r o b l e E s .

The subject of  nechanic6 is div ided into tro parta,
a t e t i c s ,  e h i c h  c o n c e r n s  t h e  e q u i l i b r i u m  o f  b o d i e s  u n d e r  t h e  a c t i o n  o f
forces, and dynamics, which concerns the motion of bodies. DvnaEics
i n  t u r n  i n c l u d e s  k i n e m a t i c s ,  I { h i c h  i s  t h e  s t u d y  o f  n o t i o n  o f  b o d i e s
o i t h o u t  r e f e r e n c e  t o  r h e  f o r c e s  w h i c h  c a u s e  t h e  n o t i o n ,  a n d  k i n e r i c s ,
n h i c h  r e l a t e s  t h e  f o r c e s  a n d  r h e  r e s u l r i n g  n o t i o n s .  T h e o r e t i c a l
n e c h a n i c s  i s  p r i n a r i l y  t h e  c o n c € r n  o f  t h e  p h y s i c i s t ,  l h i l e  a p p l i e d  o ,
e n g i n e e r i n g  n e c h a n i c s  i s  o f  c o n c e r n  m a i n l y  r o  t h e  e o g i n e e r .

PRIf,CIPI.ES OF STATICS

g o i n g  i n t o  d e t a i L ,  c e r t a i n  d e f i n i -
t o  t h e  s t u d y  o f  n e c h a n i c s  s h o u l d  D e

2. B.sic CoDc€Dts before
t i o n s  a n d  c o n c e p t s  r r h  i . - h  a r e  l a s i r

S p a c e  i s  e  r e g i o n  e x r € n d i n g
io space is deEernined relat ive ro sone
angular oeasurenents.

i n  a l l  d i r e c t i o n s .  p o s i t i o n
reference systen by l inear and

Tine is a measure of
o f  t i m e  i s  t h e  s e c o n d ,  s h i . h  i s  a  r o n v e n i e n t
t h e  e a r t h ' s  r o t a t  i o n .

ion of events. The unit
f r a c t i o n  o f  t h e  p € r i o d  o f



F o r c e  i s  t h e  a c t i o n  o f  o n e  b o d y  o n  a n o t h e r .  A  f o r c e  t e n d s
t o  n o v e  a  b o d y  i n  t h e  d i r e c t i o n  o f  i c s  a c t i o n  u p o n  i t .

M a t t e r  i s  s u b s t a n c e  l , h i c h  o c c u p i e s  s p a c e .

I n e r t i a  i s  i h e  p r o p e r t y  o f  n a t t e r  c a o s i n g  a  r e s i s t a n c e  t o
change in not ion.

- 2 -

i n d i c a t e  t h e  s e n s e . T h e  I e n g t h  o f  t h e  d i r e c t e d  I i n e  s p g m e n f

LINE.

M , < s  i .  r h .  n , , . n r i r F t i v e  n e a s u r e  o f  i n e r t i a .

A  b o d y  i s  n a t t e r  b o u n d  b y  a  c l o s e d  s u r f a c e ,

A  p a r t i c l e  i s  a  b o d y  o f  n e g l i g i b l e  d i m e n s i o n s .  I n  s o m e
c a s e s  a  b o d y  o f  f i n i t e  s i z e  r n a y  b e  t r e a c e d  a s  a  p a r t i c l e ,  o r  a t  o t h e r
t i n e s  c h e  p a r t i c l e  m a y  b e  a  d i f f e r e n t i a l  e l e n e n t .

A  r i g i d  b o d y  i s  o n e  i r h i c h  e x h i b i t s  n o  r e l a t i v e  d e f o r n a t i o n
b e t g e e n  i t s  p a r t s .  T h i s  i s  a n  i d e a l  h y p o t h e s i s  s i n c e  a l l  r e a l  b o d i e s
I ' i l l  change shape to a certain extent when subjected to forces. Idhen
such changes are sna1l,  the body may be terned r igid vi thout apprecia-
b1e error.  With the except ion of deformable spr ings this book is a
t r e a t n e n t  o f  t h e  n e c h a n i c s  o f  r i g i d  b o d i e s  o n l y ,

3. scalars aDd vectors the quant i t ies dealt  r i th in mechanics
are of tvo k-GA;;---$A;- i ; i i  i t  ies are those ei th which a nasnitude
o n l y  i s  a 6 s o c i a t e d .  E x a n p l e s  o f  s c a l a r s  a r e  t i m e ,  v o l u m e ,  d e n s i t y ,
s p e e d ,  e n e r g y  a n d  n a s s .  Q u a n E i t i e s  i t h  l , , h i c h  d i r e c t i o n  a s  ' e 1 l  a s
n a . g n i t u d e  i s  a s s o c i a t e d  a r e  c a l l e d  v e c t o r s ,  E x a n p l e s  o f  v e c t o r s  a r e
d i s p l a c e n e n t ,  v e l o c i t y ,  a c c e l e r a t i o n ,  f o r c e ,  n o m e n t ,  a n d  n o n e n t u m .
Scalars may be combined according to the ordinary lavs of algebra,
ehereas combinat ion of vectors requires a part icular form of algebra
t o  a c c o u n t  f o r  b o t h  n a g n i t u d e  a n d  d i r e c t i o n .

A  v e c t o r  q u a n t i t y  V  i s  r e p r e s e n t e d  b y  a  s t r a i g h t  1 i n e ,
I i g , l ,  h a v i n g  t h e  d i r e c t i o n  o f  t h e  v e c E o r  a n d  h a v i n g  a n  a r r o w h e a d  t o

represents to some convenienE scale the magniEude of V, and the
d i r e c t i o n  o f  t h e  v e c t o r  i s  s p e c i f i e d  b y  t h e  a n g l e  €  m e a s u r e d  f r o m  s o n e
convenient re ference l  ine,

REF.

F i g . l



The negat ive of V is a vector -V directed in the opposite
gense to V as shosn-

T h e r e  a r e  3  k i n d s  o f  v e c l o r s ,  f r e e ,  s l i d i n g ,  &  f i x e d .  A
free vector is one which nay be represented by a vector arrow enyrhere
io spece as long as the nagnitude and direct ion re&ein f ix€d. t f  e
body moves in a straight l ine $i thout rotat ion, th€n th€ Eov€nenr of
any point in the body nay be tek€n aa a vector,  and this vector t ' i l l
descr ibe equsl ly ue1l.  the not ion of every point io the body. Thus the
displacenent of 6uch a body may be !ep.esented by 6 free vector.
Veloci ty and accelerat ion are examples also of f ree vectors.

A sl id ing vector is one for I 'h ich e unique l ine in space
nu8t be naintain€d aloog nhich the quant i ty acts.  l fhen deel ing si th
the act ion of a force on a r i8i .d body, the force nay be appl ied st  eny
point elong i ts I ine of act ion vi thout changing i ts effect on the body
es a \rhole and thus may be consideled a sl id ing vector.

A f ixed vector is one for which a ' rnique point of  appl ica-
t i o n  i B  s p e c i f i e d ,  a n d  t h e r e f o r €  t h e  v e c t o r  o c c u p i e s  a  f i x e d  D o s i t i o n
i n  s p a c e .  T h e  a c t i o n  o f  a  f o r c e  o n  a  n o n  r i S i d  b o d y  n u s t  b e  s p e c i f i e d
b y  a  f i x e d  v e c t o i  a t  t h e  p o i n t  o f  a p p l i c a t i o n  o f  t h €  f o y c e .  l n  t h a s
problen the forces and movemenrs internal ro the body i i l l  be a fuoc-
t i o n  o f  t h e  p o i n t  o f  a p p l i c a t i o n  o f  t h e  f o r c e  a 6  w e L l  a s  i t s  l i n e  o f

Vectors nay be added and sub!racted eccotding to the
t r i a n g l e  a n d  p e r a l l e L o g r a n  L a r s .  T h e  t l r o  f r e e  v e c t o r s  V l  a n d  V 2  i n
F i g . 2 a  m a y  b e  a d d e d  h e e d - t o - t a i l  t o  o b t a i n  l h e i r  s u n  a s  s h o r n  i n  p s r t
(b) of  the f igure for tbe tr iaogte law. The order of their  conbrna-
t ion doe€ not effect th€ir  sum. The ideot ical  result  in Dasuitude and
d i r e c t i o n  i s  o b t a i n e d  b y  c o n p l e t i n g  t h e  p a r a l l e l o g r a m  a s  s h J v n  i n  p a r t
( c )  o f  r h e  f i g u r e .  l n  e a c h  c a s e  t h i s  v e c t o r  a d d i t i o n  i s  e x p r e s s e d

- 3 -

t'
(a)

F i g . 2

s y n b o l i c a l l y  b y  t h e  e q u a t i o n  V  =  V r  +  V 2 ,  o h e r e
t o  d e n o l e  v e c t o r  a d d i t i o n  i n  c o n t r a s t  r o  r h e
a d d i t  i o o ,

vv2
vr

( c )

the synbol -.f-+
+ sign used for

(b)



The di f ference V' betseen the
obteined by ei ther the tr iangle or the
s h o s n  i n  F i g . 3 .

I t
order to obtain
sFbol ical ly by
uBed to deoote
used for 6ca1ar

vectors Vr and V2 | [ay be
paral  le logran procedure as

F i g . 3

i s  n e c e s s a r y  o n l y  t o  a d d  t h e  n e g s t i v e  o f  V 2  t o  V r i n
t h e  v e c t o r  d i f f e r e n c € .  T h i s  d i f f e r e n c e  i s  i n d i c a t € d
the equat ion v/  = Vr-)  V2, uhere the symbol -J is
vecior subtract ion as dist inguish€d fronr the -  s ign

Any tso or nore vectora vhose sun equels a certain vector
V are s6id to b€ the colnponents of that vector.  Thus the vectors Vl
a n d  V 2  i n  F i g . 4 a  e r e  t h e  c o m p o n e n t s  o f  v  i n  t h e  d i r e c t i o n s  l  a n d  2 ,

( a )

respect ively.  I t  is usual ly nore convenieot to deal with vector con-
ponents rhich are nutual ly perpendicular,  and these are cal l .ed
"Rectangular conponents".  The vectors vx and Vy in Fig.4b are the
x-end y-conponents, respect ively,  of  V,

When explessed in rectangular conponents, the direct ion of
the vector ei th respect to,  €ay, the x-axis is c lear ly specif ied by

- t
e =  t a n u

l v
l-



4, l feelonr s Laes. Sir  Isaac Nerton lres the f i rst  to srete
c o r r e c t l y  t h e  b a s i c  l a u s  g o v e r n i n g  t h e  n o t i o n  o f  a  p a r t i c l e  a n d  t o
demonslrate their  val idi ty.  The laes ar€ !s fol lons:

- 5 -

T h e  a c c e l e l a t i o n  o f  a  p a r t i c l e  i s  p l o p o r t i o n a l
t o  t h e  r e s u L t a n t  f o r c e  a c t i n g  o n  i t  a n d  i s  i n
t h e  d i r e c t i o n  o f  t h i s  f o r c e .

i s  i n c l u d e d

Lae I

Lau l I

La{ I I I  I

A  p a r t i c l e  r e o a i n s  a t  r e s t  o r  c o n t r n u e s  E o  m o v e
i n  a  s t r a i g h t  l i n e  s i t h  a  u n i f o r m  v e l o c i t y  i f
t h e r e  i s  n o  u n b a l a n c e d  f o r c e  a c r i n s  o n  i t .

NelJton's
cernrnS the Dovenenl
the universe, nh i  le
ana lys is in dynamics
s t a t e d  a s

T h e  f o r c e  o f  a c t i o n  a n d  r e a c t i o n  b e t w e e n  c o n -
tacl ing bodies are equal in nagnitude, oppo-
s i t e  i n  d i r e c t i o n .  a n d  c o L l i n e a r .

f i rst  lav explains the natural  ph€nomenon con-
o f  t h e  S o l a r  S y s t e m  a n d  o t h e r  C e l e s t i a l  B o d i e s  i n
lhe second la\r  forms the basis for l lost of  the
,  A s  a p p l i e d  t o  a  p a r t i c l e  o f  n a s s  o  i t  E a y  b e

F  =  n a  . . , . . . . . . . . . . , . . . . . . ,  ( r )

rhere F is the resuLtant force ect ing on the psrt ic le and a is the
result ing accelerat ion. This equat ion is a vector equet ion sioce the
d i r e c t i o n  o f  F  n u s t  b e  e q u a l  t o  t h e  d i r e c t i o n  o f  a  i n  s d d i r i o n  t o  . n e
equal i ly in nagnitudes of F and na. I tet ' ronrs f iTet lar contains the
principl€ of the equi l ibr iun of f6ices nhich is the bain topic of con-
cern in l r tat ica. Actual ly this lat '  is a consequence of the second lart
s ince th€re is no accelerat ion $hen the force is zero, and lhe part i -
c le is ei ther at rest or oloves { i th e consrant veloci ty.  The f i ret
lal ,  adds nothing nelr  to the desc! ip!  ion of oor ion but
s i n c e  i t  s a s  a  p a r t  o f  N e l , t o o ' s  c l a s s i c e l  s t a t e m e n t s .

The third talr  is basic ao our understanding of force. t t
states that force€ alrays occut in pairs of equal end opposite forces.
ThuB the dosneard force exerted on the desk by the penci l  is accon-
psnied by an upvard force of equal r0agnitude exerted oo the penciL by
t h e  d € s k .  T h i s  p r i n c i p l e  h o l d s  f o r  a l l  f o r c e s ,  v a r i a b l e  o r  c o n s t e n t ,
regerdless of rheir  source and holds at every inetant of t ine during
r r h i c h  t h e  f o r c e s  a r e  a p p l i e d .  L a c k  o f  c a r e f u l  a t t e n t i o n  t o  t h i s  b a s i c
lae is the cause of f requent etto( by the beginner.
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In qddit ion to forEulat ing the lans of motion for a part i -
c le l fewton ras also responsible for stat i .g the lal '  $hich governs the
nutual aEtract ion belreen bodies. This lal '  of  gravi taEion is expresseo
bv the eouat ion:

m, f i ^
F ='t -:-----:

a 2
Q )

ehere F = lhe mutual force of at tract ion betr.een tso
D a r t  i c 1 e s .

I  = a universe constant knolrn as the constant of
g r a v i t a t  i o n .

d 1 ,  m 2  '  t h e  m a s s e s  o f  t h e  t r o  p a r t i c l e s .

r  = the distance betreen the centels of the
p a r t i c l e s .

The nutual forces F obey the lal '  of  act ion and teact ion
since they are equal end oppos i te and sre directed elong the l ine
j o i n i n g  t h e  c e n ! e r s  o t  t h e  p a r t i c l e s ,  c r a v i t a t i o n s l  f o r c e s  e x i s !
beteeen every pair  of  bodies. 0n the surface of the earth the ooly
gr.vi let ionel force of appreciable magnitude is the force due to the
earlh 's attract ion. Thus each of t ro i roo spheres 4 inches in diaoe-
ler ie attracted to the eerth i ' iEh a force of 8.90 lb.  ehich is ca1led
ite weight.  Orl  tbe other hand the force of mutual at tracEion berween
th€m i f  they are just touching is 0.0000000234 lb,  This force is
c l e e r l y  n e g l i g i b l e  c o n p a r e d  r i t h  t h e  e a r t h ' s  a t t r s c t i o n  o f  8 , 9 0  l b . ,
alrd con8equent ly the gravi tat ional at trect ion of the earth is the only
gravi tet ional force of eny nagnitude which need be considered for ex-
perinentB conducted on Ehe earth's gurfac€.

The reiSht of a body is the force of at trsct ion of the
body to the earlh and depends on the posit ion of the body relat ive to
t h e  e e r t h ,  A n  o b j e c t  e e i g h i n g  1 0  l b .  a t  t h e  e a r t h ' s  s ' r r f a c e  l ' i l t
s e i g h  9 . 9 9 5 0 0  l b .  a t  a n  s l t i t u d e  o f  I  d i l e ,  9 . 8 0 3  e t  a n  a l t i r u d e  o f
4 0  D i l e s ,  a n d  2 , 5 0  l b .  a t  a n  a l t i t u d e  o f  4 0 0 0  n i l e s  o r  a  h e i g h t
approxinalely equal to the radius of the earth. I t  is at  once ap-
parent that the var iet ion in the seiSht of high-al t i tude rockets nust
be accouoted for.

Every object {hich is el loted to fal l  in a vacuum at a
S i v e n  l o c a t i o n  o n  t h e  e a r t h ' s  e u r f a c e  v i l I  h a v e  t h e  s a n e  a c c e l e r a t i o n
g  a s  c a n  b e  s e e o  b y  c o n b i n i n g  e q u a t i o n s  ( t )  a n d  ( 2 )  e n d  c e n c e l l i n s  c n e
t e r m  r e p r e s e n t i o g  t h e  m a s s  o f  t h e  f a t t i n g  o b j e c t ,  i . e . ,
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F = t\s = l gtfg

g = t l t t e

"t2

g = gravirat ional accelerat ion

nl = mass of rhe fal l ing body

ne = naas of the earth

value of the coostan! of grevirat ion
ehere the na€s end mesn radius of the earrh

x 1027 gttr .  and 6.38 x 108 cm. reapect ivety.
o b t a i n

= ( 6 . 6 7  x  l o - 8 )  
( 5 ' 9 8  x  1 0 2 7 )  

s n / e e c ?
( 6 . 3 8  x  1 0 8 )  2

= 980 cn/eec?

= 32.2 f t l  sec?

X=6 .67x

Subst i ture

B y  e x D e r i m e n ! .
l0-8 co3

c",,-;;;z
found !o b€ 5.98

these values to

I

T h e  n a s s  n  o f  a  b o d y  m a y  b e  c a l c u l a t e d  f r o d  t h e  r e s u l t s  o f
t h e . s r . D p t e  g r a v r t a r i o n a l  e x p e r i n e n r .  I f  t h e  g r a v i t e t i o o e l  f o r c e  o r
s e r g h t  r s  W ,  t h e m ,  s i n c e  t h e  b o d y  f a l l s  w i i h  a n  a c c e l e r a r i o n  g ,  e q u a _
t i o n  ( I )  g i v e s r

o r m = W

c
. . . . . , . . . . . . . . . . . .  (3 )

5, Utr i t .  There are a number of systeEs of uni ts used in
retat ing forcTl-mass, and accelelat i "n,  r"gi ; r" . ;  rr"-  

"  

-1." , i i . - r i  
io"rr

systen in l rhich tength, force, and t ime are coosidereJ funaa,nentaL
quant i t ies end the unit€ of mass are det ived. In Engl ish speaking
c o u n t r i e s ,  

_  t h e  B r i t i s h  o r  F p S  g r a v i t a t i o n a l  s y s t e n  i s  u i e d ,  t h e s e  a r e
the units in rhis book. The derivat ive unit  of  rnass ie cal ied "stug,, ,i . e . n =  F  =  l b . . -  l b .  s e c 2 .  -  e l u t .

a f t laecz f t
: l  : . .  . j  , . ,  " ,  t z  . :  r  

"  t L t  t f , " .  ;  i , : i

.one stqe is: rtrcreford rhd dt;3:"oF a bod!:uhich 
"qigt, l ,p3;1il b .  a t  t he  ea r r .h ' s .€u r fac€ .  .  i  .

. i , ,  :  i  , - , , ,  i  - r ;  : . : ! i  I  i i ' ' I i i j - ' " : r i '  ' - l  ' l i - l  r '  ' r '  I ; !  _ r ' : i  ' i ' ) l r t '

' . i '  i  l ' .  \ ; \  ) | r l t t ' t n  ' i -  ' i :  r '  ' '  i ' ' t ' " 1 ' " :



Force  i s  i n  pounds  ( l b . )  o r  i n  rons  ( tong ton  =  2Z4O tb . ,
sho r t  t on  =  2000  lb , ) ,

L e n S t h  i n  i n c h e s ,  f e e t ,  y a ! d s ,  ' n i l e s  ( 5 2 8 0  f e e t )

T i n e  i n  s e c o n d s ,  m i n u t e s ,  h o u r s .

FORCE SYSTE]IS

6. Force. A force is def ined as the acr ion of one body on
another.  Being a vector quadt iry,  i ts ef fect depends on the direct ion
of the act ion as nel l  as on the magnitude. Fulthermore i t  is necessary
to knon where i t  €cts.  The act ion of the cable teneion p on Ehe
b r a c k e t  i n  F i g . 5 a  i s  l e p r e s e n t e d  i n  F i g . 5 b  b y  r h e  f o l c e  v e c r o r  p .

7"
tt|) / 

'

,4Xt
(d) (b) k)

Flg. 6
F 1 g . 5

The effect of  this act ion on the bracket rei t t  depeno on
the nagoitude of P, rhe angle e, and the tocat ion of t t re ooint ot
a p p l i c a t i o n  A .  C h a n g i n g  a o y  o n e  o f  l h e s e  t h r e e  e p e c i f i c a t i o n s  w i l l
a l t e r  t h e  e f f e c r  o n  t h e  b r a c k e t .  T h e  s e n s e  o f  a  f o ; c e  a l o n g  i t s  l i n e
o f  e c t i o n  i s  a  f o u l t h  s p e c i f i c a r i o n  u h i c h  m a y  b e  a d d e d  r o  d i s t i n g u r s n
b e t r e e n  t e o  f o r c e s  h e v i n S  -  i d e n t  i c € L  l i n e s  o f  a c t i o n  b u t  o D D o s l t e
a e n e e s ,  s u c h  a s  w i t h  t h e  f o r c e s  p l  a n d  p 2  o f  F i g , 6 a .  T h e  n e e a  i o r  r n e
fourth specif icar ion disappears i i  rhe o-bt,rse ingle O, ie used as in
F i g , 6 b .  S i n c e  d i r e . r i o n 6  o f  l i n e s  a r e  n o s t  f r e q o e o t - t v  m e a s u r e d  a n d
r e p i e s e n t e d  b y  a c u t e  a n g l e s ,  l h e  s p e c i f i c a t i o n  o i  a n  o i t u s e  a n g t e  r s
often inconvenient.  The quest ion is rost easi ly resolved i f  the
direct ion of rhe folce is indicated by an acute angle euch as e in
F i g . 6 c .  A s  l o n g  a s  t h e  f o r c e  a n d  r n g i e . r e  c l e a r l y - r e p r e s e n t e d  o n  a
sketch.or are adequately descr ibed, there is a need for only the three
s p e c i f i c a t i o n s  o f  f o r c € i  m a g n i t u d e ,  d i r e c r i o n ,  a n d  p o i n t  o f , p p t i " r _
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F o r c e  i s  a p p l i e d  e i c h e r  b y  d i r e c t  n e c h a n i c a l  c o n t a c t  o r  b y
r e n o t e  a c t i o n .  G r a v i t a t i o n a l  a n d  e l e c t r i c a l  f o r c e s  a r e  t h e  t w o  e x a n -
p l e s  o f  f o r c e  a p p l i e d  b y  r : e n o t e  a c t i o n .  A l l  o t h e r  a c t u a l  f o r c e s  a r e
a p p l i e d  t h r o u g h  d i r e c t  p h y s i c a l  c o n . a c r .

T h e  a c t i o n  o f  a  f o r c e  o n  a  b o d y  c a n  b e  s e p a r a t e d  i n E o  l i ' o
e f f e c t s ,  e x t e r n a l  a n d  i n t e r n s l .  F o r  t h e  b r a c k e t  o f  F i g . 5  t h e  e f f e c t s
o f  P  e x L e r n a l  t o  t h e  b r a c k e t  a r e  t h e  r e a c t i o n s  o r  f o r c e s  e x e r t e d  o n
the bracket by the €oundat ion and bolts in consequence of the act ion
of P. Forces external to a body are theft  of  t l ro kinds, appl ied or
a c t i v e  f o r c e s  a n d  r e s u l t i n g  o r  r e a c t i v e  f o r c e s .  T h e  e f f e c t s  o f  P
i n t e r n a l  t o  t h e  b r a c k e t  a r e  t h e  r e s u l t i n g  i n t e r n a l  m o v e l n e n t s  a n d
f o r c e s  d i s t r i b u t e d  l h r o u g h o u t  c h e  n a t e r i a l  o f  t h e  b r a c k e t ,  T h e  r e L a -
t ion betseen internal forces and inrernal movenents involves roe
m a t e r i a l  p r o p e r t i e s  o f  t h e  b o d y  a n d  i s  s t u d i e d  i n  t h e  s u b j e c t s  o f
s t l e n g t h  o f  n a t e r i a l s ,  e i a s t i c i t y ,  a n d  p l a s r i c i t y .

I n  d e a l i n g  \ r i t h  t h e  n e c h a n i c s  o f  r i g i d  b o d i e s  e h c r e  c o n -
c e r n  1 s  g i v e n  o n l y  t o  t h e  n e t  e x l e r n a L  e f f e c t s  o f  f o r c e s ,  e x p e r r e n c e
s h o s s  t h a t  i t  i s  n o t  n e c e s s a r y  L . r  r e s t r i c r  t h e  a c r i o n  o f  a o  a p p l i e d
f o r : c e  l o  a  g i v e n  p o i n t .  T h u s  t h e  f , J r c e  P a c t i n g  o n  E h e  r i g i d  b r a c k e E
i n  F i g . 7  m a y  b e  a p p l i e d  a t  A  o r  a t  B  o r  a t  a n y  o t h e r  p o i n t  o n  i t s
a c t i o n  l i n e .  a n d  t h e  n e t  e x t e r n a l  e f f e c t  o f  P  o n  t h e  b r a c k e t  ! t i t l  n o t
c h a n g e .  T h i s  s i r u a r i o n  i s  d e s c r i b e d  b y  t h e  I ' P R I N C I P L E  0 F  T R A N S -
I T I S S I B I L I T Y ' '  o h i c h  s l a t e s  t h a t  a  f o r c e  n a y  b e  a p p l i e d  a t  a n y  p o i n t  o o
i t s  g i v e n  t i n e  o f  a c t i o n  l { i t h o u t  a l t e r i n g  t h e  r e s u l t a n t  e f f e c L s  o f  t h e
f o r c e  e x t e r n a l  t o  t h e  r i g i d  b o d y  o n  s h i c h  i !  a c t s .  w h e n  t h e  r e s u l t a n t
e x t e r n a l  e f f e c t s  o n l y  o f  a  f o r c e  a r e  l o  b e  i n v e s t i g a t e d ,  t h e  f o r c e  m a y
b e  t r e a t e d  a s  a  s L i d i n g  v e c l o r ,  a n d  i t  i s  n e c e s s a r y  a n d  s u f f i c i e n t  t o
s p e c i f y  t h e  E a g n i . t u d e ,  d i r e c t i o n ,  a n d  l i n e  o f  a c t i o n  o f  t h e  f o r c e .

F i s . 7

F o r c e s  m a y  b e  e i L h e r  c o n c e n t r a t e d  o r  d i s t r i b u t e d .  A c t u a l l y
e v e r y  c o n t a c t  f o r c e  i s  a p p l i e d  o v e r  a  f i n i t e  a r e s  a n d  i s  t h e r e f o l e
d i s t r i b u t e d .  w h e n  t h e  d i n e n s i o n s  o f  t h e  a r e a  a r e  n e g l i g i b l e  c o n p a r e d
i r i t h  t h e  o t h e r  d i n e n s i o n s  o f  L h e  b o d y ,  t h e  f o r c e  m a y  b e  c o n s i d e r e d  a s
c o n c e n t r a l e d  a c  a  p o i n t .  F o r c e  n a y  b e  d i s t r i b u t e d  o v e r  a n  a r e a ,  a s  r n
t h e  c a s e  o f  n e c h a n i c a l  c o n c a c t ,  o r  i L  m a y  b e  d i 6 t r i b u L e d  o v e r  a  v o l u m e
w h e n  g r a v i t y  o r  n a g n e t i c  f o r c e  i s  a c t i o g .  T h e  " s e i g h t "  o f  a  b o d y  i s
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t h e  f o r c e  o f  g r a v i t y  d i s t r i b u r e d  o v e r  i r s  v o l u n e  a n d  r n a y  b e  t a k e n  a s
a  c o n c e n t r a t e d  f r r c e  a . r i n g  t h r r u g h  r h e  c e n c e r  o f  g r a v i r y ,  T h e
p o s i t i o n  o f  l h e  c e n t e r  o f  g r a v i L y  i s  u s u a l l y  o b v i o u s  f r o n  c o n s i d e r a -
t i o n  o f  s y m e t r y .  l f  t h e  p o s i c i o n  i s  n o r  c L e a r ,  r h e n  a  s e p a r a ! e
c a l c u l a t i o n ,  e x p l a i n e d  I a t e r  w i l l  b e  n e c e s s a r y  t o  l o c a E e  c h e  c e n r e (  o f
g r a v  r t y ,

A  f o ! c e  m a y  b e  n e a s u r e d  e i t h e r  b y  c o n p a r i s o n  w i r h  o r h e r
k n o w n  f o r . e s ,  u s i o g  a  n e . h a n i c a l  b a l a n c e ,  o r  b y  r h e  c a l i b r a r e d  n o v e -
n e n t  o f  a n  e t a s t i c  s p r i n g .  A L l  s u c h  c o m p a r i s o n s  o r  c a t i b r a r i o n s  h a v e
a s  t h e i r  b a s i s  a  p r i n a r y  s l a n d a r d .  T h e  s t a n d a r d  p o u n d  f o r  l h e  U n r t e d
S t a t e s  i s  l e g a l l y  d e f i n e d  a E  0 . 4 5 3 5 9 2 4 2 1 1  t i m e s  t h e  i n r e r n a t i o n a l
k i t o g ! a r n  a n d  i s  t h a t  f o r c e  r e q u i r e d  t o  s u p p o r t  r h i s  p o r c i o n  o f  t h e
s t a n d a r d  k i l o g r a n  i n  a  v a c u u m  a n d  u n d e r  t b e  s t a n d a r d  c o n d i t i o n s  a c  s e a
l e v e l  a t  r h i . h  t h e  a . c e l e r a t i o n  o f  g r a v i r y  i s  3 2 . 1 7 4 0  f r . / 6 e c .  r .

T h e  c h a r a c r e r i s t i c  o f  a  f o r c e  e x p r e s s e d  b y  N e ! r r o n ' s  L h i r d
l a t J  m u s t  b e  c a r e f u L L y  o b s e r v e d .  T h e  a c r i o n  o f  a  f o r c e  i s  a l s a y s
a c c o m p a n i e d  b y  a n  e q u a t  a n d  o p p o s i t e  r e a c t i o n ,  I t  i s  e s s e n t i a l  t o  f i x
c l e a r l y  i n  m i n d  l n h i c h  f o r . e  o f  c h e  p a i r  i s  i n v o l v e d ,  T h e  a n s a e r  i s
e l u a y s  c L e a r  r h e n  L h e  b o d y  i n  q u e s t i o n  i s  i s o l a L e d  a n d  r h e  f o r c e
e x e r t e d  o n  t h a t  b o d y  ( n o t  b y  t h e  b o d y )  i s  r e p i e s e n t e d .

7. Addit ion of force€. Tro coocurrent forces Fl  and F2 may
be added by t6E f i . . tG . .  p. .al le logran [a\rs ro obtain their  sun or
r e s u l t a n t  R  a s  s h o f n  i n  F i g . 8 a .  I f  t h e  t i \ ' o  f o r c e s  l i e  i n  t h e  s a n e
p l a n e  b u t  a r e  a p p l i e d  a L  t w o  d i f f e r e n t  p o i n c s  a s  i n  F i g . 8 b ,  t h e y  n a y
b e  n o v e d  a l o n g  t h e i r  l i n e s  o f  a c t i o n  a n d  t h e i r  v e c t o r  s u m  R  c o m p l e r e d
a t  t h e  p o i o C  o f  c o n c u r r e n c y .  T h e  r e s u l t a n t  R  n a y  r e p l a c e  F l  a n d  F 2
v . i t h o u t  a l t e r i n g  t h e  e x E e r n a l  e f f e c t s  o n  t h e  b o d y .  T h e  t r i a n g l e  1 a w
requires noving Che l ine of acEion of one of rhe forces as shown in
F i g . 8 c .  I n  F i g , 8 d  E h e  s a m e  t s o  f o r c e s  a r e  a d d e d ,  a n d  a l t h o u g h  t h e
c o r r e c t  m a g n i t u d e  a n d  d i r e c t i o n  o f  R  a r e  p r e s e r v e d ,  t h e  c o r r e c t  l i n e
o f  a c t i o n  i s  l o s t ,  T h i s  t y p e  o f  c o m b i n a L i o n  s h o u l d  b e  a v o i d e d .
UathemaLical ly the surn of the t ! r . '  forces rnay be wriCten by rhe vecror
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Fr - lJ F2 = R

F i g , 8

A special  case of addit ion is present€d nhen the tno
f o r c e s  F r  a n d  F 2  a r e  p a r a l l e l ,  F i g . 9 .  C r a p h i c s l l y  t h e y  n s y  b e  c o m b i n e d
by f i rst  addiog t l 'o equal,  opposite,  and col l inear forces F of con-
venieoce nagnitude rhich together produce . lo e:( ternal ef fect oo the
body. Adding Fr and F and combining ?irh Ehe sun of F, and F yield
t h e  r e a u l t a n t  R  c o r r e c t  i n  n a g n i t u d e ,  d i r e c t i o n ,  a n d  1 i - n e  o f  a c t i o n .
The procedure here is sl .so useful  io obteining a graphical  conbinet ion
of two forces $hich ere almost paral lel  and hence nay hav€ a renore
point of  concurrency.

K,f,

F i g . 9



8. lerolotion: The force R of Fig.loa ia s.id to have the
corlponent6- F I ,lj F" 9. to- be resolved in the direction G_l and O_2,
re.p€ctivelyt lJheo the directiong of resolution ere Eutusl ly per_
p€ndicul.r, the force R is seid to hsve RecEengular Conponenle{ fu<
8nd Ry.! in Fi.a. lob. It  is at once evident fron the f igure ttrat:

R r (  -  Rcoao Ry .  Rs ing

lhe orientetion of exes
in Fia,loc could b€ Ddde. The ectioo
thc point of applicetion Eay also be

is 6rbi.trery, end a selection
of e force snd its c@ponenta

repreaented a6 in t ig. lod.

Ry
I;

a3

F is . l 0

In order to etininate sDbiguity betreen the repreaencetion
of a force end its co[ponents i t  is d;sir;ble to ehon the 

"orooo.n."lo dotled l ines lnd the reaultenr in a ful l  l ine, ae in Fig, ' lO, or
elre to lhorr the coEponenta in ful l  t inee and their .""uit"-ni in 

"dotted l ine, ae in Fig.8. with this_ under6rendinS it  ei l l  . lsays be
aPPereot that e force and ils cornponents are represented and ltot three
rePatate forces.



f o r c e .  I n
F x ,  F y ,  F z
,hich I  is

Iteny probleng

F i g . l  I  f o r c e  F
by forEing the
a  d i a s o n a l .

are three dirnensional,  end i t  becones nec-
3 nutuat ly perpendicular components of a
is resolved into i ts rectangular componerts
edges of the rectangular paral l€1lepiped of

- 13 -

the x,  y,  and z sxes are
is evident frorn the r ight

and F = li;ti F;, +n;- .

F i g . l 1

Wheo the angles nade by F si th
d € s i g n a t e d  b y  e x , 9 y , 8 z  r e s p e c t i v e l y ,  i t
t r iangles involved that

E x  =  F  c o s  8 x

Fy = F cos Oy

F z  =  F c o s  8 z

The direct ion cosines of A are cos €x, CoB 0y, Cos Oz. The
choice of the or ientat ion of the axe6 is quite arbi trary,  and con-
siderat ions of convenience usual ly deternine this select ion.

SAI'PLE PROBLBI,IS

l .  T h e  1 0 0  l b .  f o r c e  i s  a p p t i e d  t o  t h e  b r a c k e t  a s  s h o ' n  r n
part  (a) of  the f igure. D€ternine the rectangular components of F in
( I )  t h e  x  a n d  y  d i r e c t i o n s  a o d  ( 2 )  t h e  x -  a n d  y ' d i r e c t i o n s .  A l s o  ( 3 )

f i n d  t h e  c o n p o n e n t s  o f  F  i n  t h e  x  a n d  x ' d i r e c t i o n s .
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PROB. I

Solutiod. Part ( l)  The
rn  pa r r  (D ,  o l  rne  r l 8u re  ano  a re

F - F coe ex = I0O

F = F sin ex = 100

x end y corlPonents of F are shol'n

l b .

l b .a l n

50' = 64.3

50"  =  76 .5
Arl3

shoen in pert (c)

Fx' -

Fy '  "

Pert (2) The x'  and
of the fiSure snd ere

F cos ex'  -  100 cos 20'  =

tr sin ex' - 100 sin 20' -

y' coropoirent3

94 .0  tb .

34 .2  1b .

of F are

Ans

Pert (3) T|e c@ponent8 of F in x and x'  di tec-
t ions are obiained by codplet ing the paral lelogren as indicared io
part  (d) of  the f igure, Fx and Fx'  in the direct ioas indiceted are
obteined frod the lal , '  of  s ines. Thu6

tix iJ

;rn 2-o-t 
= 

;i;-5." ;

F* -= F
sln 130" str  30" '

* - *;+A x roo - 68.4 1b.,

r * . f f i x100=153 Ib .  Ans.

3S'--



2. I f  the forc€ F in Fi8, l l  is 100 lb.  aod pesses through s
point uhose xr y,  and z coordinstes ete 4,5, and 3 respect ively,
dete.oioe the rectanguler c@ponenta of F. Also find the component of
F io the :<-y plane.

Solut ioD. fhe direct ion coainea are

- 15 -

=  0 ,566

cos 9r

cos o.

,r;v-+v
5

@ +7;-F

F ere then

co3 Ox = I00 x

coe ey -  100 x

c o s  e z  =  1 0 0  x

0 .707

- 0.424

F x

F y

F z

o f

F

F

F

0.566

0 ,707

0.424

56 .6  t b . ,

70 .7  l b . ,

42.4 tb.

Ans.

The cosioe of the angle exy nade

co3 exy

plene ig

= 0 .906,

end lhe conponent of F in the x-y plene

FxY = 5' 
"o" 

exy = 100

F rith tbe x-y

,EiF
WaV1-F

0 .906  -  90 .6  l b .  Ans .

by

PROBI.BIIS

3. The ceble ererts a pull  of P = 1000 lb.
noe Duch of this force is exerted on the f i t t ing
direct ions?

on the magt bend.
in th€ x and y

574  ] b . ,
819  l b .

A n B .
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PRoD.3 pRoB. 4

4. Determine rhe x and y conpooents of the
the pin at A by rhe 2000 lb.  cable tensioo T. Ans.

5. Find the x and y conponeots of the force

force exerted
T x  =  1 6 6 0  1 b . ,
T y  =  I l l 0  1 b .

F

6. A force F shich acrs in rhe x-y plane has a megnitude of
2O0 lb.  and € direct ion gx = t3O" Find the x and y coopon;rs of F.

4 ! 9 .  F *  _  - 1 2 8  l b . ,
FY - 153 lb.

7. The force F beteeen the can A and the fol lorrer B is normal
to their  surfaces of contact and equals l50 Ib.  for the Dosit ion
ahonn. Derermine rhe conponent of F; long a_a in rhe direc; io; ; t  rhe
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8. The structurel nenber A ir under r teosi le load of 3 kips
(l kiP - f000 lb.). Deteraine the &ount of force F rrensritted bv
this Ee|lber to the gus6et plete B in the direction of the l-beam C.

An3 .  F  -  L03  k iDs .

9. The rension T in the 6upporti .$g ceble of the 20 ft.  booE
2000 lb. Reeolve T into teo forces epplied at A: one, Fn noroel to
boor and the other, !t, slong the booo.

10. The t l ,o force3 shonn are to be replaced by an equivalent
force R epplied ar the point p. Locate p by f inding ita di l taoce:
fron AB, and specify the nagnitude of R end the snSle e it Dakes rith
the horizoo. 4!9. * - 5.49 in., R = 1323 rb., e = lO. j4'

l l .  In f inding the forces er<etted on the pio connections et A
and C the 3500 lb. force is re.olved into teo forces, one along the
line AB 6nd the other elong BC. Find these coEDonents.

the
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12. At what engle
reaultanl  R of Fr and F. be
wi l l  be the ansl;  B bet ieen

O must Ft be spplied
equal to 100 1b.? For
R and the horizontel?

in order that the
thi3 conditioD l'het

= 5 l '  19 '
=  l8 '12 '

s
B

4-m|b.

13. A t00 lb. force ehich roekes an sngle of 45' rith the
horirontal  x-axis i3 to be replaced by t l 'o forces, e horizontsl  force
F and a second force of 75 lb,  magoitude. Find ?.

] E .  r  =  9 5 . 7  ] b ,  o r  F  =  4 5 , 7  l b .

L4. I f  the eeight of  the trugs is neSlected, the pin force
lct iog on the Eruss at A is equal and opposite to the resultent of  the
10 ton load sod the corresponding cable tension T ect ing on the tru3a,
lf the l0 too load is removed and a force P is applied es iodicated by
the dotted line, deterEine the nagnitude of P aud the corresponding
increaee AT in ceble t€nsion so that the react ion on the pin A oi l l
reDsit !  unchaoged.

Ans, =  11 ,55  ton8 ,
=  5 .77  ton8 .

!ROB. t4 PROB. 15

AT

15 , I f  the x-conponent of the force F is 300 lb. ,  f ind F.
A n s .  F = 7 4 0  l b .

Determine the direct ion cosines of the force F of proble[

PRor. 12

16 .
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17. The tension T in one of the tvo
boorn is 500 lb.  Resolve the force er.erted
into i ts x,  y,  and z componenrs, Ans, Tx =

T 2 =

support  ing cables for the
by this cable on the boon
- 4 1 1  l b . ,  T y  =  2 6 4  I b . ,
1 0 6  l b .

PROB. I7

18.- The f ixed eyebolt  is subjected to the three forces shotn'
I f  a single force is to replace the three giver forces ni thout al ter-
ing the effect on the eyebolt ,  f ind the correct value of the force F
a n d  i t s  d i r e c t i o n  c o s i n e s .  4 ! 9 .  F  =  9 0 6  l b . ,  c o s  0 x  =  0 . 5 0 1 ,

cos ey = 0.444, cog g2 - -0.743

PROB. 18



9. xo.eot:
rrhich it acts ebout
ebout Ehat exis,  In
o f s f o r c e R e p p l i e d

The tendency of e force to rotate the body upon
s certein axis is knos as the mouent of the force
Fig.l2a consider the moment li about the e:<i3 0-0
el eny poiot A on the body es shoes. Ihis uotrent

- 20 -

I
I

J.

I
I

M

F i g , 1 2

is due entirely to the component of R in a plane nornal to the axis
end equels thi6 conponent F mult ipl ied by the perpendicular distance
or monent arm d fron the l ine of act ion of E to the axis 0-0. Thus

The coDponent of R normal to tr is parallel to 0-0 and hence
exerta no tendency to rotate the body about this exis.

l tonent is a vector quant i ty.  The vector direci ion is sloog
the exis sbout rrhich the Donent i9 teken, and the sense of the vector
is specif i€d by the atbi trary but universal ly used "Right Eand Rule".
To represent the direct ion of the monent of R about 0-0 in Fig. l2a the
f ingers of the r ight har i l  ere cur led in the direct iod of the tendency
to totate as shonn in part  (b) of  the f igure, Th; thunb then points
in the direct ion of the vector M. This vector may be reprerented in
ei ther of the two ways shoen in Fig. l2c. Ihe eDal l  cur l  is sonet imes
used to distinguish a noEeot vector fron a force vector. A Donent
vector obeys all the rules of vector conbination and roay be considered
to be a sl id ing vector r i th a l ine of sct ion coinciding { i th the

F i g . l 3



l lhen deal ing with forces al l  of  n 'hich act in a given plane
it  is customary to speak of the nonent abour a point.  Actual ly the
monent \r i th resp€ct to an axis nornal to the plane and passing to the
point is inpl ied, Thus the noment of force F about point O in Fig,13
i s  M o  =  F . d  a n d  i s  c o u n t e r c l o c k o i s e .  V e c t o r  r e p r e s e n t a t i o n  o f  n o n e n t s
f o r  c o p l a n a r  f o r c e s  i s  n o t  c o n v e n i e n t  s i n c e  t h e  v e c t o r s  a r e  e i t h e r  o u t
f r o m  t h e  p a p e r  ( c o u n t e r c l o c k w i s e )  o r  i n E o  a h e  p a p e r  ( c l o c k w i s e ) .  S i n c e
the addit ion of para1le1 free vectors nay be acconpLished with scalar
algebra, the moment direcEions may be accounted for by usirE a plus
sign (+) for counterclockr ise noments and a nr inus sign (-)  for c lock-
ir ise noinenls,  or v ice versa. t t  is necessary only to be cotrsistent
w i t h i n  a  g i v e n  p r o b l e n  i n  u s i n g  e i t h e r  s i g n  c o n v e n t i o n ,

one of the mosE important pr inciples of nechanics 1s
"Varignon's Theorem", or the pr inciple of moments, I 'h ich states that
the nonent of a force about any point is equal to the sum of the
rnoments of ias conponents about the same point.  To prove this state-
nent consider a force R and t f lo conponents P and Q act ing at point A,
F i g . 1 4 ,  P o i n t  o  i s  s e l e c t e d  a r b i t r a r i l y  a s  t h e  n o o e n t  c e n t e r .  C o n -
struct the l ine AO and Droiect the rhree vectors onto the normal to

F i s . 1 4

t h i s  l i n e ,  A l s o  c o n s t r u c t  t h e  m o n e n t  a m s  p ,  q ,  r ,  o f  t h e  t h r e e  f o r c e s
to point 0 and designate the angles of the vectors to the l ine AO by

o ,  B , Z  a s  s h o w n  i n  t b e  f i g u r e .  s i n c e  t h e  p a r a l l e l o g r a m  w h o s e  s i d e s
are P and Q requires that ac = bd, i t  is evident that
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a d = a b + b d = a b + a c

o r  R  s i nX  =  P  s i nc r+  Q  s i nB

M u l t i p l y i n g  b y  t h e  d i s t a n c e  A O
glve

R r = p p +

a n d  s u b s t i t u t i n g  t h e  v a l u e s  o f  p ,  q ,  r

Q q ,

irhich proves thae the nonent of a force about any point equals the sun
of the moments of i ts two components about Ehe same point.  var igdon's
theoren need not be restr icted Eo the case of only two conponents but
a p p l i e s  e q u a l l y  w e l l  t o  t h r e e  o r  n o r e  s i n c e  i t  i s  a l w a y s  p o s s i b l e  b y
direct combioat ion to reduce the nuaber of conponents to tvo for rhich
the theoren oas proved, The theorem may also be appl ied to the noments
o f  o t h e r  f i x e d  o r  s l i d i n s  v e c t o r s .



SAIIPLB PIOII.EX

l.  A force F
attached to the .igid
shaft  e! . is.

Solutio!: Ia the right hsnd pert
F is shovo resolved into cornponentG Fxy in the
mal to the Bhaft  sxis and the corponent Fz.
the shaft  or z-axi8 is

6horrn, rrhich is
of F ebout the

of the figure the force
x-y plane ehich is nor-

The moment U of tr about

- 100 lb., is epplied to the erd
shaft. Deternire the nodeot l.l

uhere d
cosioe of the angle
0.905, and therefore

l ' t  = Fxy. d,

is the perpendicular d h!!!el_-f roD Fx
betseeo F ind Fry is $z + 1o2 1 

"t6'-Fxv '  100 x 0.906 = 90.6 lb.

equals OA bulEipt ied by the sine of the
d = l0 r. -----g- = 6.25 ir..

E2 + 102
of F ebout the z-axis ig

t 6.25 - 566 lb. in

calculation of the nornent is sone$ha! sfupli f ied by
lesolving Fxy into Fx and Fy, It is cleai thet Fy exerts no roEeot
about the Z-exis so that Fx only need be conaid€red. lte directioo
cosin€ of F sith respect to the x-axis is 6y6:=-e5-;_iF - 0,566 so
that Fx - I00 r. 0,566 = 56.6 lb. Thus

u - 56.5 x l0 - 566 lb. io

Expressed as a vector, U $ould be in the negative Z-dir.ec-

The nonent errs d
sngle betreeo Fxy and OA, or

llence the nomeot

u -  90 .5 AnB.

t i o n ,
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PROBLBIS

1. Prove that the nonenl of a force about a poinl equals
twice the area of the triaugle defined by that point end the tr'o
extremil ies of the force vectot.

2.  A force F i€ appl ied at a point whose cootdinetes are x,
y,  end z. sho{ that the noDent of F about the x_axis i r  }h -  Fz.Y -

Fy.Zand wri te the expressions for the mooenls y enit  z ebout the y
a n d  z  6 x e s ,  r e s p e c t  i v e I y ,

3. Determine the norDent M of the 50 lb.  force about the point
A .  A n s .  -  1 1 6 0  I b .  i n

Flg. 3

4. Deternine the iooment !l
for the overhanging truss. Ans.

5. The force F of contact
normel to their  cor l tect 3ur{ace3,
torque (Eonent) of  200 lb,  in about
is 20'  as shosn, f ind F.

Fag. 4

of the 5 kip force about point ll
l .r - 109,900 rb, f3.

betneen the teeth of the Seers ig
I f  l -he snal ler geer trensnitd a

i ts sheft  0 and the presgu.e angle

I 19 .5 I l g . 6



6. In raising the xnast AB fron the posit ioo shosn the tension
T in the cable nust supply a nomenr about A of 45,000 lb. f t .  Find T.
A t r s .  T - 1 2 1 2  l b .

7. A force of 40 lb.  is eppl ied ro rhe end of the qrench to
t ighten s f lange bolt  i rhich holds Ehe oheel ro the axle. Detennlne
the noment M produced by this force about the cenrer 0 of the rheel
for the posit ion of the l rrench shom,

- 24 -

F iE ,7 Fts .  8

8. Tbe top of the t last is supported by the t l 'o cebles
attached to the mast f i t t ing as shorf i r .  In order to prevent bending of
the nast at  the f i t t ing rhere nust be no result ing EoBent ebout point
O oo the center l ine of the masE. Deternioe the necessary velue of T.
(wi l l  th is value of T el iBinste bending of rhe na6t ar points below
o?)

9. The single-cyl inder gasol ine engine repreBedted in the
f igure has a stroke of 8 in. ,  aod the connect ing rod is 14 in.  betneen
bearing centers. In the posit ion shosn rhe rod is under comptession
(in the direct ion of the rod) of 4500 fb. Derermine the noment l , t  of
t h i s  f o r c e  s b o u t  t h e  c r a n k s h a f t  a x i s .  4 ! g .  t  =  1 7 , 3 3 0  l b . i n .

i-

i
i \

J

I  F ig.  9

f t g .  10
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as shosn io the f igure.
point on the r in of the
two forces is e rtrarinuro.
- 2 . 3  i n . ,  -  1 0 6  l b . i $

__ - l l .  Deternine the nonent l lx ebout the shaft  sxis of rhe 500lb. force eppl ied to the bracket shoon.

10. A wheel is subjected to tvo forces
I leteroine graphicel ly the coordinetes of the
nheel abouE ehich the conbioed Donent U of the
Fidd l , l  for this poinr.  4!g. x -  -5.5 in. ,  y =

12 .  The  s tee  1
rbose axis is norna!
80 lb. force abour rhe

EIe. 12

F i g ,  I  I

brecket is fastened to the surfece A by a
to this Butface, Detemline the moment l r t

b o l t  a x i 3 .  4 ! 9 .  U  -  9 9 2  l b , i n

b o l t  a
of the

Ftg .  I 3
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13. Contact between the two bevel gears sholrn, ehich have a
speed rat io of 2:1, nay be assumed to occur at s point 4.17 in.  f ron
the axis of the larger gear.  I f  the contact force is nornel to the
tooth surfaces shown in rhe auxi l iarv vie{ end is 100 lb. .  deternine
t h e  m a g n i t u d e  o f  i r s  m o E e n t  M  a b o u L  e a c h  g e a r  a x i e .

Ane, l t lx = 404 lb. in. ,  Uy - 202 lb. in.

10. Couple: Tlro paral lel  forces
opposite in direct ion, and not col l inear
the act ion of lqo such fo.ces as shol{n

,L /

which are equel in magnitude,
const i tute a couple. Consider

in Fig.15a. These t l 'o forces

o-@
Count rclockshe couplc)

F i g . I 5

cannot be cornbined into a single force since their  sum in every direc-
t ion is zero. Their  ef fect is ent i rely one of producing a ter ldency of
rotat ion. The conbined monent of the t l4}o forces about en sxis normal
to their  plane and passing through any poiot such as O is:

u - r  ( a + d ) - F . a  -  F . d ,

in a counEerclockwise direct ion. This expression is the value of the
coupte and does not contain any reference to the dinension s which
locates the forces tr i th respect ro the moment ceoter O. I t  fol lors
that the value of a couple is the saine for al l  moment centers.

A couple nay be represented by Ehe free vector l t ,  as shorrn
in Fig. l5b, where the direct ion of M is norngl to rhe plane of the
couple and the sense of rhe couple is establ ished by th;  r ight hard
convent ion. A couple is uochanged as long as the nagnitude end direc-
t ion of i ts vector rernain constanr.  A given couple wi l l  not be al tered

r{+

trt'\.1,,,.r

t
O

2r'

l i g . 1 5
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by changing the values of F and d es long as their  product reroains the
saoe. Like{ ise a couple is not ef fected by at louing the forces to act
in any one of the paral lel  planes. ln Fig. l6 are shown four di f ferenE
conf ig,-rrat ions of the saEe couple t t t  -  F.d. l , lhen deal inS oi th couptes
d u e  t o  f o r c e 6  a l l  o f  I ' h i c h  a c t  i n  t h e  s a n e  o r  p a r a l L e l  p l a n e s ,  t h e
c o u p l e  v e c t o r s  ! r i L L  b e  p e r p e n d i c u l a r  t o  t h e  p l a n e  o r  p l a n e s .  I n  t h i s
c a s e  i t  i s  m o l e  c o n v e n i e n t  t o  r e p r € s e n t  s u c h  a  c o u p l e  b y  e i t h e r  o f  t h e
c o n v e n t i o n s  s h o n n  i n  F i g . 1 5 c ,  o h e r e  t h e  c o u n t e r c l o c k v i s e  c o u p l e  m a y  b e
t a k e n  a s  p o s i t i v e  a n d  a  c l o c k l r i s e  c o u p l e  n e g a t i v e  o r  v i c e  v e r a a ,

Couples ' rhich act in non-paral lel  planes rnay be added by
the ordinary rules of vector conbinat ion. Thus the t l 'o couples l t , |  snd
l. tz in Fig.ITa due to forces $hich act in the t t 'o planes indicated rnay
be replaced by their  vecto! surn l t  shoen in Fig.17b.,  rhich lepresents
a couple due to forces in a plene normal to }{ .

ld) (61

r i g , l 7

Il. lerolutiotr of a trorc€ into e Force erd s Couple: The
e f f e c t  o f .  f  o  p , r e n
or pul l  the body io the dir€ct ion of the force, aod i t  te$ds to rotate
the body about any axis not intersect ing i ts l ine of sct ion or
p a r a l l e l  t o  i t ,  A n a l y s i 8  o f  t h i s  d u a l  € f f e c r  i s  o f t e n  f a c i l i t s t e d  b y
replacing th€ force by an equal force eppl ied slong a di f ferent but
paral lel  l ine of act ion and by a correspondiog couple to conpeosete
for the change in the rdoment of the force due to Boving i t  to the neu
posit ion. Consider a body r i th a force F sct iog at point A as sho\.n
in Fig. l8e. At aoy other point B tvo equal end opposite forces F rmy
b e  a p p l i e d  a s  i n  F i g . 1 8 b .  r i t h  o o  e x t e r n a l  e f f e c t  o n  t h e  b o d y .  I f
these forces are paral lel  to the or iginal  force F, then a couple M =
F.d iB formed by the or igidel  F end the force F in the opposite direc-
t ion at B. In represent ing the couple by the cur l€d erros in Fig. l8c,
i t  becones evideot that the or iginal  force F has been repleced by or
resolved into a force of the sade nagnitude and direct ion as F, but
haviaa a di f ferent l ine of act ion, snd a couple. The nagnitude of the
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couple equels
through rrhich
the couple is

t h e  d i s t a n c e
direct ion of
the or iginel

nay alsays be

the velue of the force rnult ipt ied by
i ts l ine of act ion has been shif ted. The

the sene as the direct ion of the monent of
point on i te neo l ine of act ion. A force

replsced by an eqoal torce having any paral lel  l ine of act ion end the
corresponding couple, I t  fol lo l ,s that a given coople end a given
force trhich l ies in the plane of tbe couple nay be conbined to yield a
siogle equal force having a unique t ine of ect ion. The representat ion
of s force by a force and a couple has many nseful  appl icat ions.

SAXPLE PROBLEI{S

l.  Deternine the nagnitude and direct ion of the vector l {
l 'h ich represents the resultant of  the two couples. l ' ind the t l ,o
forces F sppl ied in the t$o faces of the cube parel lel  to the x-y
plane ehich may replace the four forces shovn.

F is .  18

Solutioo: The couple due to the l0 lb. forces is tt '

l0 x 2 = 20 lb. in,  end the vector is in the y-direct ion by the r ight
hand coovent ion. The couple due to the 3lb. forces is u2 = 3 x 4
- 12 lb. :n. ,  snd the vector is in the x-direct ion. The vector sun is



vt = fr-a-;-i-z" L  2

and rhe direct ion of M

g = tan_l

23 .3  tb ,  i n .  Ans .
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= ,4n r;itrz -

i th the x-axis is given

! r= ' , - - r  4=.o,  
" 'M ,  2 l

Th€ forcee F l ie in a plane normal Eo M and hence
59 '2 '  w i th  rhe  y -d i rec t i on .  The  nagn i tude  o f  Ehe

t \  233  =  5 .83  1b .F = e =-T

Ans.

make an angle of o -

2. A force of 100 lb.  is appl ied to a lever rhich i3 atteched
to a f ixed shaft  as shorn. In detef inining the effect of  the force oo
the shaft  at  a sect ion such as A iE is convenient to replace the force
by a force at A and a couple t l .  Find the nagoitude and direct ion of
t1.

lglgligg: shifring
i n ,  t o  a  p a r a l L e l  p o s i E i o n  a t  A
nagnitude

th€ force a distarce or E1-F - 5
requires the addit ion of a couple of

M=100x5  =  500  l b . i n .



nortrel to
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The vector M representinS the couple
the force vector end nekes an en8le lr i th

o = cos-r  t  
-  f '  sz '

i8 in the x-y plane
the y-exis of

l .  The actioD of
analyred by considering it
l ine and a couple. I f  this

PIOBIA$

the 2000 lb, loed on the coluDn nay be
to produce e codpreasion alocg the center
coup le  i s  6000  l b . i n . ,  f i nd  d .

Flg. I FLE. 2



2. In designing the t i f t ing hook the fo.ces ect ing on a
horizontal  sect ion through B may be determined by replacidg F by an
equivalent force at B and a couple. I f  the couple is 3 ton-f t  ,  ,
det.ermine F. 4gf.  F = 18,000 lb.

3. Each propel ler of  the twin-screl '  shiP shosn develoPs a
ful l  spe€d thrust of  80,000 lb.  In manoeuvring rhe shiP on€ ProPel ler
is turning ful l  speed ahead and the othet ful l  sP€ed in reverse. l lhet
force F nust each tug ex€rt  on the shiP to counteract the turning
e f f e c t  o f  t h e  s h i p ' s  p r o p e l l e r s ?

-  3 l  -

l<- zto

4, The truss shoirn supports the vercical  load of 5000 lb.  and
is held in plece by the reacl ive forces exerled on i t  by the suPPolts
as indicated ir  the f iAure. The force Ay and the appl ied load con_
st i tute a couple, and the reneining tuo forces const i tule an equal and
opposite couple. Find the react ion conponedt Bx and the total  force A
on the support ing pin connect ion. 4l9.  B* = 5710 lb. ,

A  =  7 5 9 0  l b ,

I1g. 4 Flg. 5
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5. The fr ict ion force F end dr iv ing couple l l  *hich act on the
eheel of  an acceleret ing truck nay be replaced by a r ingle equivalent
force $hich acts through a point i rhich is 0.4 in above the ceoter for
the whe€1. I f  F equals 500 lb. ,  determine the dt iv iog couple l l
suppl ied to the rheel through i ts dr ive shaft .

6. The control lever ie subject€d to a clockriae couple of 50
lb,f t .  ererted by i ts Bheft  et  A end is to be designed to operaie r i th
s 30 lb. pull aB shorn. If the resultedt of the couple end the force
paaaea through A, determine the proper dinension of the lever.

A n 8 .  -  1 2 . 8  i f l .

F ie .6 F lg .7

7. l te r iveted sngle brack€t is held in equi l ibr iun by the
ect ion of forces which ere the equivelent of  a fotce equal and op-
posite !o atrd col l ineer r i th F. Repreaen! these equivalent forces by
s vett ical  force scl ing oo the bracket et A and two hot izontal  forces
P acting oo lhe brecket, one et A end the other at B.

8. The 1000 lb. loed is epplied to the bracket ettached to
lhe free end of f ixed cent i lever I-bea[.  Io evaluat ing the strength
of the bean to si thstend the appl ied eccentr ic loed, the load nsy be
repleced by i ts x end y couponents ect ing e! A on the beam center l ine
a ( r d  e  c o u D l e  l i { .  D e t e r r i n e  } t .  A n s ,  M . 2 1 0  l b . . i n .



F l g . 9 I i s .  10

9. Replace the couple and force shown by a single force F
appl ied at a point D, Locale D by determini  g rhe distance b.

10. The bracket is fastened to the girder by reans of rhe r l , 'o
l i v e t s  A  a n d  B ,  F o r  e q u i l i b r i u n  o f  r h e  b r a c k e t  t h e  r e s u l r a n i  o f  t h e
forc€s exerted by the r ivets on the bracket must be equal and opposire
to and col l inear l r i th the 1800 lb.  appl ied force. Find rhe folce
auppol led by each r ivet by replacing the appl i€d load by a force along
a horizontal  center l ine nidway becween the l ivets and a couple and
then by distr ibut ing this lesult ing syeted appropriately ro rhe

11. Combine the force and che couple shown inro a siogle force
F, and f ind lhe perpendicular dietance d from A ro F.

44!= A - 1200 1b., B - 3000 lb.

F i g , 1 l
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1 2 .  D e t e r o i n e  t h e  x ,
vector M which is equivalent

y, and z conponents of the single couple
to the two couples sho\rn.

F l g .  1 3

F i g .  1 2

1 3 .  U s i o g  t h e  p r i n c i p l e  o f  t t a n s f o l r n s r i o n  o f  a  c o u p l e  t e p l e c €
the t l l 'o forces shoen act ing on the pipe l rrenches by a single force F
ect inS at a poidt P in the x-y plene. Find the coordirates of P.

A n s .  F = 1 0  l b . ,  x = 2 4 i n . '  y = 8 4  i n .

12. lesultant of Coplllar Porce Sy.terr: The resultant of a
aystem of forces is the sinplest force system lrhich can replace the
original  forces r t i thout al ter ing their  external ef fect on a r igid
body, The equi l ibr iurn of a body is the condit ion wherein the resul-
tant of  al l  forces is zero, snd the ecceletst ions of a body is des-
cr ibed by equat ing the force resultent to the product of msss and
a c c e l e r a t i o n .  T h u s  t h e  d e t e r m i n a t i o n  o f  r e s u l t a n r s  i n  b a s i c  t o  b o t h
stet ics and dynarnics. The propert ies of force, nonent,  and couple
discuss€d in the preceding art ic les ni l l  nol . ,  be used to detef inine the
r e s u l E a n t s  o f  c o p l a n a r  f o r c e  s y s t e n s .

The resultant of  a systen of coplanar forces nay be ob-
tained by adding the forces r l ,o at a t ime and then conbining thei t
su[ le.  the t .hree forces Fr,  F2, F3 of Fig. l9e Eay be conbined by f i rst
a d d i n g  a n y  t w o ,  s u c h  a s  F 2  a n d  F 3 .  B y  r h e  p r i n c i p l e  o f  t r a n s d i s s i b i -
l i ty they nay be moved elong their  l ines of act ioo to their  point of
concurrency A, and their  sun R, formed by the paral lelogran 1aw. The
force R r nay then be conbined-l ' i th F, by the para1le1o8ran lar ar
their  point of  concurrency B io obraiA the resultant R of Che three
Siven forces. The order of conbinat ion of the forces is inmater ial  as
m a y  b e  v e r i f i e d  b y  c o r n b i n i n g  t h e m  i n  a  d i f f e r e n t  s e q u e n c e .  T h e  f o r c e
R  m a y  b e  a p p l i e d  a t  a n y  p o i n t  o n  i t s  e s t e b l i s h e d  l i n e  o f  a c t i o n .



The haglitude end direction of R rrey be obtained sitb
addition by the trianSle Lar aa shoen in Fig.lgb. f,ere the forces are
treeted e6 free vectors 6nd :dded heed-to-t.i1. Ihe resultant of pt
and F2_ is a vector directed fron O to 2 and rfien conbioed with F;
8ive6 R cotrect in neSnitude end direct ion. Ihe polySon 0- l-2_3 is-
knol,r as a (FoRcB pol,yeofl". AlSebreically theee iesults day be ob_
tained by forEing the rectanSular cmponeni of the force3 in eny tlro

F ig . l 9

conveoient perpendicular directions. In Fig.lgb the x and y cooponents
of R sre seeo to be the elgebraic sune of ibe respective clrponlots of
the three forces. Thus, in general, the rectenguiar corpoounte of th"
resultent R of a coplaner systen of forcee oay [e expressed ae

-35 -

R:. = t Fx, Ry - t Fy,

where R - /(trx)2 + (tFy),

The angle Dede by R with the x-axis is c leartv

( 7 )

Th€ locat iotr  of  the l ine of act ion of R osy be computed
uith the aid of Varignon.s theoren. Although thi, theo;ed nas provea
for tro -concurr€nt coopooents of a given foice, it holrta for any sye_
tef l  of  forces. The noDent.  of  R, Fig. lga, aboui aone polnt rauet 'equal
Ehe aun of the nonents of i ts t rro conponents F1 and R1 about the ssne
point. The Eo|leot of Rl , however, nust equal the sui of the uooeots



of i ts conponents F, and F. about the sene poiot.  l t  fo l lo$s thi t  the
moDent of R ebout ;ny poi; t  equals the gun of the norEents of !1r F2 I
6nd F! ebou! this same poinr,  Appl icst ion of this ' ,pRIt{cIpLE 0F } ib-
UEl|TSrr ebout the poinr O, Fig.20, gives the equet ion

R . d  =  F r d l - F 2 d 2 + F 3 d E

for thir  part icular conf igurat ion of force6 shere lhe clockeise direc-
t ion is erbi trar i ly taken as poeit ive. the distance d is c@puted
fron this relation, and R, nhose magnitude and direction have be€n
deternined fron EqE. 7 and 8, tlay not' be coEpletely located. In gen-
etal ,  then, the uonent arn d, of  the relrul t rnt  R is given by

R . d  -  t H o  . . , . . . .  ( 9 )

rrhere tlto stands for the algebrsic suD of the nodents of the forcee
of the ay3te.o about ar}y point O.

r is .20

For a systen of forces el1 concurrent st a given point the
resultent passes through this point and Eay be detemined graphically
by parsl lelograo or tr iangle eddit ion or rey be cooputed fron Eqs,7
etrd 8.

For a syeteD of parellel forces the nagnitude of the
resultenl  is the algebr€ic 6um of the several  forces, end the posit ioo
of ita lioe of ection oay be obtained fro|[ the principle of norEots
eaPreaaed by Eqs.9.

' i ' 'F  
\

;  , - - '  . rF

r.<1tr .".-1>\:' \\_/_.-
oi.,,''... E"



Consider not '  a force system such as that shol 'n in Fig. 21,
rrhere the polygon of forces closes and consequent ly there is no
resultant force R. Direct combinat ion by the paral lelogrsm la! '  shons
that for the case i l lustrated the resultant is a couple of rnagnitude
F!.d. The value of the couple is equal to the nonent sum about any
poiot.  Thus i t  is seen that @
forceg nay be ei ther a force or a coupl€.

F i g . 2 I

SA}IPLE PROBIJ}I
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the resultant of  the four forces act ing on the plateDetermine

l -

a r b i t r a r i l y  a s
The conponents

the or igin of
Rx and Ry, the

Solut iotr :  Point O is selecred
coordinates for an algebraic solut ion.
resultant Rr and the angle gx becone



lRx

Inv

tR =

lox =

XFx l

xrvl

-38 -

Rx =  -30  cos  45 "  +  25  +  35  cos  30 "  =  34 .1  Ib . ,

Ry  =  30  s i n  45 "  +  20  +  35  s i n  30 '=  58 .7  l b . ,

I b .  A n a ,

AnB.ryl
Rx

:ox = tan-l : ! j2 = 59' 50'
34.r

d = -149 =-0.678
67  . 9

The tesultant is nol ,  determined in nagnitude and dir€ct ion.
The posit ion of i ts l ine of act ion is obtained fron the pr inciple of
noments. With the clocklr ise direct ion as posit ive and point O as the
n o n e n t  c e n t e r  t h i s  p r i n c i p t e  r e q u i r e a : -

t R . d  =  D | t o l  :  6 7 . 9  d  - ( - 3 0  x  2 . 5  c o s  4 5 ' )  -  ( 2 0  x  l )
+  ( 3 5  x  2 . 5  c o s  3 0 ' )  -  ( 3 5  x  3 . 5  e i n  3 0 " )
+  ( 2 5  x  0 . 5  )

in.  Ans.

The negst ive sign indicates that the moment of the sun is
counterclocklr ise since the clockoise direct ion l ,as taken as posit ive.
I lence the resultant R nay be €ppl ied at any point on a l ine naking an
angle of 59'  50'  id i th the x-axis and tsngent to a circ le of radius
0,678 in.  about O as sholrn in the f igure to the r ight of  the drasing.
The counterclocksis€ monent requires thaE the l ine of act ion of R be
tengent at poinl  A and not at poi4t B as would have been the case i f
lhe monent had been Dosit ive in a clockr ise sense.

Direct combinat ion of the forces by the paral lelogram 1aw wi l l
y ield the sane result  es just obtain€d, and this may be ver i f ied
graphical ly.

PTOBI.EIIS

l.  The f ixed eyebolt  suppotts the tensions of three ceble3,
indicated by the force vectors shonn. l f  these three cebles are
removed end their  combined effecE on the bolt  i6 achieved by a single
cabl€! determine i ts tension T and direct ion 0x. Aos. T = 1850 1b,,-  

ex = 22" 5at.

R]E,n=lli]i7-l-GilJ7 = or.s



Ftg, 1

2. Deternine the tesul lant
t o  t h e  g u s s e t  p l a t e  i f  O  =  5 0 '

3. Deteft ine Ehe
ei l l  y ield rero resultqn!

4. Deteruine the
Pratt  br idge truss.

R o f  t he  fou r  f o rces  r ransmi l t ed
Ans .  R  -  2090  l b . .

ex  -  72 "  56 ' .

angle 0 for the f igure in problen 2 which
force in the x-direction. Ans. e - 40' 2'.

resultant R of the four loads acl ing on the

Flg. 4

5, Deternine
the l lorre truss.

the resultant R of lhe
4!9. R = l0 kip3, t4

F l g . 5

roof loadg shot,n acting
fr ,  to the r ight of  A.

a'

5a0 th

F l g . 7
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6. Find the force R lrhich could replace the four forces shorn
and no! chenge the result ing reacl ions st  the support  A.

7, I lher€ would the resultant of  the t f lo sppl ied iorces .ct?
Ans. 86 fr .  to rhe r ighr of A.

8. Replece the f i ro parel lel  forces act ing on the control
lever by e single €quivalent force R. 44q. R = 30 lb. through O.

9. t r ind grsphical ly the nagnitude of F which ?i l l  nske rhe
teaultant of  the tso forceg pess through the beering qt O. Also solve
elSebraical ly,

T
3 '

I

Ftg. 8 Fig. 9

10. For the bel l  ctank shoen the resultaot of  the vert ical
force F aod the 30 lb. force passes through the ceoter of the beeriog
et O, Coopute F. Does the result depend upoo O?

Frs ,  10 F lB .  11

6(,0lL
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l l .  D e t e r n i o e  t h e  r e s u l t a d t  o f  t h e  t h r e e  f o r c e s  a c a i n g  o n  t h e
A n s .  1 . 1  =  2 5 0 0  1 b ,  f t . ,  c l o c k w i s e  c o u p t e .

1 2 .  A  g r o u p  o f  t h r e e  p i l e s  s u p p o r t s
t i o n  w a 1 t .  I f  e a c h  p i l e  s u p p o ! t s  1 0 0  k i p s
p i l e ,  d e t e r n i n e  t h e  d i s t a n c e  x  t o  t h e  p o i n t  P
tant of lhe Ehree loads passes, and f ind
r e s u l  r a n t  1 . , i r h  t h e  v e r I i c a l .

the Ioad under a founda-
in the direct ion of the
through wh ich the resul-

the angle e made by the

I i g .  1 l
F l g '  r z

I 3 .  D e t e r n i n e  a l g e b r a i c a l l y  t h e  r e s u l t a n t  R  o f  t h e  t r o  b e l t
tensions and the 350 lb.  load act ing on the pul ley and attached drum
o f  t h €  h o i s t .  F i n d  t h e  d i s t a n c e  d  f r o n  R  t o  O  a n d  s p e c i f y  t h e  a n g l e
o  m a d e  b y  R  l { i l h  t h e  x - a x i s ,  A n s .  R  =  5 8 3  l b , ,  d  =  0 . 0 8 5 7  i n . ,

0 x  =  4 1 '  5 0 '  ,

1 4 .  T h e  g e a r  a n d  a t t a c h e d  V - b e l t  p u l l e y  a r e  b e i n g  a c c e l e r a t e d
under th€ act ion of the 50 Ib. gear-rooth force and the t l ,o belt
t € n s i o n  o f  3 5  ] b ,  a n d  l 0  l b .  R e p r e s e n t  t h e  r e s u l c a n t  o f  t h e  t h r e e
folces by a force R passing through 0 and a couple M, hhat is the
d i r e c t i o n  o f  t h e  a n g u l a r  a c c e l e r a t i o n ?

F i g .  1 4



15. Calculate the reaultent R of the four forcee ect ina or thecant i l€ver rrus6 and locare the point C on f i ""  lS .hr. ; ; ' ; r ,Lr,  i .m u a t  p q 8 a .  A n B .  R  "  1 2 . 1 4  t o n s  t h r o u g h  c  l . l l  f t .  t o  t h e  l e f t  o f  E .

-  t6.  Determine the desireble widtb b. of  the concrete abuEnenrfooting ehich nit l  place the resulrant of the foui i"r i"- l i i ."ei-p.irt
A which is 40U of rhe rorel base dineneion ," ih"- l" i i ' . i  

"Ti..  
o.Ilre 9 and 9.6 kip loads and rhe force tf represent ,f," 

""igfra" 
ii- afr"i.respective port ions of the ebutment and iaee through l i?'"""."." oteach recrangle. I .he eeigbr t{ equale l .2d b *rere 6 i" ."p"."La i,f ee t .  Ans .  b  =  3 .4  f r .
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F i s , 1 6

17. Represent the re6ultant of  the appl ied
sholrn act ing o! the cent i lever beaE end bracke; 'by s
A and a couple tt.

IoadB .nd coupte
force R ect ing et

F  i g .  l 7



18. The geer reducer sholrn is subjected to Ehe trro couples,
i ts 50 lb.  oeight,  and a vert ical  force at each of the rnount inS A and
B. I f  the resultant of  this system of teo couples and three forces is
zero, deternine forces A and B. 44C. A = 69.2 lb.  down,

B  =  1 1 9 , 2  l b .  u p .

F i g .  2 0

Ftg. 19
F l g .  1 8

19. The jet-propel led airplane is acceletat ing in the direc-
l ion of i ts l ine of f l ightr  a d therefore the resultsnt of  the
external forces shown act ing on i t  passes through i ts center of
gravi ty G and is in the direct ion of f l ight,  The total  weight of the
airplane is 60,000 tb.,  the air  reEistance or drag is 3000 lb. ,  and
each of i ts t l ro jet  engines develops a thrust of  10,000 Ib. Determine
the l i f t  forc€ L and the stabi l izer force P for the condit io$s given,

4 ! 9 .  L  =  5 7 , 1 0 0  l b . ,  P =  1 9 9 0  1 b .

20. Determine the values of F, P, and 0 so that the resultant
of the three forces and couple shown is zero. Ans. F = 12.84 lb. ,

P  =  8 9 . 1  l b . ,
6  =  4 "  8 ' .

L
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13. lesultant6 of fr.""-!!!egg!9g4!_&Eg_!Eg -1 rrere are
,m"y engin.er@ineneions,
Such. analysis cal ls for represenrat ion of t i€ syslem by a pictor ial
drawing or by Beans of two or more orthoglaphic project ione, Faci l i ty
to visual ize aod repres€nt the third dimensio; is an absolute
n e c e s s i t y  f o r  t h i s  t y p e  o f  a n a l y s i s ,

Consider f i rst  e syste|!  of  concurrent forces act ine on a
b:dy. 

_ An example of such a sysrem is ehown in the Fig.22a, where
three forces not in the sane plsne act et  O. I te resultant R of this
system may be obrained by adding the forcei  head-ro-rai l  in space as

F iA.22

shown in Fig.z2b. The resultant is the vecror rrhich closes the soace
polygon, and i ts Ehree rectangular coinponents are seed to be the
algebraic sun of rhe corresponding conponents of the given forces,
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Thua, io generel; Rx =

end  R=

Fx, Ry - XFy, Rz - XFz,

If the angles nade by R {ith the
ey, snd ez, reapectively, theo the direction
direction cosines

coe 6'x = 
$, cos ey = 

S, coa ez - tPz
R

4re gt,
by i ts

v,
R

end z exes
is specif ied

(r0)

(rr )
The epace polygon in Fit.22b Eey be projected ooto the

three coordinete plades, giving three related plane polygoos as aho9n
in Fi8.22c. Any tt'o of thele force polygons will involve el1 three of
the f irst of equstion (10), and hence tro projectiotrs are euff icient
for the ful l  descripEion of the force reletions.

Nor, con€ider a geoerel systen of noncoicurrent forcea in
apece ectidg on a body. An e)aenple of such s eysten is represented i lr
Fit.23ar rhere three such forcea are rhosn. By the pti inciples of the
Reaolution of a Force into a Eorce and e Couple, the external effect
on the body wil l  be uoaltered by epplyinS F, et sore other point, such
as 0, ,nd sdding the n€ceasary couple ll,'. Ttle nsgnitude of this
couple is Fr.d, ehere d is the perpendici lar distance fro[ O to the
original l ine of ecrion of F-. fhi6 t lansfer for force F ie shoso in

(xFy) 'z

F ig .23
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?i9,23b, The plane of the couple is the plane def ined by the or iginal
l ine of act ioo of Ft alrd poiot O. The vector l l  I  represent ing the
couple is normal to this plane, ,nd the sense is detemined by the
l ight-hand rule. The couple ur is a free vector bu! is shorn at point
O for convenience. The remaining t i ro forces are trensferred to point
O r i th the addit ion of their  tvo correspondi$g couples as shown in
Fig.z3c, The or iginel  force systen hes now been reduced to a sylr tem
of concurreot forces et the arbi trery point o end €| correspondinS
.uober of couples. The forces nay be conbined to get their  relrul tsnt
R act ing at point 0,  and couples are conbined vector iel ly to get e
resultant couple I t  ss shorn in Fig.23d. For a aiven force sy6ten the
couple u wiI I  vary in magnitude and direct ion, depending on the choice
of the reference point O, al though the resultant force R renainB f ixed
in magnitude and direct ion regardless of the reference point.

I t  has oor,  been shoiro that " the resultent of  eoy general
force sysEem can be expressed in terns of a single resultant force and
a single resultant couplerr Physical ly the effects may be described as
a push (or pul1) R and e ts ist  U. This result  has a very i [portant
bearioS on both the stat ics problem er|d the dynenics problen. ln
stat ics, vhere the equi l ibr ium condit ion obtains, both R and l l  sre
zero, In dynanics, the l inear and rotat ional accelerat ions l . t i l l  be
d e p e n d e n t  o n  R  a n d  M ,  ! e s p e c t i v e l y .

There are several  speciel  cases of geoerel  force syste
resultants uhich occur frequent ly.  l lhen there is no resultant force,

E i e , 2 4

then the 8iv€n systen reduces to a couple or pure tr ist .  l {hen the
couple vector ! l  is perpendicular to the resultent force R, Fig,24e,
the t t 'o nay be co[bined to forn a single force R rhose l ine of ect ion
is e distence d = e-" f ron point O as shown in f ig.24b, The nee l ine of
act ion of R must l ; i r  on the side of O ehich nakes the direct ion of the
roment of R about O the sane as thet of l.l. lJhen the couple U is
paral lel  to R, Fig.25, the conbinat ion is knosn as a l f rench or Scres.
The sct ion nay be described as a push (or pul l )  and d teisE ebout an



ft)

FiE.25

exi6 peral lel  to the Push (or pu11) '  when the force and -noment
vectors heve the same sense' as in f ig '25a, th€ r ' r€nch i-s said to be

;; ; i ; i t " .  when the vectors have *rJ opposite eenee' the t tench i3

,regat ive, as i I rdicated in Fig.25b'

l f  L h e  g i v e n  f o l c e s  a r e  a I I  p a r a 1 l e I ,  t h e  ! e s u l t a n t - R '  i f

a force. ie the alg;braic aun of the 6ev;rel  forces'  and i ts Posit ion

; ' ; ; . - ;" ; ; ; i ; "J fv i r 'e p ' in. ipr" of  moments'  rht ls ror the 4 parel lel

; ; 1 " . ;  ; ; ; ; ;  a c t i n a  o n  t h e  p l a t e  o f  F i g ' 2 6  t h e  r e g u l t a n t  i s :

R  =  F l  +  ! 2  +  F 3  -  F i '  =  x F .

F i 8 ' 2 6

By the pr inciPle of $omencs the l ine

loceted by equat ing the roment of the sum to the

about the y and x-axes. Thus:

o f  e c t i o n  o t  R  i 3
sum of the momentg

4.
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R i  =  f r . x l  +

RY-  -  F r .Y l  +

o r  r n  gene ra r  x  =x t

-  F q . x ! ,

X(Fy)--TF-
F2 .y2  +

t(Ix)-lF-'

Fr ' * r

Fs .Yr

: -

In the event thet a system of paral1e1 forces reduces to
two equal and opposite forces which ere not col1lneer,  the resultar l t
ls e couple whose vector l ies in a plane perpendicular io the given
force3.

SXIPI.B PX)DI.nI

Replace the four forces ect ing
eingle equivalent force appl ied at point
ponding coupl€ which must also be appl ied.

Solut ioD: The three rectsnEular

on the bracket shorm by a
A and determine the corres-

components of the resultent

50  -  ( 20  x  0 .5 )  =  40  1b ,

(40  x  0 .855 )  =  34 .6  l b .

100  +  (40  x  0 .5 )  -  (20  x  0 ,866 )  -  102 .7  l b .

lRx = tFxl

lRy = tFy I

lRz  -  tFz )

Rx

Ry

Rz

F. = 20 tb.

Th€ resultant force /fi7-+- Rl-; R7-

i 4o>2 +  (34 .6)2  +  ( lo2 .D2

tb.

l l J . )  1 b .  A n s .



The direct ion

tcos ex = $

tcos ey = +l

tcos e, = f;l

The direct ion
cosires, l rhich are

M x ,
ruos or( = _fr:J

tc." oy = $1
tcos ez = 

fl

be specif ied

40^

ro2.7 ^
. t 1 ) . )

of R may

: cos Ox

: cos Oy

: cos Oz

b y  i t s  d i r e c t  i o n  c o s i n e s :

= 69" 45t ,

The couple due to the trensfer of f  to point A 1Bt

[ M  -  F , d ]  :  M l  =  1 0 0  x  2  =  2 0 0  l b . i n .  ( t n i n u e  x - d i r e c t i o n ) .

Likeoise the couplee due to the transfer of F2, Fg, end Fq are

l , l 2  -  4 0  x  2  x  0 . 5  -  4 0  l b . i n .  ( p l u e  x - d i r e c t i o n )

M 3  =  5 0  x  r ' 2 '  x  3 ' =  t A 0 3  l b . i n ,  ( y - z  p l a n e )

M {  =  ( 2 0  x 4  x 0 . 8 5 5 )  +  ( 2 0  x  3  x 0 . 5 0 0 )  =  9 9 . 3  l b . i n .
(p1ue y-direct ion)

These four couple vectors are shosn in the r ight-hand pert  of
the f igure. The three rectangular components of the resultent couple
are seen from the f igure to be:-

ux  =  -200  +  40  =  -160  l b . i n . ,
3

t8 = ee.3 -  (180.3x Jf iv)
2

l tz=-r80.3x7f f i  -  - too

The resultant couple is:-

{u = riiT-i}lTllJl '

195 .3  l b .  i n .

epecif ied by

- 27' 75t , Atrs.

1b . tn.

of the couple i t s  d i rec t i on

-160
195J '

L95,3'
-100

195 .3 '

Arts.

cos ex = ox  =  145"  0 ' ,

ey  -  105 '  05 '  ,

6z  =  120 '  50r  . Ans.
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lte correaponding acute angles nsde by U sith the degetive
directions of the x, y, and z coordi.rrte axe6 are 35'0t, 74'55', and
59' l0r ,  respectively.

It should be noted that th€ monent K3 due to F3 could heve
been expressed in tef ins of i ts tno components, M.y - -150 lb. ia., and
M3z - -I00 lb. in., eince l{ is most easily cornprited froo the recten-
guler cmponents of the oonent vectors.

Prou, 8

I. ?he concrete sleb Bupports the six vertical losds ohosE,
DelerEine the resulteol  of  these forcea and the:(  end y coordinates of
4 point through shich it ect6.

A n s .  R  -  2 7  t o n a ,  x  =  7  f t , ,  y  -  1 1 . 9 2  f t .

Flg. I

2. The concrete
DetefDine the reBultant R
of a poiot on itB l ine of

4!9. R -- 44 tons,

FLg .2

abutnent support6 the aevan loed3 shonn.
of th€le force6 end 6pecify the coordineteB
eclioo.
: i  =  13 .8  i n . ,  y  -  21 .5  i n .
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3. Determine the resultent of
rhich ect on the shaft.

Ans. Re6ultant is a couple !t  =

th€ four fot'ces and the couple

5 8 9  l b .  f t ,

\ 301b,

rtg. 3
lmb.

T a g . 4

4. Replace the four forces shol.r l  by an equivalent gylr ten con-
sist ing of a force R er A and a couple I i t ,

5.  Find the resultant of  the t l 'o forces shosn, using point A
as the point through which the resultant force shal l  Dsss.

I
I
I

Ftg .  5 r1g. 6

6. The r igid piping shom is bui l t  into rhe $stt  and is
subjected to the two forces indicated. Deter ioine the resultant force
R aod nonent X at point A of these two apDlied loads.
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forcea ahorn by a
=  l 2E  lb . ,  u  =  610

single force R actinS at
l b .  i n .

7. Replace the tno
A and a couple U. 4!9. R

1Lg. t

6.  Replece the
the vert ical  ahaft  by s

Ftg. 8

appl ied forces 6hown act in8 on
R and couple N ect inS at point

couple end teo
reEultant force

BQt'lLlrBrrx

14, lAe cotrceDt of Equilibriu!: is derived fron a balance of
forces. I t  is the condit ioo for ! .hich the resultant of  el l  force3
ecting on a Siven body is zero. As the nost gedeiel force systen Eey
be exprealed in tetuB of a resultadt force R and e resultent couple N,
Eqoi l ibr iu[  thus requires:

R=o ,  I l  -  o  . . . .  , . . . . . . . , . . , . . .  . . , .  ( r 2 )

Equations 12 are the neces6ery condit ioos for equil ibriun.
Physicel ly these vector equetions 6een thst for a body in equil ibriun
there i6 as nuch force scting on it  in one direction as in the op-
posite direction and that there is es much twist or ooent epplied to
it about en aris in one sen6e as in th€ opposite 3ense. Thus
equil ibi iun inpl ies a balance of forces and a balence ol aonents.
Grephically Eqs. 12 require thet the space polygon of forces snd the
spece polySon of corresponding couple veclors sha1l both close.
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In order for a body to be in conplete equi l ibr iurn i t  is
necessary for both of Aq3. 12 to hold. These equat ions, hosever,
represent t i ro independent condit ions, and ei ther day hold r i thout the
other.  I f  R -  O aod U = 0, the center of gravi ty of the body ei ther
is et rest or is noving r i th e conslant veloci ty,  end the body hes an
anguler accelerat ion. Under these condit ions i t  oey be ssid thet the
body is in equi l ibr ium only in so far ee i ts l inear rnot ion is con-
cerned, On the other hand i f  R = O and U = 0, the center of gravi ty
of ihe body hss e l inear accelerat ion but there is no rotat ional
acceleret ion. Such a body nay be considered to be in rotst ional
equi l ibr iun. I f  the l inear accelerat ion of a body is in the n-direc-
t ion, then the body nay be considered to be in equi l ibr ium in the
y-end z-direct ions since i t  has no accelerat io$ in these direct ions.
The tern equi l ibr ium, horever,  is nost cormonly used to descr ibe e
body l ,hich is coopletely at rest,  as inpl ied by the tern stat icel
equi l  ibr iura.

15. If99:!9gf_2i!ggg, In using equation (12) it is nec-
essery to account accurately and conpletely for e11 forces nhich ere
appl ied on the body io quest ion. Error t , i11 result  i f  one or mo.e
forces sre no! eccounted for or i f  forced shich do not act on the body
in quest ion are used. In enelyzing the qct ion of forces on s giv€n
body i t  is absolutely necessary to isolate the body in quest ion by
removing al l  contact ing and attached bodies end replacinS then by
vectors represent ing the forces nhich they exert  on th€ boity i8olated.
such a representat ion i6 cal led a "FREE BoDY DlAcRAll I ,  I te free-body
diagraB is the oeaos by shich complet€ qnd accurete sccount of s l l
forces ect ing on the body in quest ioo ney be teken. Unless such a
diegran is correct ly drawn the effectg of one or more forces r i l l  b€
easi ly oni t ted end error si11 result .  I te free-body diagran i6 a
besic step in the solut ion of problens i t r  rechanics and is prel ioinary
to the appl icet ion of the nathematical  pr inciples ,hich govern the
state of equi l ibr iun or | [ot ion.

The subject of  equi l ibr iurn involves appl icat ion of the
very baric physical  lars expressed by Eq. 12. In words these laws
describe a condit ion rherein there is no reeul lant push (or pul1) end
no resultant teist  on a body in equi l ibr iur.  The physicsl  deening of
these lans of equi l ibr iuo ie elernencary, end the eppl icat ion of tb€se
lans for analyt ical  solut ions of equi l ibr iun problens * i1.1 elso becone
elementary i f  eccurate account of al1 forces is taken. The free-body
diegran is the neans by nhich this accurste account is Eede. An
uoderstending of the free-body diagram dethod is truly tbe key to the
understandi:rg of dechanics. This corprehensioo cen not be gained
\r i thout anple prect ice, but a convincing ini t iat  i rnpreaeion of the
importance of this method of at tack is extremely valuable to the
beginner.  When the student encounter lr  di f f icul ty in the problen eork,
the correctness of the free-body diagran is the f i r8t  step to chect.



The actual procedure for draving free-body diagrans l ' i l l
oow be explained. There are t \ ro essent is l  psrts to this procedure:

(1) A clear decision must be made as to exact ly l rhat body
( o r  g r o u p  o f  b o d i e s  c o n s i d e r e d  a s  a  s i n g l e  b o d y )  i s  t o  b e  i s o l a t e d  e n d
analyzed. Ao out l ine represent ing the external boundary of the body
s e l e c t e d  i s  t h e n  d r a s n .

(2) Al1 forces, knosn lnd unknonn, ehich ere appl ied
external ly to the isolated body ehould be represented by vector6 in
their  correct posi t ion. Knorn forces should be labeled si th their
nagnitudes, and unknown forces should be labeled t ' i th appropriete
s) 'nbols.  In nany instances the correct sen3e of an unknorn force is
not obvious at the outset,  In this event the seose Eay be arbi trer i ly
assuEed. The correctness o! error of the assumption ei l l  becone
apparent t 'hen the algebraic s ign of the force is detemined upon
c a l c u l a t i o n .  A  p l u s  s i g n  i n d i c a t e s  t h e  f o r c e  i s  i n  t h e  d i r e c t i o n
assumed, and a minus sign indicates that the force is in the direct ion
oppos i te to that assuned.

16, Bauil ibriun in Teo DiEolioo!: when a body is in equit i-
b r i um unde !  t he  ac t i oo  o f  f o rces  a l l  o f  eh i ch  ac t  i n  a  s ing le  p lane ,
say  the  x -y  p lane ,  Eqs .  12  becone
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R= / ( tFx ) ' ?+ ( tFy ) ,=o ,

H = M Z

T h e s e  e q u a t i o n s  m a y  b e  r e t { r i t t e n  a s :

t l , x  =  o  ;  t F y  = O  ;  t i l o  =  0  . , . . . . . . . . . . . . . . . . . , . , .  ( 1 3 )

uhere tMo represents the algebraic sun of the monents of a1I forces
act ing on the body about an axis parsl lel  to the z-direct ion and pasB-
ing through any point O on the body or off  the body b'- l t  in the x-y
p1ane. }{ore f lequent ly this eunmetion is referred to as the Bur of
the nonents about point O. Equat ions 13 are the three most conmonly
u s e d  e q u a t i o n s  i n  t h e  s u b j e c t  o f  s t a t i c s ,  P h y s i c a l l y  t h e y  e x p r e s s  t h e
fact thet for any body in equi l ibr ium under the ect ion of a coplansr
systen of forces there is as much force act ing in any one direct ion
as in the opposite direct ion and there is as nuch t* ist  or moment
about eny point in one sense as in the opposite sense. crephicel ly
Eqs. 13 require that the polygon of forces oust c lose (zero reeultaot
force) end that the str ing polygon must also close (zero reeultant
couple).  Eqs. l3 are the necessary condit iors for tno-dinensioneI
equi l ibr ium, and, as nay be concluded, they are independent condi-
t ions. Any one of the relat ions msy hold without the other ehen the
equi l i .br ium is not complete.



There ere tt'o edditional reyr of expreasing ttc necessery
condit ioos for the equil ibriurn of forcea in t l 'o dinension3. For the
body shorn in Fig.27e, i f  l I tA - O, then the re.ultant Rr i f  i t  . t i l l
exists, cennot be a couple but |!u6t be d force R pessinS throuSh A.

S a t l s f l e d : -

I f  now the equation tFx = 0 holds, shere the ,r-directioa i6 perfectly
erbitrery, it follos. fron Fi.g.27b, thet tlre resultant force R, if it
still e:.i3t6, nust not only pess ttEough A, but elso Dust be per-
pendicular to the :.-direction sa showo. noo, if tliD - 0, rhele I is
eny point Buch thst the lioe AB is not perpendiculer to the r-dlrec-
tion, it is clear thet R nus! be zero, and hence the body ie in
equilibriun, Iher€fore an alteroste set of €quilibriu! equation6
ie :

Fx  =  o  ;  I l l A  =  o  i  D , lB  =  0  , . . . , . , . . . . . . . , . . . . . . . .  ( r 4 )

shere th€ two point€ A end B are not on a lin€ perpendiculer to the
x-directioo.

A lhird fofilulalion of the conditiola of equilibriun Dey
be uede. Agein, if tIA = O for aoy body 3uch ea Bhoett in Fi9.28., the
resultedt, i f  i t  ei ist8, nust be a forc€ R throuSh A, In eddit iol i f
tMD - 0, the resultsnt, i f  one sti l l  exists, must pess through B a,
shono in Fig.28b. Such a foice cannot exist, hotrever, if XXC - O,
ehere C i6 not collinear eith A and E. neoce the eouetiona of
equilibiiuD rey be $ritten:

DIA=OiDrB-0 ;Drc -

shere A, E, end C are etry three pointr

MA - O satlsfled

!]s..r"tr

A =  0 ,
Fx=O.

o . , . . , . . , , . , . . . , , . . , . . . .  (15)

not on the sese atrsight 1ine.

Mt\ =
ltB -

,r\-:

Flg, 28
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Then a body is in equilibrius under a Byster of coocurrent
forces, the uodeot lru!tr about the point of coocurrency is eutoutically
aetisf ied, l€aving fron EqB. 13 the reletion6:

tFl. = o, Fv-o

These t  o equat iong, or a corresponding pdir  of  relet ioDs
fror ei ther Eqs. 14 or 15, $i l l  iosure the equi l . ibr iun of concurrent
forces in el l  ce6es.

l$ the case of equi l ibr iun produced by parel lel  forces,
otrly tlro condition3 need be epecified, and fron Eqs. 13 theoe ney be
teken to be:

tFx - o, t uosO

ehere the :.-directioo is the direction of the forces end O is eny
point in thei. plane. As an elternetive tt 'o moneot equations oey be
used, provid€d the t ine joidinS the noment centers is not paral lel to
the forces.

lfhen a body is in equiLibriun under the action of thrae
forcea ooly, these forces [u5t be concurrent. I f  they l.ere not con-
curreot, ea shoen in Fia.29, then one of the forc€6 Eould exert d
relultaot oonent ebout the point of concurrency of the othel tso rhich
eould violate the requirenent of zero Eonent about every point, Any
ryate! of coplanar forces io equilibriuo Day alsays be reduced by
direct cobbioetion of the forces to e systetr of three forces ,trich
nust lherefore be concurredt. Thir priociple of coocurtency ia very
uaeful for both algebraic and graphical aolutions in deternininS the
direction of en unknosn force. The only exception to thia principle
exiete fot the case rhere three Datsl lel forces ere in equil ibriut l .
In thi6 event the point of concurrincy ney be said to be et inf inity,

The equil ibriun of col l ioear forces requir€s but one
equation €nd is considered too trivial. for further coment.

F i g . 2 9



I t  is
graphicel solutions
bletos which fo l lo\t

l .  Deternine the
eeiSht W frottr rolling doirn
by the plane on the sheel,

de8irable th.t fecility rrith both algebraic atrd
be ecquired in the problet! eork, the saople pro-

i l lustrate both nethods.

SAIIPI.B PR()BTIIIS

force P required to prevent the wheel of
the incl ine. Also f ind the force lf  exerted
Neglect the ueight of the yoke.

(c)

Algebreic SolotioB: The free-body dieSrd ia fir6t drrsn
s6 shonn in part  (b) of  the f igure. l te weight I l  ects vert ic. l ly
down, end the force N is nornel to the wheel aurfsce. The diagren
discloses the fact that the dheel ie in equi l ibr iun under the rct ion
of the three forces. ChoosinS the r elrd y directions elong end oorD.l
to the plane, respect ively,  and .pplying the equet ions of equi l ibr iun
give:

t t Fx  =  O l  P -Hs ina=o ,  P=Ws inq

l f f y  -  61  l l -wco6o -O ,  N= l l cosd

If the sxe€ were choaen ag rith x' and y' , then the equa-
t ioos of equil ibriun give:

I t r /  . o l  Pco6  o -Ns ina -6 ,

tXFy '  =01  Ps inc+ t f  cos  c - ! f  =O .

Elir l inating N betlreen the teo equetione end solvin8 for P
qnd then solving for N yield the en6i.ers juat obteined, but the
proceaa was needles6ly conplicated by e lees fwoureble choice of
referenc€ ax€!.

g.

An3.
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CraDhic.l Solutiotrr Aftet the free-body diatran is coopleted
the knooo force lf i6 laid off to sone aonvenient acele as showo in
pert  (c) of  the f igure, l lexr l ines ei th the knorn direct ions of P dnd
N ere coostructed through the ternioal point6 of l l ,  and their
intersect ion give6 the solut ion and enables lhe coirect negnitudes of
P and l{  to be €celed froo the drening, I t  should be obeetved f loo
this force polygon that the t l ro enseers nay be obtained by inepect ion
of the tr igonometry of the tr iangle. Thus P = l f  Bin c,  I t  -  l t  co! q,
and alto P = l{ tao o. In the c6se of concurre[t forces a sinple and
spproxiuate sketch of the force polygon ni l l  enabte the required
telet ions bet{een the forcea to be sr i t teo i@ediately by
indpect ion, l t  6hould slso be noted thst the foice polygon is !
graphicel  statenent of tFx = O and tFy -  O.

2. A 50 lb.  force is required to operete the foot pedal
shoirn. Detefirine the tension T in the connectiog link snd the force
ererted by the bearing O on the lever. The r.eight of the lever i6
negl igible.

Alaeb.lic Solutiotr: The free-bodt diagraD is fitst diern 16
3hot,n irl part (b) of the figure. The forc€ exerted by the bearint on
the l€ver at O is shown in terms of its x a[d y cdpocents. Th.
solut ios is best started si th the Dooent equst ion ebout O, t ,hlch
el iminetes Ox and Oy fron the relet ion. I tus:-

ID ro  =  o l  50x14-9T  -  o ;  T -77 .E lb ,

The reneining tl'o equationa of equilibriuE givel

AnB.

t trx = ol

t EFy = ol

Ox.  -  77 .8  coo  15 '  -  O ,  ox  -  75 . I  l b . ,

Oy  -  50 -77 .8  r i d  15 '  =  o ,  0y  -  70 ,1  l b . ,

O cen be specif ied by tte en8le detetuined by
deBired.

lo - /07;Eu1 o = /O5.DTTfrf,']"? o. 102.7 rb. 4Es.
The direct ion of

the rat io of Ox to Oy i f
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Crephical  Solut ion: The intersect ion of the 50 lb.  folce eod
the tension T def ines the point A through which the react ion 0 muat
e160 pe66r since three folces in equi l ibr iul t |  Ere concurlent.  l l i th the
d i r e c t i o n  o f  0  e s t a b l i s h e d ,  t h e  f o r c e  p o l y S o n  i s  d r e s n  i n  p e t t  ( c )  o f
the f iSure by construct ing the di lect ions of O snd T through th€ ends
of the 50 lb.  vectot.  Frol [  the intersect ion of the two l ines lhe
negnitudes of T & O are scaled direct ly fron th€ tr ianglej  aod the
valuea sre those obtained in the algebreic solut ioo. In rhis problen
the exact expregsions for the unknolro forces er€ oore easily obtiined
froo the algebraic solut ion than fron the tr igononetry of the force
polygoo.

3. Determine the tension T in the support idS cable snd the
force on the pin at A for the jib crene shoen. The beerl A3 is e
stenderd 18 in.  I -bean seighing 65 lb. / f t ,  of  length,

AlAebr. ic Solqt ioo: The free-body diagram of the bean is
ehocn in-je-a;-T;J-;T--EE;- isure with ttre iin reiction at A separeted
in terng of i ts t ro recEangular componentB, The lreight of  rhe beam is
65 x 15 - 975 lb.  and acts through i ts ceotet.  In epplying the nooeot
equst ion ebout A i t  is s impter to con6ider the noEents of the x end y
cooponenta of T than i t  is to conpute the perpendicular distance froo
T to A. thu8:

[ ]tA - ol : (r cos zs.)12 +

-  e75 o.5 - 
L)

froo rhi.ch : T

( r  e ln 25.)  (E -L)-  2ooo (1s-4.s-1r2)

3980 lb. llos.
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Equating the sum of forces in the x and y direct ions to zero

A x  =  3 5 1 0  l b . ,

3980  s in  25 "  -  975  -  2OO0 =  o ,  Ay  =  1293  lb . r

I A= ' /(36rc)2 + (729312, A = 3830 lb

cr:aphical  Solut iop: Th€ pr inciple that rhree forces io
e q u i L i b r i u n  n u s t  b e  c o n c u r r e n r  i s  u r i l i z e d  f o r  a  g r a p h i c a l  s o l u t i o n  b y
combining the tvro knolrn vert ical  forces of 975 lb.  and 2000 tb, inro a
s i n g l e  2 9 7 5  l b .  f o r c e  l o c a ! e d  a s  s h o v n  o n  r h e  m o d i f i e d  f r e e - b o d y  d i a -
g r a ' n  o f  t h e  b e a r n  i n  p a r t  ( b )  o f  r h e  f i g u r e .  T h e  p o s i r i o n  o f  t h i s
r e s u l t a n t  L o a d  n a y  b e  d e t e r n i n e d  g r a p h i c a l l y  o r  a l g e b r a i c a l t y .

The inrersecr ion of the 2975 lb.  force l r i rh the l ine of acr ion
of the unknown tension T def ines the point of  concurrency O through
\rhich the pin react ion A must pass. The unknolrn magnirudes of T and A
may no! '  be found by construct ing rhe closed equi l ibr ium polygon of
forces. After taying off  the kno\rn vert ical  losd to a convenient
sce1e, as shown in the lower part  of  the f igure, a l ine represent ing
the given direct ion of the rension T is dralrn rhrough rhe Eip of the
2 9 7 5  I b ,  v e c t o r ,  L i k e w i s e  a  l i n e  r e p r e s e n t i n g  r h e  d i r e c r i o n  o f  t h e
pin react ion A, deterrnined frotn the concurrency establ ished lr i th rhe
free-body diagram, is drawn rhrough the rai l  of  rhe 2975 tb. vecror.
T h e  i n t e r s e c t i o n  o f  t h e  l i n e s  r e p r e s e n t i n g  v e c t o r s  T  a n d  A  e s t a b l i s h e s
the nagoitudes of bolh T and A which are necessary ro nake the vecror
sun of the forces equal to zero. These nagnitudes may be scaled
direct ly fron the disgran, The x and y conponenrs of A nay be con-
structed on the force polygon i f  desired.

[ t Fx  =  o ]  :  Ax -

[ tFy  =o ]  |  Ay+

A = /t7 +$1

3980  cos  25 '  =  o ,

I t  should be noted rhar rhe polygon is begun wirh the knoen
forces f i rst  and that the orde! of addit  ion of the rernaining leo
vectors is imnater ial .

PROBLEI,IS

t,  l , lh ich cornbinat ion of rope and pul leys requires the snal l€r
force P to raise the load W? Each pul1ey is free ro rotare indepen-
d e n t l y .  A n s .  C o m b i n a t i o n s  ( b ) ;  P  =  W .

5



- 61  -

F 1 g .  I

2.  t that force p is required to raise the l2OO !b. plet forn?
A n s .  p - l O O l b .

3. The 6l yerd concrete truck is oei8hed orr e highuey sce1e,
and i t  is nored thaE the fronr axle supporr;14,000 lb.  

- . . ra '" ."r ,  
or

the rear_axles supports 161000 lb.  Deternine the distence x fron the
l r o n t  a x l e  t o  t h e  c e n t e r  o f  g r a v i r y  o f  r h e  l o e d e d  t r u c k .

A n 6 .  x - 1 0 7  i n .

F i g . 3

. -  4.  Determine the horirontal
c a D l e  n e c e g e r y  r o  p o s i t i o n  t h e  I O O 0
i"S. Ans. p = 258 Ib.

force P sppl ied et
l b .  l o a d  d i r e c r l y

point A on th€
over rhe oPen-
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5 .  O n e  t y p e  o f  p i p e  c u t t e r ,  s h o w n  i n  r h e  f i g u r e ,  c o n s i s t s  o f
a  c l a m p  r i t h  t h r e e  s h a r p - e d g e d  r h e e l s  r h i c h  c u t  t h r o u g h  t h e  p i p e  a s
t h e  s c r e r  i s  t i g h t e n e d  a n d  t h e  d e v i c e  i s  r o t a l e d  a r o u o d  t h e  p i p e .

I
t

h t e n  c u t t i n g  a ;  i n .  p i p e  ( o u t s i d e  d i a n e t e r  f . 0 5  i n . )  s i t h  a  c o n -
p r e s s i o n  o f  1 0 0 0  l b .  i n  t h e  s c r e e ,  d e t e r n i n e  t h e  f o r c e  R  a c t i o g  o n
e a c h  p i n  o f  l h e  t w o  ?  i n .  d i a n e t e r  c u t t i n g  w h e e l s .  A n s .  R  =  6 0 2  l b .

6 .  A  3 0 0  l o n  r e f i n e r y  t o n e r  o i t h  c e n t e r  o f  g r a v i t y  a r  s e c t i o n
c  i s  t o  b e  l i f e d  f r o m  t h e  f r e i g h t  c a r s .  T l r o  s l i n g s  a t  A  a n d  o n e  a t  B
a r e  t o  b e  u s e d .  I f  i t  n e c e s s a r y  t o  l i o i t  t h e  t e n s i o n  T "  i n  e a c h  c a b l e
a t  B  t o  2 5  t o n s ,  d e t e r m i n e  t h e  m i n i m u m  d i s t a n c e  x .
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greatest shesr
1b. Detelrnine

r  i g . 6

des igning the bracket to
force nhich ei ther bolt

the nir inun dista$ce x.

support rhe 1500 lb. load rhe
!. i1I safely support i6 5000

rag.  I

F t g .  8

8. A painter eeighing 150
chair  as sholrn. Determine the force
in order to support  hinsetf .  An6.

rtg. 9

l b ,  h o i s t B  h i n s e l f  o n  s  b o s u o r g
P vhich he must apply to the rope
P = 5 0  1 b .
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9. A man weiShinS 160 lb. hoists
pletform by pull ing up on the lever shom.
betreed his feet and the D1etfofin,

hi.nself end the 200 lb.
DeterDioe the reection R

rlg. 10 F l g .  1 1

10. I f  the eood clemp holds the tuo pieces together l ' i th a
force of 100 lb. ,  shat are the vert ical  fo.ces FA and FB in the t t |o
screes? 44!. rs = 125 1b., FA - 225 Lb.

l l ,  That force P nust be applied to the 200 lb. larn rol ler to
pr€vent it froD gatherin8 speed e5 it ir rolled dorm the l0 de8ree
incl ine?

12. Deternine the pull P required to lift the loed t{ lor the
differentiel ehain hoist shoetr, The tro uppei pulleys ere fsstened
together, and the chain can lrot Bl ip oo the pulleys.

Fle .  13

Flg. L2



13. The roi l l ing curtet A is prevented froD turning on i ts
erbor B by means of e square key rhich besrs horizoot.lly eg6inst the
cutter et  point C in the poBit ion sho$n. I f  the motor dr ive suppl ies
e torque of 100 lb. f t .  to the arbor,  determine the force F transrni t ted
by the key to the cutEer,  the teact ion R between the erbor and the
araooth inner periphery of the cutter,  and the tooth loed P.

4 l g .  F  "  2 4 0 0  1 b . ,  R -  1 8 0 0  l b . , P = 6 0 0  l b ,

14. Deternine the lesst torque tt which nust be applied to the
exle of the 20 lb.  eheel to cause i t  to rol l  over the obsiruct ion i f
the eheel does not sl ip.  Calculate the corresponding fr ict ion force tr
( tengent to the xrheel surface) exerted on the wheel at  A bv the
obstruct ion.

Ftg. t4
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FlA. 15

15. The 100 ft,  Dast eith center of gravity at c. i .eight!
1800 lb. and is erected es shoen. The cable passes over the pulleyd
et C snd A and is secured to the mast at D. Determlne el8ebraicel ly
the ten8ion T required to support the nest ir the 30 deg, poeit ion.
lleglect the dianeterB of the teo pulleye and also the eeigbt of thc
struta OA and A3. Diacuss a$y effect on T caused by aecurinS the
cable to point A in place of using a pulley et this point.

An8. T - 4500 lb.

genersl
Eqs .  12 ,

11 . Eouilibriur in Three Di-nriour: llhen epplied ro the
three-diDensional
Eay be sr i t ten i t r

problenr the vector equst iong of equi l ibr iuE
scalar forro es:

tFx = o,

tFy = o,

tFz = O,

Dlx - ot

tuy  =  O,  . . , . . , . . , . . .  (16 )

tl.lz - o,



The f i rst  three of these 8i .x equat ions state thet for a
body irr equilibriun there is no .e6u1tent force acting on it in eny of
the three directions. The second three equstioda erapres3 the require-
$ent that there is no tedultant tsist or noDent ebout sny of the
coordinate e*es or about exes pqral lel  to the coordinate exe6. Theae
six equst ions 6re the neceosery condit ions for conplete equi l ibr iue,
Equetions 16 are entirely independent, arld any of then ney hold vith-
out the others, in which ce6e the body rould be io partial equilibriuo
only. If, for instance, Dlx = O, but che reneining five equetions ere
sal i6f ied, thir  conbitrat ion eould descr ibe a body, such es e *hee1,
f i red at i ts cenler of gravi ty but eccelerat ing in i ts rotat ion about
the x-exis,

l{ost three-ditrensiooal probl€os are sinplified if they are
broken down into three telated tr.o-di|leosionel problens, Projection
of the forceg on the thtee coordioete planes re6ults in the three two
diEensional systeds involving the force componeots in the respect ive
pleneB.

When equilibriun is produced by concurrent forces, the
oriSin of coordinqtes is convenient ly chosen at the poiot of  co!-
curredcy. Since the nooents of al l  forces are ,ero about any ar ig
throuSh this point,  i t  fo l lo lrs thet the equi l ibr ium of concurrent
forces is specif ied conpl€te1y by the f i r6t  Ehree of Eqs. 16.

In the case of equi l ibr iun produced by parsl lel  forces,
agein ooly three condit ions Eust be set isf ied. I f  the fotces ere al l
perpendiculer to the x-y plene, for exeople, then XFz = 0, The moaent8
of the forcea 6bout the other two axea $ugt elso be zero, 3o thet
t l l x - O a n d D r y = O .

SIIIPLB PROEI,N$
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1. Detemine the compression R in Ehe booE and the tensions
T r end T, io the support ing cables i i  the xeight of  the boom is
ndglected compered lr i th the appl ied loed,



rr

Solutiop: A spece vien of the free-body diegran of the boon
ia ahoin. ?or equilibriuE the conpression R must pass through B, the
point of concurrency of the other three forces, and is therefore in
the direction of rhe boorn exis, Frolr the geometry of the f igure the
fol lowing values, oeeded in the conputation, are obtained:

BD =  5 .57  f t .

cos {  -  0 .938 ,  s in f  =  0 .34E ,

coe  B=  0 .680 ,  s i n  B -  0 .733 ,

cos  a  =  0 .571 '  s i n  o '  0 .821 .

It nay be observed thet T! and T2 l ie in the x-y plane, and,
hence, R Day be conputed by a force 6utnetion in the z-direction.

[ tFz -O l :  Rcos t  =  2000 ,  R  =  2130  l b .  Ans .

EquetinS to zero the noments ebout en lr is through A psrel lel
to the y-axi6 el ininates R fron the equation alrd dives:

lDtly - o] |  (Tr cos B) 15 + (T2 cos q) t5 - 2o0o x 16 sin { - o,

o r  0 .68  T r  +  0 .571  T2  ' 142

Equeting to zero the forces in the y-direction giveg

[X ry=O l  r  T r  s i n  B -T2  s i no -O ,0 .733T !  -  0 .821  T2 .

Solution of the tt,o equetion3 yields:

T t  -  524  l b . ,  T2  =  557  l b .  Ans ,
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I te procedure uaed here ig ooly ooe of severel  pos3ible oner
for obtaining the answera, In place of the noneot equat ioo ebout A
the ptincipLe f,trx = O could have beeo used to obtain one of the two
oecensary relet ions betoeeo Tt and T2, I t  sould be possible to evoid
e simulteneous 3olut ion by equat ing the rcnent5 ebout e l ine plssir8
through A and C to zero. In lhis eveot T. could be found fron one
equat ion. I lonever,  the added di f f icul ty of 'ccdput ing nonent en0a to
such an Lncltned axls r.ould offset the soall l.bour of e gimulteneoug
solut ion in this case.

IE Bhould be noted that i !  the weiSht of the boon is not
negl igible the reect ion et A ei l l  oo longer be io the direct ion of AB
since the forces ere no longet coocurrent.

2. A 50 lb. force io applied ro the h.trdle of rhe hoi.t io
the direction shopn. lte besring A Bupports the thru.t (force in the
direction of the shaft axia) while beering B supports only rediel load
(load norEal to the sheft eri8). Deternine the reiSht ! l  rhich can be
supported end the total redial force eierted od the sheft by eech
bearing.

\
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- - _ _ , .  
S g l u a i o o , . T h e  f r e e - b o d y  d i a g r a n  o f  r h e  s h a f t r  l e v e r ,  a n d  d r u o

111"1o"..o as a single body could be shosn by 
" "p."" 

ui., ir-a""i."a
ffttt ': 

";;1"""T"t:1t""t"t'"'.:].r',,t". 
three.orttrogonai o.oi""ti"'"'- 

"r'"or rhe rliJee "i"* ",,.," ;;;;';',.::::.#":::::. ""li:'::::!"i"irilil
t lons of Ax and Bx mey be seen by inspec;io;:; i . ' i . ' i""-.J.j.nr.the resulEanr of rhe trlo tl.z t l. roi"u" .*".a" 

-, 

".r"i.r"i""i*rr""noment about A. The cotrecta"t".,io.i-".rii. .nj'T"r'"i'.'"il'" :;'ff:1H,""".r" :r," "joo."1r"J:"".'"..n"::
: : : : : :  i .y 

be arbirrari ly assigned.. rhe x_y .projection oi- i i"- i". . inerorces ra shown by a rdavy arros since ite i i .e"i ion l" onti""n.- rrr"eddit ion of Az and t, l  cornpletee rhe free_body ai ie;;.  
-" i i  

" i"rau 
u"ooted thst the three views represent ttrree t$o_dinensionel problengreleted by the corresponding 

"orpoo"nt" 
or trre tor.."--_-_-"-_ 

t '"

Fron the x-y

lXMo = ol t 4r{ -

t{r - /,l,<tlp

tB = /b*z; BF

projection:

l 0  : .  43 .3  =  O , w  =  108 ,3  l b .

From the x-z projection:

lXue=o l :  6Bx+ (7x17 .7 ) - ( 10x17 .7 )=o ,  Bx  =  8 .85  1b , ,

lX rx  =  O l  :  Ax  +  8 .85  -  17 .7  =  o ,  Ax  =  8 ,85  l b .

The y-z viet '  gives:

IXMA=o l :  bBy+ (7x43 ,3 )  -  ( l 0x  108 .3 )  - o ,  By  =  l 3o  1b . ,

t t l y=o l :  Ay+  130  -43 .3  -  t 08 .3  -  o ,  Ay=21 .6  1b . ,

[tFz = Ol : Az = I i .1 tb,

The total rsdial forcee on the bearings becooe:

t A! = ,/ (8.8r 21-diF = 23.3 rb. Ans.

;  B  =  r ' (8 .85) ,  +  ( r3o)  ,  -  110.2  lb .  Ans .
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PROEI.EIIS

l.  The bracket is secured to rhe eod of rhe f ixed
Bingle bolr  which produces suff ic ient force to hold i t
Deternine the resultant force and nonenr exerted bv the bolt
o n  t h e  b r a c k e t .  A n s .  F  =  8 0 0  l b , ,  M  =  9 3 3 0  i b , i n .

Fig. 1

shaft  by a
i n  p l a c e .
and shsft

F I A . 2

2. A 50 lb,  vert i .cal  force on the foot pedal of  rhe bel l
crank is required to produce the reosion T in the vert icsl  codtrol
rod. Determine the bearing reacrions ar A and B.

4 ! 9 .  A =  4 4 . 2  1 b , ,  B = 1 0 2 t b .

1
10'



. ,  .  3 . _  T h e  c o n r r o l  l e v e r  m u s r  s u p p l y
the at( is O-O to turn rhe shaft .  l f  the
cootect at  Ar f ind the force F which
deEerrnine the total  reect ion exerted ong n a t t  a t  A .

a torque of 400 lb. in.  abour
lever and the sheft  are in
produces the torque, end

the lever by the end of the

t u .  Reac t i on  i s  57 .7  l b .  f o rce  and  462  l b . i n .  coup le

BC
the

for the bood
boorn. T

F l g .  3

the larger of the trro
hoist  in the posi! ion

=  1 0 9 2 0  l b . ,  T  =

Fre. 4

tensions in the csbles AC and
sho!,m. Neglec! the weipht of
3 7 8 0  l b .  A n s .

F i g , 5



-  7 2  -

5 .  D e t e r m i n e  t h e  f o l c e s  o n  t h e  b e s r i n g s  A  a n d  B  i f  t h e  3 0  l b .
f o r c e  i s  r e q u i r e d  t o  t u r n  t h e  c r a n k s h a f t  o f  t h e  s i n g l e - c y l i n d e !  e n g i n e
aeainst the cornpression in the cyt inder for the posit ion sholrn. The
a x i s  o f  L h e  l 0  i n .  c o n n e c t i n g  r o d  i s  s h o o n  b y  t h e  d o t t e d  l i n e .

6 .  A  s t e e l  s h a f t  i s  n o u n t e d  i n  a  l a t h e  b e t t r e e n  c e n l e r s  A  a n d
B and is dr iven fron the face plate C in the direct ion shovn by the
tang of the clarnped dog D. The lathe tool  E exerts a force of 200 lb.
o o  t h e  s h a f t  a t  a  n e a n  l a d i u 6  o l  2  i n .  a n d  i n  a  d i r e c t i o n  g i v e n  b y
B = 70 deC. and d = l0 deg, Deternine the radial  conponents A?. and
B 7 . ,  ( n o r n a l  t o  t h e  s h a f t  s x i s )  o f  t h e  f o r c e s  e x e r t e d  b y  t h e  c e n t e r s  s t
A  a n d  B  o n  t h e  s h a f t  w h e n  t h e  t a n g  i s  i n  t h e  p o s i t i o n  i l l u s t r a l e d .

4!9. A-( = 123 lb. ,  Bf,  = 106 lb.

F l g , 6 F t g .  7

7 .  T h e  4 : l  r e d u c t i o n  d r i v e  h a s  a  t o r q u e  o f  1 0 0 0  l b . i n .
s u p p l i e d  t o  t h e  s h a f t  o f  t h e  d r i v i n g  p i n i o n .  I f  t h e  t o o t h  a c t i o n  f o r
both pairs of geers is as sholrn, deterrnioe lhe total  forces exerted by
the bearidgs A and B on the shaft .  The bearings for the shaft .s of the
driv ing pinion and dr iven geer are dot shoun. The weights of the
p a r t s  n a y  b e  n e g l e c t e d .  4 ! g .  A  =  2 7 9  I b . ,  8  =  1 5 8 0  l b .

STRUCTURES

18. Structures: A truss is a structure that consistB of
t t rree or .ore- 'nEi6! i i - l t tached together at points ca1led ' r jo ints.  ro
form a r igid body. ln the preseot chapter,  at tent ion is dreso tovard
t h e  d e t e r m i n a t i o n  o f  t h e  f o r c e s  i n t e l o a l  t o  a  s ! r u c t u r e .  T h e  j o i n t 6
e r e  a s s u m e d  l o  b e  f r i c t i o n l e s s  p i n  j o i n t s  l h a t  c a n  n o t  e x e r t  t o r q u e s



oo lhe neiobers. Thus, only coopressive or tensi le forces act elong
Deobers of the truss. In the force enalysis of structures i t  ig
neceaaery to digmernber the structure and to en€lyze separete free-body
diegres of individual deDbera or colbin.t ions of tredbers in order to
deteroine the forces interoal to the slructure. This anelvsis cel16
fot very cereful observence of Neston's third latJ chich s;ates thet
each ection is accorpenied by sn equal and opposiie reection.

Ilenbera, loadr, aod reactioos Lie in the srue plere, The
,eigftt of each nenbe! is netlitible coopared to the loads, In diagrros
the rr idth of e denber i3 ignored, and it  is repreaented by a l ine, and
the load atrd reaction6 ect only st the joints.

19. Siqle frssaes: The basic "triangular truss , ea shoon id
Fig,30, introduce6 Bowrs notatioo, Each region or f ield inside end
outaide the truss is assigned a letter. lhese f ields are derigneted
ar b, c, e.d d, The [enbers beteeeo e end b, b and c, end-b and d are
6b, bc, end bd, respectively, The joints are derigdeted t, 2, snd 3.

F ig .30

Alternatively, a joint is designeted by nsming clockwise the f ields
autrouoding it ,  Thu6, in Fig.30, joint t  is joinr abd,, joint 2 is
joint acb, aod joint 3 is bcd.

Sinple trusses are generated fron the ba6ic tr iangular truss
by succesrively adding a pair of net '  Denbers to exist in8 joints end
also, by coonecting the it 'o oelJ nenbers at e ner joint, Thus, a
sirnple truse rill altdeys have en odd .tuober of neober6. lJhen nore
oembets are present then are needed to prevent co1lepse, such addi-
t ional neobers or support lr shich are not necessety for maintaining the
equil ibrium posit ion are cal led trredundentrt.



SIXPLE PROBLIIIS

l .  Prove that i f  e simple truss hes | !  mernbers end j  jo ints:

m  =  2 j _ 3 .

Solut ioo: For the basic rr iangular truss, j  = 3, A joint  ra
added for each addir iooal pair  of  rnenbers. Thus, i f  t r -3 Deobers are
a d d e d  t o  t h e  o r i g i n a l  3  n e m b e r s ,  t o t a L l i n g  n  n e n b e r s ,  a n  a d d i t i o n e l
( m - 3 ) / 2  j o i n t s  a r e  a d d e d  r o  t h e  o r i g i n a l  3  j o i n t s ,  t h e r e f o r e : -

. ^ o-3 B+3
22

o t  n=2 j -3 ,  Q .E .D .
2. Shord that rhe truss of the f igure belo!, i6 no! a simple

solutioo: The oumber of Ee|lbers and joints of the truss sre:

n  =  12 ,  i  =  j

c1ea r1y ,  n  f  2 j -3 ;  i . e .  12  +  I4 -3 .

Alternat ively,  beginning r i th nenbers gf,  hg, and gn as the
basic tr iangular truss snd then adding succeesive pai ie of nienbere ne
and. kn, jk and kp, cp and pd, bj  and hj ,  then e singte 6eober,  i .e. ,
nenber ah, nust be added to complete the trusl t .  This viol . tes the
def ini t ion of a simple truss.

-  3 .  I n  t he  f i gu re  o f  p rob len  no ,2 ,  l e r  rhe  f i e ld  g  cons i s r i ng
of neirbers hg, gf! and am be the basic tr iangular truss. Find the
nenbers that may be removed to reduce the truss to a sinple truss-



.  _. '  Solul ior:  Note thar any one of menbers ne, ko, jk,  bj ,  kp, ah
and hJ nay be renoved to reduce the truss to a simple truss. check
the procedure as fol low3:

( s )  o m i t  r n e ;  g e n e r a r e  t r u s s  b y  s u c c e s s i v e l y  a d d i n g  t h e  p a i r s
s h  e n d  h j ,  j k  a n d  b j ,  k n  a n d  k p ,  c p  a n d  p d .

(b) Onit  km; generate trues by successi.vely adding the pairs
eh end hj ,  jk and bj ,  ne and kp, cp aod pd.

(c) omit  jk;  geoerate rruss by successively adding rhe pair6
ah and hj ,  ne and kn, bj  and kp, cp and pd.

( d )  o m i r  b i i  g e n e i a t e  t r u s s  b y  s u c c e s s i v e l y  a d d i n g  r h e  p a r r s
eh end hj ,  me and km, jk and kp, cp and pd.

(e) omit  kp; generare tru6s by successively adding rhe pairs
ah end hj ,  me and l . rn,  jk and bj ,  cp and pd.

(f)  oniE ah; generate truss by succe€sively edding the pairs
ne and ktr ,  jk and kp, hj  end bj ,  cp and pd,

( g )  O m i t  h j ;  g e n e r a r e  t r u 6 s  b y  s u c c e s s i v e l y  a d d i n g  r h e  p a r r s
me end km, jk add kp, bj  end ah, cp end pd.

20. Dgrigr of  r i rple Tru$cs: The design of a truss involves
the deterninat ion of the forces i r l  the var i .ous menb€rs and the selec-
t ion of appropriate sizes and s!ructurel  shapes to i r i thstand the
forcea. There sre several  assumpiions made in the force enslysis of
gi | lp le trusges. First ,  el t  nembers ere sssuned to be tno-force mern-
Dera. A tr , ro-force nenber is one in equi l ibr ium under the act ion of
t{o-forces o$1y. These trro forces are appl ied at the ends of the
r0enler and are oecessari l .y equal,  opposite,  and col l ineq! for equi l i -
br ium. The menber nay be in rension or corpression, as shorrn in
Fig,3l .  I t  should be ooted rhat in represent ing the eq,! i l ibr iur of  a
port ion of a 2-fotce neober the teosion T or cmpression C act ing on
the cut sect ion is the sene for al l  s€ct ioos. I t  is assuned here thar
the lei8ht of  the nember i3 snal l  conpered ei th the force i t  supporrs.
I f  such is not rhe cese or i f  the smsl l  ef fect of  the seiehE i ;  to be
accounted for,  the weight ! f  of  rhe nenber,  i f  uni form, maj Ue assurnea
to be replaced by tro forces, each +, acr ing ar each end of rhe men-
ber.  These forces, in effect,  are tr 'eeled as loads e,( ternal ly appl ied
to the pin connect ions. Account ing for the reight of  a Eembe; in chis
,ay Sives the correct result  for the average tension or conplessron
along the nenber but wi l l  not accounr fot  rhe effecr of bendin; of  the
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When r iveted or ! , r€lded connect ioos ale used to join structurel
menbera, the assunpt ion of a pin- jointed conoect ion is usual ly
6at isfactory i f  the center l ines of the nembers ere concurrent at the
j o i n t  a s  i n  F i g . 3 l .

F ts .3 l rtg. 32

Furthernore, i t  is assuned in lhe analysis of s inple t lusses
that al l  external forceg are appl ied at the pin cornect ions, This
c o n d i t i o n  i s  B a t i s f i e d  i n  n o s t  t r u s s e s .  I n  b r i d g e  t r u s s e s  t h e  d e c k  i s
usual ly laid on cross beans that ale supported at Ehe joints.  Provr-
sion for expansion and cootract ion due to teDperature changes and for
deforrnat ions result ing fron appl ied loads is ueual ly rdade at one of
the eupports for large trusses. A rol ler,  rocker,  or sone kind of
sl ip joint  is provided. Trusses and franes rherein euch provieion is
trot nede are stat ical ly indeterminate,

Thele aae three oethods for
trusses. Al l  refelences si l I  be made
fig.33 for each of the three nethods.
trusa as a shole is shoen in Fig. 33b.,
o f  B o w ' s  n o t a t i o n  i s  u s e d  a s  b e f o r e .

trl

F  i g .  3 3

the force enalysis of s imple
to the sinple truss shown in
The free body diagran of the
and for this exanple s systen



21. Iethod of Joir tr :  AlEhough any convenient notet ion nay
be used to ae-i!iilZ--!iE-i?.-ter ana joint, such as the labellins of
eech joint  by a let ter or number, Bon's notat ion i3 employed here.
Each joint  is uniquely designeted by the clockeise sequence of Iet tera
surrounding the joint .  Thus the pin at the r ight support ,  f ig,33b, is
designeled as joint  "agc",  and th€ joint  at  $hich the load L is
sppl ied is denoted by "abdefr ' .  The nethod of jo ints is a procedure
for deternining the coopreesive or tensi le forces in the nenbers of a
truss. The joints of e truss are in equi l ibr iurn. A free-body diaSran
i 6  d r a u n  f o r  e a c h  j o i n t .  T h e  f o r c e s  i n  a l t  n e n b e r s  a s  t e l l  a s  t h e
react ions at the truss-support  points are then detennined by solving
the equi l ibr iun equat ions sr i r ten for each joint .  D€ternine the
unknoirn by proceeding from one joint  to another si th the aid of a
free-body diagram of the joint .  The n€Ehod therefore deals ! , ' i th the
equi l ibr iun of concurlent forces, and only tro independent equi l ibr ium
equations are iovolved. The analysis is begun ni th any joint  rhere at
least one knonn load exists eod shere not more than tno unknoun forces
are present.  Sotut ion Day be started si th the pin et the lef t  end,
and i ts f iee-body diagran is shoen in Fig.34. The prope! direct ions
of the forces sho'r ld be evident for this sinple case by in6pect ion.
The fr€e-body diagrams of pott ions of oenbers cd and db are also showtr
t o  i n d i c a t e  c l e a r l y  t h e  r n e c h a n i s n  o f  t h e  a c t i o n  e n d  r e e c t i o n .  T h e
DeDber db actual ly neke6 contact on the lef t  s ide of the pin,
al though lhe force DB is dreldn fron the r ight s ide end is shoorr

F i g , 3 4

ect ing avay frorn the pin. Thus, i f  the force arro$s are consistent ly
dra*n on the sene side of the pin as the nember, then tension (such as
DB) tdi l t  a lrays be indicated by an eiror '  away fron the pin, snd con-
pression (such as CD) i ' i l l  e lway€ be indicated by an arroo toirard the
pitr .  The nagnitude of CD is obtained fron the equat ion t ly = O, and
DB iB then found from IFz = 0.

-ffiffi*DB

I

l co
i /

I
I
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Joint dce nust be anelyzed nex! sioce i.t no, contains only two
uoknorrBs CE and ED. Joints bdefa, sf8, cgfe, and egc sre subsequently
aoalyzed in thet order. The free-body diagran of erch joinr end its
correapondilrS force polySon nhich represe.ts grephicelly the tro
equi l ibr iuo condit ions tFx = 0 aod XFy - O 

"."  
shovn in Fig.35. The

truEbers indicate the order in which the jointe are anelyzed. The torce
polygons sholJd have a pert icular s igni f icaoce ehich si l l  be described
io the next art ic le.  I t  rhould be noted rh6t,  chen joint  agc is
finel.ly reeched, the codputed reaclion R2 Eust be io equilibriutr rith

F  i s . 3 5

the forces in nenbers ag and gc, deternined pteviously froE the teo
neiShboring joints,  Thi6 requit€rent l r i11 provide s check on the
correctneaa of the i rork.  l t  should elso be noted thst isoldt ion of
joint  dfg quickly discloeee lhe fac! thet the force in fg i3 zero rhen
the equetion XFy - O is applied. The force io thir neEbeis eould not
be zero, of  course, i f  en external losd were appl icd et afg.

I t  is of ten convenient to indicate the teosion T and co{DDres-
sions C of the var ious menbers direct ly on the or iginal  t ruse diagran
by draoing arroes a{ay fron the pins for tension end toeard the pins
for cornpression. This designat ion is i l lusrreted at the bottoo of

I
L____-,
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FiA.35. In lore inltances it  is nor possible to e6si8n init ial ly the
cortect ditection of one or both of the utrkno*rr for;e! scEinq on e
Siveo pin. In rhis event en erbirrery essiSnrent 

"ay 
b; ;4. A

neSetive velue froD the cooputation indicetes that the aseued direc-
t ioo should be reverred.

sAlatt Pxtllt.al

CoDpute the force in each oeober of the loaded csntilever
truta.

m|b.

Solot ioo: With joints indicated by let terr  the force in eech
neober ei l t  be desiSoeted by the two let ters def ining the ends of the
deDber, l f  i t  $ere not desired to calculete the exte;nel lesct iotrs ar
D €nd I ,  the analysis for e cant i lever truss could beSin t . i rh the
joint et the loed€d end, flo?ever, thi3 truss t'ill be solied conplete-
ly,  !o that the f i rst  atep ei l l  be to cornpote the ei ternsl  forces at D
. ld I  f l9.  the free-body diagr.m of rhe rrurs as e rhole i i  part  (b)
of the f igure. The equat ions of equi l ibr iun givel-

tc. !rtb, 
,t*xr7J2lb. 

I
frm lL

T '  8000  l b . , 8,. - 6930 lb., By '  1000 lb,
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In part  (c) of  the f igure are drswn the free-body diagrads
sholr ing the folces act ing on each of the connect iog pins. The cottect-
ness of the assigned direct ions of forces is ver i f ied nhen each joi$t
is considered in sequence. There should be no quest ion es to th€
correct direct ion of the forces on joint  A. Equi l ibr iun requires.

[ tFy = o] |  0.866 AB - 3000 - or AB = 3464 lb.  (T) Ans.

lXFx - ol  :  Ac -  0.5 x 3464 = o, Ac = 1732 rb. (C) Ans.

ponent
force6

I frY

I tFx

Joint C now
found a9 before:

l X F y = o l : 0 . 8 6 6
C D -

IXF*  =  o l  :  cE-
cE=

Last ly,  f rom joint  E

lXFy=o l :0 .866

and th€ equat ion XFx

are obteined from:

=  o l  :  0 .866  Bc  -  0 .866

=o l  I  BD-0 .5x2x3

x 3464 = or Bc = 3464 lb. (c) An6.

x 3464 - o, BD = 3464 lb. (T) Ans.

only tlro ucknontns, and these are

Joint B nust be analyzed next s ince there are nore than t l to
forces on joiot  C. The force BC oust provide an upward con-

in ehich case BD nust balance the folce to the lef t .  Aeain the

cD - 0.866 x 3464 - 2000 = o,
5774  rb .  ( I )  Ans ,

1732  -  0 .5  x  3464  -  0 .5  x  5774  =  O
6350  rb ,  (C )  Ans ,

l he re  resu l t s

DE -  1000 ,  DE -  l l 54  l b ,  ( c ) ,  A rs .

PROBLET.'S

l . Deternine
Ans. Al =

B D =

the force
Bc = 1000
1000  lb .T .

B

I l g .  1

in each nenber
l b . C . ;  A D  =  D C

of the trusa,
=  8 6 6  l b .  T . ;

t2

2Ftg.



truaa. An6.
Deternine the

CD - 18 kips
force in nenbers CD end DC of the ltowe

T, DC - 4,24 t ips c.

F i g . 3

3. Detef inine the forc€ rn
t luas. Ans. EF = 2308 lb.C, BE

4. Deternine the force
truas ahosn.

8f of  the cent i lever

end Jf for the deck

meobere BE and
=  3 4 6 4  l b . C .

in enbera DE

F l g .  4

l0'

K

10,

L

F i g ,  5

t  1 q .  6

5. Calculate the force id Deobers BE, CB, end FE for the
6l[el1 hoist ing t fuss. Ans. BE = CE = O, FE r 950 lb.C.

6. Calculete the force in me.nbers BK and CE for the rower
t t u a s .  A n s .  B K  "  3 5 4 0  l b . C , ;  c E  -  9 2 4 0  l b . T .

7. Find the force in merubere EF, (L, snd CL for the t ink
truas shosn. ( l l int :  Note the! the forces in Bp, pC, Dl l ,  etc.  ere zero)

499. er = 40.4 kips C., KL = 20,0 kips T.,
cL  -  10 .0  k iDs  T .
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f r g . /

F!!g!--EBgC: A srsPhiJel solution by the use of'  aonsL r tu tes  one  me thod  ro  so l ve  t russ  p rob lems .  A t
can be no nore than teo unknonn folces sct ing and

joints,  ooly one connecEing Dember. The connect ion
body diagtans of the two joints is the force in the
tree body diagrams are incorporared into the l taxeel l

irltax$et t Diagrrms
each joint ,  there
for each pair  of
betneen the fr€e
nember, Thus, al  l
Diegram.

Actu€l ly,  the ptocedure is based on the method of jo ints,
end for this reaaon the explanat ion in the previous art ic le shoutd be
thoroughly siudied. The force polygons ehich represent the equi l ibr ium
of eech joint  of  the truss of Fig.33 are 6hosn in Fig.35, These poly-

D

l^,
,il

n':' l"
(b)

F  i g .  3 6
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golr6 have been fonrcd by vector addit ion of the forces consisteot ly
teken in a clockuise order eround each re3pect ive joint .  This con-
sistent order nakes i t  possible to superinpode al l  the polygons on e
3ingle diagrso es shonn in Fig.36a. Th€ result i r rg f igure is cal led
the l taxwel l  Diagran for this truss, and i t  cootains al1 the force
polygons for each joint .  the arroe heeds heve beeo onit ted since Ehe
direct ion of the force in e nember r ' i t l  deDend on which of tno ioints
is cons idered.

The l tsxeel l  Diagran nay be coostructed direcEly from the
originel  t russ l r i thout the necessity for pr ior calculat ion of the
forces in the internal members. The diagram requires again the use of
Bow's notat ion, and a clockwise order for label ing the externel forces
oo the truss is general ly used. As a f i rst  6tep the external reac-
t ione are determined usual ly by calculat ion. Next the equi l ibr ium
polyAon of forces external to the truss as a shole iB drasn. I f  the
loads eod react ions are al l  paral lel ,  this polygon becones a 1ine,
s h o s n  i n  F i g . 3 6 b .  f o t  t h i s  t r u 6 s ,

The force polygon of a joint  uhere ooly t l 'o unknosn forces
a c t ,  s u c h  a s  b c d ,  i s  f i r s t  d r a w n .  T h i s  i s  e c c o n p l i s h e d  b y  m e r e l y  c o n -
st iuct ing a l ine through B ei th the knosn direct ion of db snd a l ine
through C ai th the knosn direct ion of cd, Fig.36c. The interEect ion
of the l l 'o l ines locat€s point D, and the result inS tr isngle BCD i3
the force polygon for jo iot  bcd a€ previously shoen. The adjacent
joint  dce upon $hich only t$o unknosn forces act is analyzed next,  A
l ine is noi '  d lairn throuah D, Fig.36d, ei th the direct ion of m€nber de
on the truss, and another l ioe is constructed through C oi th the
direct ion of denber ce. The inters€ct ion gives point E and compretes
lhe fotce polygod for jo int  dc€, obtained eerl ier in Fig.35'  step 2.
P o i n t  F  o n  t h e  d i a g r a n ,  F i g . 3 5 e ,  i s  s i n i l a r l y  f o u n d  f r o m  t h e  i n t e r s e c -
t ion of a l ine through E r i th the direct ion of ef  and a l ine through A
r i t h  t h e  d i r e c t i o n  o f  f 6 .  T h e  r e s u l t i n g  p o t y g o n  A B D E F  ( F i g . 3 5 ,  s t e p  3 )
r € p r e s e n t s  t h e  e q u i l i b r i u m  o f  f o r c e s  o n  j o i n t  a b d e f .  F r o m  j o i n t  a f g
i t  is seen that C nust l ie on a horizontal  l ine through A and on a
vert ical  l ine through F. Thus e coincides !r i th F, r{hich ch€ck8 the
f 6 c t  t h a t  l h e  f o r c e  i n  m e n b e r  f g  i s  z e r o .  F i n a l l y ,  E h e  e q u i l i b r i u o  o f
joiot  agc gives lhe polygon AGc. since these three points are al t€ady
obtained i t  is necessary only to connect G with C, and thus the con_
p l e t e d  p o l y g o n  o f  F i g , 3 6 a .  i s  o b t a i n e d .  I f  t h e  c o n s t r u c l i o n  h a s  b e e n
a c c u r a t e l y  c a r r i e d  o u t ,  t h e  d i r e c t i o n  o f  G C  w i l l  c o i n c i d e  r i t h  t h e
d i r € c t i o n  o f  t h e  n e m b e r  g c ,  t h u s  p r o v i d i n g  a  c h e c k  o n  c h e  c o r r e c t o e s s
of the diaSram.

Once the ) lexwe1l Diagran is conlr l ructed, i t  is € siBpl€
metter to obtain the raSnitude of the force in any rneober and deler-
mine nhether i t  ig teneion or cornprecsion. The force f lh ich the member
ef of  the sample truss exerts on the joiot  abdef,  for instanc€, is the
vector fron E to F on the Maxvrel l Diaafam. The direction i3 alray froin
the joint  so that the rnember is io tension. The force vhich the sane
menber exerts on the joint cgfe is the vector from F to E anct
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likeriee indicstes ten3ioo since it is eeay fron the joiot. It should
be careful ly noted that rhe proper sequence of let ters for the force
vector is obtained fron a clock$ise travel ebout the joint  io ques-
t ion. A counterclockeise diegreo could, of  course, be used r i th equal
6uccess, provided thio direct ion vas consisteot ly used in the trot4t ion
snd the interpretet ion, Such e diagren rould result  in an upside-down
Eirror inage of the clockyis€ congtruct ion but is not used i t r  Drac-
i i c e .

Although the loed l ine (or polygon) of externsl  force6 i .s
nonlal ly the f i rst  step in the construct ion of the Ns*rel  I  diagran, in
aoroe cageg it may be juet as convenient or even necesaary to begio the
con6truct ion l ' i thout the ini t ia l  determinat ion of the exteroal
r e e c t i o n s .

SAXPLE PIOBLNT

l.  Dran the uaxlrel  I  diagran for the truss of the Last sanple
probleD es shosn. (page 79)

'[-----:-- - -- ..:-----,."l ,"'
"1""-' 

(a)
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qolut ioa: Bor 'rs notat ion l ' i th numbers is used to svoid con_
luaron rrr th the lerters previousl,  e,Dptoyed to desiSnste each joint .
The external reect ioos oay be obtained graphical l t  f ron the con_
c u r r e n c y  p r i n c i p a l  f o r  t h r e e  f o r c e s  b y  l o c a t i n g  r h e  i n t e r s e c t i o n  p  o f
the l ine of act ion of the force in merber 3-4 ni t t r  t t re Line of the
resultant of  the t l 'o appl ied loads. The react ioo 4- l  oust pass throutn
this point,  The fotce potygon represent ing rhe equi l ib; iul i  of  rhe
t l u a s  a s  a  w h o l e  i s  n e x t  d r a n n  a s  s h o w n  i n  p a r t  ( a ) .

The diaSran is constructed on the force polygor.  Ey starr ing
si th the lefr  et td of the rruss, point 5 is seen tL i ie o".  

-hor irontat

l in€ through poinr 2 and on a l ine rhrough point 3 having the direc-
t i o n . o f  l - 5  a s  i l L u s r r a t e d  i n  p a r t  ( b )  o f  t h e  d r a w i o g .  i t r e  t r i a n g l e
z-r-)  represents Ln that order the force polygon for jo int  2_3_5. The
same three forces are descr ibed io the f igure for the last sampl€
ploblen for jo int  A. poinr 6 is locared in Jirni fer rnanner in part  (c)
o f  t h e  f i g u r e .  p o i n r  7  n a y  b e  o b t e i n e d  f r o n  j o i n t  l - 7 - 4  s n d  r h e
diagran complered by joiaing points 6 and 7 as 6horn in part  (d) of
t h e .  i l l o s t r a t i o n .  T h e  l i n e  j o i n i n g  p o i n r s  6  a n d  7  i s  p a r a l t e l  r o  t h e
oenber 6-7, {hich fonns a check on the rrork.

-  In inrerprei ing the diagran to obtain the force in rnenber
o-),  tor exanple, i t  is f i (st  necessary to consider one of the trrojoint6 to i rhich this member is artached. I f  jo inr 3-5-5 is choseo,
the polygod 3-6-5 is trsced oo the l taxwel l  aiagian in that order,  end
the force shich nenber 6-5 exerts on the pin ia up and to the lef t( f ron 6 to 5).  This is a coopressive force eince' i t  i "  tor".a tn"
prn. Scal ing the diegra$ gives a rnagnitude for the l ine 6_5 in
egreenent ei th that elready obtained. I f  jo int  l_2_5-6_7 hed b€en
considered, the force sould be desigosted 5-a (clockeise order around
the joiot) .  I 'he direct ioo of th€ force is from 5 to 6 on the Maxwelt
diegr€n, rhich is toeerd the joint  and is l ikeoise 

"orp.""" ion. 

-

PROBLBTS

l Determine lhe force in each nenber of
eid of a free-hand sketch of the t tax$elI  diagram.

4!9. ee = EC - 2P, T; DE = EB = 2p, T: AB

the truss \" ,  i  rh the

= e6,  c ;  Bc  =  p ,  c
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sketch

t  r u a  6 .

r1g. I

2. Detemine
of Ehe llaxwe 1l

4!9. BE - L,

3. Detemine

Fig'  2

the force io nenbets BE and DC from a freehand
d i a g r a n .  A l l  a n g l e s  a r e  4 5 ' o r  9 0 " .
? ;  8 C  =  L  2 ,  C .

the force in Eenbers JD aod ED for the cian€

4,

I tg. 3

Find the force in rnernber

!1g '  ' l

DE for the loaded tru39 shom.

L -6 n.n"1"

r r g ,  ) F lB ,5
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5. The hinged frames ACE aod DFB are connected by tro hinaed
bars AB and CD which cro8s i i i thout beins coonected. Draw t .he } laxuel I
d i a g r a n  a n d  d e t e r r i n e  t h e  f o r c e  i n  l B .  A n s .  A a  =  3 7 7  l b . ,  C .

6. Dravr the ! , laxre I  I  diagran fo! the Fink truss loaded as
shown. Find the force in meuber LG (Hinr:  For the r ight s id€ of the
t r u s s  t h e  f o r c e  i n  E F  i s  o n a f f e c t e d  b y  r e p l a c i n g  n e m b e r s  F L  a n d  G L  b y
e member fron F to K. The diagrarn can be conpleted with the temporary
m e n b e r  a n d  m o d i f i e d  t o  a c c o u n t  f o r  t h e  r e s u b s t i t u t i o n  o f  t h e  o r i g i n a l
t t {o nembers. By reason of syi f tnetry only one-half  of  the diagran need
b e  d r a u n ) .  A n s . :  L C  -  4 . 3 3  k i p s  T .

21,  l le thod of  Sect iona:  In  the Drevious 2 nethods.  advancase
i s  t a k e n  o f  o n l y  t w o  o f  r h e  t h r e e  e q u i l i b r i u r n  e q u a r i o n s  s i n c e  t h e
p r o c e d u r e s  i n v o L v e  c o o c u r r e n t  f o r c e s  a r  e l c h  j o i n t ,  T h e  t b i r d
equiLibr ium principle tnay be used to advantage by considering an
e n t i r e  s e c t i o n  o f  t h e  t r u s s  a s  a  f r e e - b o d v  i n  e c u i l i b r i u m  u n d e !  L n e
a c t i o n  o f  a  n o n - c o n c u r r e o t  s y s t e m  o f  f " r c " " ,  f t , i s  m e t h o d  u f  s e c t i o n s
has the basic advantage that the force in alnost any desired nember
m a y  b e  f o u n d  d i r e c t l y  f r o n : n  a n a l y s i s  o f  a  s e c t i o n  \ r h i c h  h a s  c u t  t h a [
member. Thus i t  is not necessary to proceed with the calcular ion from
joint to joint  unt i l  the nernber in quest ion has been reached. In
c h o o s i n g  a  s e c t i o n  o f  l h e  t t u s s  i t  s h o u l d  b e  n o t e d  t h a t  i n  g e n e r a l  n o t
rnore than three menbers \rhose forces are unkno\rn nay be cut s ince
t h e r e  a r e  o n l y  l h r e e  l v a i l a b I e  e q u i l i b r i u r n  ! e l a t i o n s  s h i c h  s l e

The method of sect ions is noe i l lustrated in the prevlous
t r u s s  s h o r r n .  T h e  e x t e r n a l  r e a c t i o n s  a r e  f i r s E  c o n p u t e d  s s  b e f o r e ,
c o o s i d e r i n g  t h e  t r u s s  a s  a  e h o l e ,  N o i r  1 e t  i t  b e  d e s i r e d  t o  d e a e r m i n e
the force in the member ef.  An imnaginary sect ion, indicated by the
d o t t e d  l i n e ,  i s  p a s s e d  t h r o u g h  t h e  t r u s s  c u t t i n g  i r  i d t o  t w o  p a r t s ,
F i g . 3 7 b .  T h i s  s e c t i o n  h a s  c u t  t h r e e  m e r n b e r s  g h o s e  f o r c e s  a r e  i n i t i a l l y
u n k n o \ r n .  I n  o r d e r  t h a t  t h e  p o r r i o n  o f  r h e  t r u s s  o n  e a c h  s i d e  o f  r h e
s e c t i o n  ' i L l  r e m a i n  i n  e q u i L i b r i u m  i t  i s  n e c e s s a r y  r o  a p p l y  t o  e a c h
cut nenber the force $hich was exerred on ir  by the member cur aeay.
T h e s e  f o r c e s ,  e i t h e r  t e n s i l e  o r  c o n p r e s s i v e ,  o i l l  a l r a y s  b e  i n  t h e
direct ion of the respect ive nembers for s imple trusses cornposed of
t t  o-force nernbers. The lef t-hand sect ion is in equi l ibr iun under rne
a c t i o n  o f  t h e  a p p l i e d  l o a d  L ,  t h e  e n d  r e a c r i o n  R l ,  5 n d  t h e  t h r e e
forces exerted on the cut nei 'bers by rhe r ighr-hand sect ion which has
been renoved. The forces may usual ly be drann ei th their  proper
s e n s e s  b y  a  v i s u a l  a p p r o x i m a t i o n  o f  t h e  e q u i l i b r t u n  r e q u i r e f t e n t s .  T h u s
i n  b a l a n c i n g  t h e  m o n e n t s  a b o u E  p o i n t  I  t h e  f o r c e  C E  i s  c l e a r l y  t o  t h e
l e f t ,  k h i c h  m a k e s  i i  c o n D r e s s i o n  s i n c e  i t  a c l s  t o v a r d  t h e  c u r  s e c r i o n

llethod sect ions:
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F i g . 3 7

of nenber ce. The load L is greater tha[ the reect ion Rl so thaE the
force EF nust be up and to the r ight to supply the needed upnard con-
ponent for vert ical  equi l ibr iun. Force EF is therefole tengion since
i. t  acts away from the cut sect ion. l l i th the approxiEete sragnitud€s of
Rl aod L in nind the balance of nonents about point 2 requires thar FA
be to the r ight.  A casual glance at the truss should lead to the eane
cooclusion shen i t  is real ized ihar lhe loeer horizontal  nenber l ' i l l
atrelch under the tension caused by bending. The equet ion of momenta
ebout joint  I  el in inates three forces fron the relat ion, and CE may be
determined direct ly,  The force E! is calculat€d frorn the equi l ibr ium
equetion for the y-direct ion. Last ly FA nay be determined by betanc-
ing oonents about point 2. ln this rray each of the three unknosns has
been determined independent ly of the other tro.

The r ight-hand sect ion of the truss, Fig.37b.,  is in
equi l ibr iun under the act ion of R, and the sare three forces id the
cut nerbers appl ied in tbe direct i ;ns opposite to Ehose for Ehe lef t
s€ct ion. The proper sense for the horizontal  forces may easi ly be
aeer frorn the balance of monents sbout Doints I  end 2.

I t  is essent iaL to undetstend that in the Bethod of sec-
t ions an ent ire port ion of the truss is coosidered as e single body in
equi l ibr i , rm. Thus the forces in menbers internal to the sect ion are
not involved in the anslysis of the sect ion as a {hole, ln order Eo
cler i ly the free body and the forces act in8 external ly on i t ,  the sec-
t ion i6 preferably passed through the neubers ar ld not the joints.

E i t h e r  s e c t i o n  o f  a  t r u s s  n e y  b e  u s e d  f o r  t h e  c e l c u l a t i o n €
but the one involving th€ lea5t nunber of forces * i l l  usuel ly yield
the siDDler solut ion.

The monent equations nay be used to great advantage in the
nethod of sect ions, and a dotnent center through shich as many forces
pess es possible should be chosen. t t  is not aheys podsible to assign
eo unknown force in rhe proper l rense shen the fr€e body diegran of a



sect ion is drarn, With sn arbi trary assignnent tnede, a posit ive
anst er oi l l  ver i fy the assun€d s€nse and a neget ive result  ei l l
indicate that the force is in the sense opposite to that assutred. Any
systen of ootat ion desired nay be used, al though usual ly i t  is found
convenient to let ter the joints and designate a denber and i ts force
by the l ro let ters def ining the ends of the member.

SAXPI.B PMBI,EXIS
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I .  Calculate the forces in rnernbere BC, BD, end CE for Ene

20@ lb.

!9!g!!gg: Sect ion I  cuts only rhree renbers ohose forces ere
unkoown, and the fre€-body diegram of the port ion of the truss to the
left  of  the sect ion is drarm. A force 6umarion in the y-di .rect ion
g i v e s :

Itry = ol '  0.866 Bc - 3000 = o, Bc = 3464 lb,c.

Using c as a rnoment center gives:

A n s .

l tuc -  o]  :  8.66 BD - 3000 x 10 = o, BD = 3454 lb.T. Ans,

Sect ion 2 may be u6ed to f ind the force in CE. From the f tee-body
diegrarn of the port  ion of the truss to the lef t  of  sect ion 2 iE
obtained.

I t l tD -  ol  :  8.66 cE - 2o0O x 5 -  3000 x 15 = o, cE = 6350 tb,c,
A n g .
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For a loaded cant i lever
Problem, i t  should be noted that
tained r i thout calculst ion of the

2 .  C a l c u l e t e
i  L  l u 8 t r € t e d .  N e g l e c t
a u P P o r t s .

t r u 6 s ,  s u c h  a s  i l l u s t r a t e d  i n  t h i s
the forces in the nenbers ney be ob-
s l p P o r t  r e a c t i o n s .

the force in nenber DJ of the HotJe roof rrusg
any horizontal  cornponents of force at the

a$r
------- -----l'=c

SglgEgg, I t  is not possible to psss a sect ion rhrough DJ
eithout cutt ing foor members trhose forces are unknonn, ALthough three
of these cut by sect ion 2 ere concurrent at J end therefore the nonent
equet ioB ebout J could be used to obtain the fourth! DEI the force io
DJ can not be obEained from the reneining tr 'o equi l ibr ium principles,
I t  is necessary to consider f i rst  the adjacenr sect ior l  I  before
codsidering secl ion 2.

The free-body diagran for sect ion I  is dra8n snd includes the
t e e c t i o n  o f  3 . 6 7  k i p e  a t  A ,  s h i c h  i s  p r e v i o u s l y  c a l c u l e t e d  f r o n  t h e
equi l ibr ium of the truss as a whole, In assigning the proper direc-
t ions for the fo.ces ect inS on the three cut nembers a balance of
moEents about A el iminates the effects of CD eod JK and clear ly re-
quires that CJ be up and to the lef t .  A balance of nonents sbout C
el iminates the effect of  the three-forces coocurrent st  C and in-
dicetes that JK nust be to the r ight to supply suff ic ient couoter-
cloctr ise nomenE. Again i t  should be fair ly obvious thar rhe loser
chord is unde! tension due to rhe bending tendency of the truss.
Although i t  Bhould elso be apparent that rhe top chord is under con-
p r e a s i o n ,  t h e  f o r c e  i n  C D  w i I I  b e  a r b i t r a r i l y  a s s i g n e d  a s  t e n s L o n .
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There is no harn io assigning one or more of the forces in the rrong
d i r e c t i o n  a s  l o n g  a s  t h e  c a l c u l a t i o n s  a r e  c o n s i s t e n t  r i t h  t h e  a s s u n p -
t ion. A degat ive ansoer l r i l l  shoo che need for reversing the direc-
t i o n  o f  t h e  f o r c e ,  B y  t h e  a n a l y s i s  o f  s e c t i o n  I ,  C J  i s  o b t a i n e d  f r o m :

t t u e  = O l  :  ( 0 , 7 0 7  c J )  3 0  -  2  x  I 0  -  2  x 2 O  =  o ,  c J  =  2 . 8 3  k i p s ,  c .

In this equat ion the moment of
i ls hor izontal  and vert ical  cooponents
of moments about J requires:

CJ is calculated by considering
e c t i n g  a t  p o i n t  J .  E q u i l i b r i u n

t  D ,u  =  o l  :  (0 .894 cD)  15  +  (3 .67
C D  =  - 3 . 7 3  k i p s .

T h e  n o m e n L  o f  C D  a b o u t  J  i s
t l 'o components as act ing through D.
w a s  s s s i g n e d  i n  t h e  w r o n g  d i r e c t i o n .

x  30 )  -  (2  x  r0 )  -  (2  x  20 )  =  0 ,

c a l c u l a t e d  h e r e  b y  c o n s i d e r i n g  i t s
The rninus sigo indicates that CD
T h u B :

inc ludes

-  ( 2 .83  x

l f  desired, the direct ion of CD msy be changed on the free-
body diegran and the algebraic 6ign of CD reversed in the calcula-
t i o n s ,  o r  e l s e  t h e  s o r k  n a y  b e  l e f t  a s  i t  s t a n d s  t , i t h  a  n o r e  s t s t i n g
t h e  p r o p e r  d i r e c t i o n .

CD =  3 .73  k i ps ,  C .

Fron the free-body diagran of sect ion 2, which nol,
the k$ono value of CJ, a balance of moments sbout c is
el ininate DE and JK. Thus:

l t u c=  o ]  :  30  DJ  +  (2  x40 )  +  (2  x  50 )  -  ( 3 .67  x  60 )
0 .707  x  30 )  =  o ,  DJ  -  3 .33  k ips .  T .  Ans .

Again the nonent of CJ is determined from i te components considered es
act ing et J.  The ans\rer for DJ is posi t ive so that the aseumed tensite
d i r e c t i o n  r a s  c o r r e c t .  A n  a n a l y s i s  o f  t h e  j o i n r  D  a l o n e  a l s o  v e r i f i e e
t h i s  c o n c l u s i o n .

Although the procedure used here is undoubtedly the shorteet
f o r  o b t a i n i n g  D J ,  t h e  s t u d e n t  s h o u l d  c o n s i d e r  o t h e r  p o s s i b i l i t i e s .  I t
oay be observed that,  i f  for soEe other problen the 2 kip load st I
nere not preseot but the other loads renained the saner the forces tn
iE and JE (as t  el l  as in HF and IF) vould be zero. In this evenr a
sect ion through nembers CD, DJ, JE and U sould involve only three
unknosn forces, and a solut ioo for DJ could be obtained si th a single
moment equat ion about A.
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l .
lferreo bridge

Calculate the

Itrt'lrgts

force in Denbers Jll,
J E  =  1 2 . 9 6  k i p s . C . ,  J D
c D  =  1 1 . 3 3  k i p s . T .

JD, .nd CD for
-  2 . 9 2  k i p 8 . T . ,

F ig , I

2. The truss shoen is cornposed of 45 deg. r ight tr iangles.
Itre crossed nenbera io the ceoter two penels ate sleodel tie rods in-
caplble of rupporting corlpression. Retain the tro tods rhich .re
under tension and cortpute the [egnitude of their tensions. Aloo find

F1g. 2 Flg. 3

3. Celculete the force in neober CJ sith onLy on€ ffee-body
diesreE and one equetion of equil ibriun.

4, Calculete the force in ne[ber CF of the lo.ded truss, A11
a l t l es  e re  30 " ,60 '90 ' ,  o r  120 ' .

f
l0

l

the force in Eember Utl,

F i8 .4
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5. Detennine the force in nenbers Dc, CG, FC! and Me for the
cant i lever crane truss. What can be said regarding the stat ical
d e t e r m i n a t e n e s s  o f  t h e  t r u s s ?  4 ! g .  n e  =  5  k i p s . C ,  E C  =  3 0  k i p s . C ,

F G  =  1 1 . 5 5  k i P s . C ,  U C  =  2 3 . 1

F l g . 5

6 .  I n  t h e  t r a v e l l i n g
a r e  s l e n d e r  t i e  r o d s  i n c a p a b l e
the force in n€nbers DF and EF
t r u s s  a t  A .  A n s .  D F  -  7 6 . 8

F l g .  6

br idge crane shown al l  crossed nedbers
o f  s u p p o r  t  i n g  c o n p r e s s i o n .  D e L e r m i n e

a n d  f i n d  t h e  h o r i z o n t a l  r e a c t i o n  o n  t h e
t o n 6  C ,  E I  =  3 6 . 4  t o n s  C ,  A x  =  1 0 . 1

toos

24. Ftres and l tachines: Structures and rnechaoisns conoosed
of joined nente-;=;F;;- i f  ! '  rc-h has rnore rhan r ' ro forces acr ing on
it  can not be analyzed by the meEhods developed for s inple trusses.
Such nenbers are rault i force nenbers ( three or more forces),  snd in
geoeral  the forces wi l l  nor be in the direct ion of the nembers. In
the previous discussion the equi l ibr ium of mult i force bodies l 'ss
i l l u s t r a t e d ,  b u t  a t t e n t i o n  v a s  s t r e s s e d  o n  t h e  e q u i l i b r i u m  o f  a  s i n g l e
r iAid body. Now i t  is focussing on the equi l ibr ium of interconnected
rigid bodies shich coatain mult i force nembers, The forces act ing on
each nember of a connected system are found by isolat ing rhe nernber
with a free-body diagram and applying the esrabl ished equarions of
equi l ibr iurn. The pr inciple of Act ion and React ion nusr be careful ly
observed ! , then represent ing the forces of interact ion on the separate
free-body diagrams. I f  the structure co.r tains more menbers or sup-
Ports thao are necessary to prevent col lapse, then, as in rhe case of
trusses, the problem is stat ical ly indeter ininare, and the pr inciples
of equi l ibr iun al though necessary are not suff ic ient for solut ion.

M I s ' L
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I f  the frame or nachin€ const i tutes a r igid unit  by i t -
s e l f ,  t h e  a n a l y s i s  i . s  b e s t  b e g u n  b y  e s t a b l i s h i n g  e l l  t h e  f o r c e s
external to the structure conEidered as s sirgle r iSid body, The
structure is then disrnembered and che equi l ibr ium of eech part  is
c o n s i d e r e d .  T h e  e q u i l i b r i u m  e q u a t i o n s  f o r  t h e  s e v e r a l  p e ( t s  l , i l l  b e
related through rhe terrns involving the forces of interact ion. l f  the
s t r u c t u r e  i s  n o t  r i g i d  b y  i t s e l f  b u t  d e p e n d s  o n  i t s  e x t e r n a l  s u p p o r t s
for r ig idi ty,  then ic is usual ly necessary to coosider f i rst  the
equi l ibr iun of a port ion of the system iJhich i tsel f  is inherenEly
r i g i d .

I t  wi l l  be found that in most cases the anelysis of f rames
and nachioes is fac i  I  i tated by repreeent ing the forces in terrns of
their  rectangular components, This is psrt ic ' i1ai ly so when the drmen-
s i o n s  o f  t h e  p a r t s  a r e  g i v e n  i n  m u t u e l l y  p e r p e n d i c u l a !  d i r e c E i o n s .
Tte sdvantaae of this representat ion is that the calculat ion of nonent
arr ls is accordingty sirnpl i f ied. I t  is not ahrays possible to assign
el1 forces or Eheir  components in th€ proper seose then dral . ' ing the
free-body diagrams, and i t  becones necessary to make an arbi trary
aesignrnent.  In this everE i t  is absolutely necessary thst a force be
c o n s i s t e n t l y  r e p r e s e n t e d  i n  t h e  d i a g r a n s  f o r  i n t e r a c t i n g  b o d i e s  t , h i c h
involve the force in queecion, Thus for two bodies which are connected

!  i s .  3 8

by lhe pin Ar Eig.38a.,  ehen separated the conponents must be con-
s i s t e n t l y  r e p r e s e n t e d  i n  t h e  o p p o s i t e  d i r e c t i o n s r  F i g . 3 8 b .  T h e
as3igned direct ions nay prove to be orong t ,hen the algebraic signs of
the conponents are deternined upon calculat ion. I f  Ax, for instance'
3 h o u 1 d  E u r n  o u t  t o  b e  n e g a t i v e ,  i t  i s  a c t u a l l y  a c t i n g  i n  t h e  d i r e c t i o n
o p p o e i t e  t o  t h a t  o r i g i n a l l y  r e p r e s e n t e d .  A c c o r d i n g l y  i t  n o u l d  b e
oecessary to reverae the direcEion of the force on both members and to
l e v e r s e  t h e  s i g n  o f  t h i s  f o r c e  t e r m  i n  t h e  e q u a t i o n s ,  0 !  t h e  r e p r e _
seotat ion may be lef t  as or iginal ly nede, and Ehe proper sense of the
force $i l l  be underBlood fron the negat ive sign.

F i n a l l y ,  s i t u a t i o n s  o c c a s i o n ! l l y  a r i s e  r e h e r e  i r  i s  n e c e s -
6ary Eo solve two or more equat ions sinul taneously in order to sepa-
rete the unknoens. In most instances, horever,  s inul taneous soluEions
may be avoided by careful  choice of the neinber or Broup of members for
the f lee-body diagrsm and by a careful  choice of nonent centers vthich
si l l  e l in inate undesired terms f lon the equat ions. The method of
s o l u t i o n  d e s c r i b e d  i s  i l l u s t r a t e d  a s  f o l l o w s :



SAIIPT,B PROILEII

I .  D e r e r m i n e t h e x a d y
each nember of the hoist ing frane.
conpared ei th the load carr ied,

codponent€ of al l  forces ect ing on
Ite reights of the psrts €rre s8611

solut ior:  The frarne is a ooncol laDsible uoit  i f  the externel

",rppo.t  
e- l i f fe*oved ,  so the react ions e*t . .nrr  to the frane as a

! 'hole wi l l  be compu.€d f i rst ,  The free-body diegren of the en! ire
frarne rninus the pul ley is sholJn in the f igure, The forces act ing at
C. are obtained from the free body of the pul ley eho*n separately,
I l re eouet ions of eoui l ibr ium for the fraine eivel

ttnA - ol

lxry = s;

txFx = oI

:Ay+ I00 -150

: Ax = 100 lb.

r  8Ey  -  (4  x  r00 )  -  (8x  100 )  =  0 ,  Ey  -  150  l b . ,

=  o ,  Ay  =  50  l b . '

100Ib.
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The nembers sre now separated snd al l  forces ect ing oo each
tEenber are represented. The diagrens are best arranged in their
epproxinate relar ive posit ion to aid in designat ing the coftnon forces
of interact ion. The forces exerted by the pul ley on the frame can be
cotrsidered as appl ied to ei ther of the tvo menbers end are shol 'n
ect ing on AC in this solut ion. Or i f  desired a seplrate fre€-body
disgran of the pul ley shaft  l rhich connects the nenbers could be drarn
to account for the act ion of the appl ied loads end rhe react ions of
the t l jo menbers at C. I t  is suggested that rhe equivalence of this
e l t e r n e t e  r e p t e s e n t € t i o n  b e  s t u d i e d .  I r  i s  s o n e o h a t  d i f f i c u l t  t o
viBual ize the proper direct ion of the conpooents of rhe ioterect ions
et C, so Cx and Cy are arbi trar i ly but consistent ly essigned as snor.n,
The oember BD is a tro force nember I ,hen i ts i {eight is neglecEeo,
Therefore the compooedts et B and D nusr be in a rat io such . thet their
resultents are in the direct ion of the t ine joining points B and D.
Since the slope of l ine BD is 2 to 5, the ret io of By to Bx and Dy ro
Dx is elso 2 Eo 5. I t  should be noted that the shape of the actual
nerber betreen B and D is of no consequence io considering i ts
equi I  ibr ium.

For nember AC the noment equarion about C ai l l  y ield 8x.
Thus the equi l ibr ium of AC requires:

[ [ x c  = o ]  :  ( 2  x 3 B x )  + 4 B x  +  ( 4  x  5 0 )  -  ( 8 0  x  I O O )  =  o ,
B x  =  1 2 5  l b .  A n s .

[ t Fx=o ] : 100+125 -100 -cx=0 ,  cx  =  125  l b .

l xy -o1 .  cy-  loo  -  ( f  x  rz t )  -50=o,  cy-

Cy are pos it  ive, so
free-body diagrans.

2 0 0  l b .  A n 6 .

that the direct ions
From menber BD i t

The values of Cx and
gere correct ly guessed on the
i e  c l e a r  t h a t :

[ t F x = o ] :  D x  =  B x  =

Fron shich: Dy = By =

A n s ,

=  5 0  l b .  A n s .

been found fron
of the lrork the

-  ( l 2 t  x  6 )  =

125  l b .

lx r25
A11 forces ect ing on CE hsve

nemberg, A9 a check on the correclness
CE may be checked. Thus:

[t!tc = ol r (3 x tx 125) + (4 x ]50)

[tFx = o] :

[ tFy  =  o ]  :

the teo other
e q u i l i b r i u o  o f

0, (Check)

(Check)

(Check)

125 - 125 = O

150  + x  125)  -200  =  o

I f  desired the total  react ions at each
oblained by conbining the t$o force componeots.

connect ion nay be
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PIOBLNNE

l. Detcrbine the force F suDPorted
IOO lb. force ecla oo the l idkeSe as rhoYn.

ELg ,2

r r18,  r

by the pio !t A eheo th.
Ans .  F ' 259  1b .

rtg, 3

2. Pind th€ forc€ .uPPorted by the pio tt C' AD'' C ' 178 lb'

3, calculrte the force 6uPPolted by thc Pins ' t  A t[d C for

the connected l inks utrder the rct ion of the rPPlied couPl€'

E.  a .c -49,9  lb .

4. A du.l-giP cl.oP .hoen i! the figure i! ut'd to Piovide
edded cl.rlping forcJwith a poaitive lction. If the vertlc'l Bcf'e it

iiiii"""a to produce a cleoping forc€ of lo00 .lb.' tld..then thc

i"iiio"t.f actcr ie tightcncd uoiil thc totce .t a i' doubled' ftnd

ii" iot"r clanping fotcl P aod th€ tc.ction R orr the Pio 't E'

@. P - 2000 lb. '  B - 2400 lb.

Fi t ,4



5. Deterrnine the
force iB appl ied to

force nhet velue of
A n 6 .  Q =  1 8 3 5  l b . ,
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shearing force Q appl ied to
the handle for o -  30 degrees.
O gives the gr€etest shear?
O = O f o r I n a x Q .

the ber i f  a
For a given50 tb .

appl ied

F i g , 5

DlstflurBll lotcBs

25. Gerter of Cf'vity: The r0ost comon distr ibuted force i3
the force of i t t i i i i ion of t tre earth. this body force is distr ibuted
over el l  perts of every object in the earth's f ie ld of inf luedce. l1|e
regultent of  this dietr ibut ion of body force is knoon es the trmlcHfrr

of the body, ead i t  is necelrsary to determioe i ts magnitude and posi-
t ion for bodies whose l ,eights ere eppreciable,

consider a three-diuensional body of aoy size, shape, and
weight.  I f  i t  is suspended, as shosn in Fig.39, by a cord fron any

Doint such as A, the body wi l l  be i t r  equi l ibr iun under the ect ion of
the tension in the cord and the resultant of the gravity or body
folces ect ing on el l  the part ic les, This resultaot is c leer ly



c o l l i n e a r  l r i t h  t h e  c o r d j  a n d  i t  1 , i 1 l  b e  a s s u r n e d  t h a t  i t s  p o s i t i o o  t  i l l
b e  m a r k e d ,  s s y ,  b y  d r i l l i n g  a  h o l e  o f  n e g l i g i b l e  s i z e  a l o n g  i t s  l i n e
of act ioo. The experimenE is repeated by suspension at other pornts
s u c h  a s  B  a n d  C ,  a n d  i n  e a c h  c a s e  t h e  l i n e  o f  a c t i o n  o f  t h e  r e s u l t a n t
i s  n a r k e d .  F o r  a 1 I  p r a c t i c a l  p u r p o s e s  t h e s e  l i n e s  o f  a c t i o o  w i l l  b e
concurrent at a point l {hich is knorn as the "CEN?ER OF GRAVITY OR
CENTER OF UASS" of the body, An exact anslysis,  horever,  would take
i n t o  a c c o u n t  t h e  f a c t  t h a t  t h e  d i r e c t i o n s  o f  t h e  g r a v i t y  f o r c e s  f o r
t h e  v a r i o u s  p a r t i c l e s  o f  t h €  b o d y  d i f f e !  s l i g h t l y  b e c a u s e  o f  t h e  f a c t
t h a t  t h e y  c o n v e r g e  t o w a r d  t h e  c e n t e r  o f  a t t l a c t i o n  o f  r h e  e s r t h ,  A l s o ,
s i n c e  t h e  p a r l i c l e s  a r e  a t  d i f f e r e n t  d i s t a n c e s  f r o m  t h e  e a r t h ,  t h e
i n t e n s i t y  o f  t h e  e a ( t h r s  f o r c e  f i e l d  i s  n o t  e x a c t l y  c o n s t a n t  o v e r  t h e
b o d y .  T h e s e  c o n s i d e r a t i o n s  l e a d  t o  t h e  c o n c l u s L o n  t h a t  t h e  l i n e s  o f
a c t i o n  o f  t h e  g r a v i t y  f o r c e  r e s u l ! a n t s  i n  t h e  e x p e r i n e n t s  j u s t
d e s c r i b e d  w i l l  n o t  q u i t e  b e  c o n c u r r e n t ,  a n d  t h e r e f o r e  n o  u n i q u e  c e n t e r
o f  g r a v i t y  e x i s t s  i n  t h e  e x a c t  s e n s e ,  T h i s  c o n d i r i o n  i s  o f  o o  p r a c -
t ical  inportance as long as l re deal l ' i th bodies shose dimensions are
smel l  conpared .r i th chose of the ea!th. l le rherefore assume a uni-
f o r m  a n d  p a r a l L e l  f i e l d  o f  f o r c e  d u e  t o  t h e  e a r t h r s  g r a v i t a t i o n a l
attract ion, and this condiEion results in the concept of a ,-rnique
c e n t e r  o f  g r a v i r y .

T h e  p o s i t i o n  o f  t h e  c e o t e r  o f  g r a v i t y  a s  a  u n i q u e  p o i n t
lnay be deterrnioed by experiment,  but i ts existence lnust not be
ioferred frorn this result  alone, I t  nay be ploved in the fol lo ' r ing
qay. Coosider any two part ic les of l reight dwr and dW2 in a body as
s h o w n  i n  F i g . 4 0 ,  T h e  l i n e  A B  j o i n i n g  t h e s e  p a r t i c l e s  m a k e s  a n  a n g l e  €
l ' i th the horizortal  plane, and the part icLes are separatei l  by a distance
(a+b).  The result .ant dR of dl , l ,  and dW" is their  sun and can be
t o c a t e d  b y  V a r i g n o n ' s  t b e o r e m .  T ; k i n g  m o r n - e n t s  a b o u t  t  g i v e s :
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I i g . 3 9 F t g . 4 0

( d w l  l  d ! r 2 )  b .  c o s  e  -  d l , l l  ( a + b )  c o s  e ,

b = (aFjF?F;)' (a+b)

, ' - - {u, l{  9- t^9" i
r !



The point C on l ine AB through which rhe reBultant passeg
is now located, and the result  is indepeodent of €,  I lence, regardless
of the or ientat ior l  of  the body the result6nt of  dl f !  end dW2 ui11
slnays pass through point c.  Combining dR with the \reight of  a third
part ic le wi l l  def ine another unique point through *hich the nes resul-
tant s i l l  a lsays pass. This proceEs i5 cont ioued unt i l  a l l  part ic les
are sccouoted for and a point is obtained \rhose coordinates are
independent of the or ientat iod of the body. This poi[ t  is the center
of gravi ty of the body,

To locate mathematical ty the center of gravi ty c of any
body, Fig.41, an equat ion oay be sr i t ten which states, by ver iglron's
theoren, that the nonent about any axis of the resultent ll of the
gravity forces equals the 6un of the noDents about the 6ane exis due
to the gravi ty forces dI act iag on each part ic le.  I f  the center of
aravi ty is designated by G, i ts coordinates by x,  y,  and z, a$d the
total  weight by t l ,  the nonent pr inciple gives:
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&irw
- lvz. dt,I

t

i, _-

t{ ( r7)

F i c . 4 l

The nurnerator of each exptession represents the sum of the
rDoneots, and the product of t {  and the corresponding coordinete of C
lepresents the nonent of the sum. The 3rd equet ion is obteined by
revolving the body and reference frane 90 deg. about a horizontal  axis
so that the z-axis is hor izootal .



26. @! lfhenever the
density u of a body is uniforn Ehroughout,  i t  t ' i l l  be a consteot
fector id both the numerators and denooinetors of Bqs, l7 atrd ei11
therefore- ceocel.  The expressions then def ine a purely geoBetr ical
property of the bodyr since any reference to i ts phy6ical  propert ies
is ab6e[t .  The telm I 'CENTRoID' i .s used when Ehe celculet ion concerns
a geonetr ical  shape only.  IJheo speaking of an actusl  phygicel  body,
the terl! "cEllTER 0F cRAvrTYt' or iTCEITER oF ltAss" is used. If the
den3ity is uoi fontr ,  the Dosit ioN of the centroid aad ceoter of
grevi ty are ident icsl i  rJheress i f  the density ver ies, these t l 'o
points,  in geoeral ,  v i l l  not coincide.

ln the cese of a slender rod or sire of length L end
reight U per unit  length the body epproEches a. l ine, 

"o6 
611 = } t .dl .

Therefore i f  u is constent Eqs.17 becone:

- to t -

-  |  z-dL- L

snel l  th ickness end approaches a
uni t  eree is  ! ,  then dW = !dA,  end

- | z. clA
. . . " . . . . ' . . .  (  t v ,

of volune V end density U the
! wi l l  cBncel i f  i t  is constant,

p
-  |  z .dv
"  

= . - - -  , . . . . . . . . . . . .  (zu)

l fhen the body has e
surfece of erea A rrho{re seight per
age in  i f  !  cons tan t ,  Eqs .17  g i ve :

p . .
; - Jj:39

(1E)

I f  the surfece is curved, es with a shel l ,  al l  three
coordinetes l,ill be involved. If it is e plane eurface, only the tr,o
coordinates of lhaE plene oi l . l  be involved,

D-  I  V . d A
' y==_ '

p
-  I  Y . d V

In the cese of a body
is dW = U,dV, The densityelement

endi

. l x . d V

SAI'PLE PTOBI^BIS

l.  Centroid of Circular Arc:
ee8| lent in the forn of a circular arc

Solutioa: Choosing the
nakes y -  0.  A di f fereot ial  ele 'Dent
an4-lhe-r-coordinate of the elenent is

Locate the centroid of a l ine
!s sbown in the f igure.

:Faxis as an axiS of synmetry
of arc has a length dL - t .do,
t  c o s  0 .



1l

l t o t  z u = , ,  x =
sives i - 2lhl1. 

-
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f i r s t  o f  E q s . l 8  g i v e s :

(zo.O-x = l1o (f "* "l 
.ae

2oT* = 2f2 eln o

i  =  fq lno  
Ans .

0.900f ; for a serolclrcular area 2o =T[, which

Applyi .ng the

tti = Jax. dL l:

2. Centroid of a Tr iangular Area: Locate the centroid of the
erea of a tr iangle of base b and att i tude h,

Solut ioD: The x-sxis is taken to coincide oi th the base.
a -ai f  terynt i iT-str ip of area x.dy is chosen. By simi lar t r iangles

fh;I  
= 

i .  APplying the 2nd Eq6. 19 sives :

ai = ,fy.art, q9.; = 
f'"lizl.."

bh2
6

- h
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3. Centroid of the Area of e Circular Secror l  Locate Ene
ceotroid of the area of a ci tcular gector ni th tespect to i td vertex.

Solution I: The :.-exis i3 chosen es ed axi!| of symetty,
and t is thE?ET6ii autooat ice I ly zero, the sree nay be coverea 

-by

noving ao element in the form of a segnent of lhe circuler r ing, sho\ 'n
in the f iSure, f ron the center to lhe outer per iphery. The radius of
the r ing is lb and i ts thickness is drb. In th€ l6t  of  Eqs. lg the
coordinate x is the coordinete to the centroid o! the eleDent dA.
Thi€ distance is 49+F-g( fron provious problem no. l)  ehere r io
r e p l e c e s  

" .  
T h u s  t h e " l s t  o f  E q s , 1 9  g i v e 6 i

tA* = p*.dAt t f,,g(nf ti - ,Po"{' ;t" 
o) tr-.o.u-)

- f,., "rn o
2?s lnc_5-- - -E-

[ l o r  a  se ro l c i r cu la r  a rea  2  c t -  rand ;=# l

Solutioo lI: The erea nay slso be coeered by ccinging a
triangre of 7fi?E?Eii'ii1 area about the verrex and throu;h the tolal
engle of the se.!or. This tr iengle, shor,n io the i l lustretion, hss en
arJa aA = ({) ( }. .dS) where higher order rerns are neglected- AgEin
the x-coordi'nate of dA is treasured to the centroid of lhe eleoent,
aod froD previous problen lto.2 this coordinate is 6een to be ?I
ou l t i p l i ed  by  cos  O .  App ly inS  the  f i r s t  o f  f , qs .19  g i ves :  3

tli - f,xael: (r'c) = f,o <|. "* el tjr"'ael,

f  ,a , l

;

; =

Ans.

2 .
sin d

2?s lnc
5'---n-- ADs.
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f igure.
equetion

0a -= do xrox'

o
Locate the c€ntroid of the area under the curve x = kv

t o x = a .

solutioo I?
es ahown in the left
ceotroid is found fron

A vert ical
part of the
the f irst of

of eree dA = ydx is
The :(-coordinrte

19. Ttrr3:
of the

t0 . , ,  - 0e -
_tAx 

= dxdAl l- xtL ydx
K !  a/D_ And lntegrat ing g lves:

substituttug 
" 

- qI)3 and

?n = *a'
- A
' . 7 "

In solving for y by the secood
is not the coordinate to the curve x = ky
the centroid of the eleEent dA. Thus the
centroid of the rectengular elenent,  must
ciple becones:

of EqB.19 the coordinele y
but is the y-distaoce to

value ,  Yhich locates the
be used. The noDent Dain-

tai = &ar:,
SubstltutlIrg

#;-*o',;-S Ans.

Solrrtion II: the horizontal elenent of area shovn tnay be
enptoyed-Ti-lliiE-?f the verrical elenenr. tn calcul.eting xdA tbe
x-coordinate of the.centroid of the elenenE rnusE be used. Thie dis-
tsnce is x . T= T. rhus [Ar -f,xdA]:- -*3b C"-"lar =fi fl <*,.1 ar.

3ab ---r- v
v-E

oa,Y. -
i r)- (;rydx.
- aDd lntegratiflg



The value of y

I l i  = Pvaal :-

The evaluat ion
result l t  for x and y.
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16 found frolnl

i 
"Pj 

t.-*l ay = f,er{a-x) ar.

of the6e iotegrelB si l l  check the previous

5. HeEispherical  Volume: Locete the centroid of the volune
of a hemisphere of radius i"  with respect to i ts base.

Sglutiod: I{ith the axes chosen as shoon in the frgure
i. = Z - o El-!fuitry, The sinplest volune etemenr is e circuler
sl ice of thickoess by paral lel  to the x-z-plene. Since the heoisphere
intersects the y-z p I  ane _i !- . . l lhe_ circ le y2+ z2= ?= the radius of the
circular sl ice ie z -  +h2 - y2. I te volune of the elenentsl  s l ice

d v = n ( t 2 _ y 2 ,

The second of 8q6,20 requi ies:

:(
tvt  -9ydvl :  ! f  n(r 'z-y

Inteeretlns elves: |qf i  =

d y .

")av =

\nzr

z^r'

J-r (tr'-r') ar.

Ans.



Px()BLEIIS

3. Deternine the height h
cyl iodrical .hel l  segtrent above th-e
r€str! Ans. h = 0.45 in.

centroid of the el l ipt icel aree

if'
4b
31t'

of  the cei ter of  gravi ty of the
horizontel  surfece upon ehich i !

Locate the

3!9. i =

F ia . l

2. Calcul.te the coordioates of the ceotroid of the shsded
aree bound by the circul.r erc snd the chord.

F i8 .3



4 .  L o c a t e  t h e
circular shape shown.

5. A parabola is
parabolo id shown. Locate
the base z = o Ans. z- =

Flg. 7
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center of gravity of
Ans .  i  -  - 1 .273  i o .

Y  =  1 .273  i n .

the r i re beot

r.1g.. l

revolved ebout
the ceotro id of

the z-exis to
i tB volune r i th

ioto the

obtain the
reapect to

F l g .  5  F t g .  6

6. Locete the center of Sravi ty of the honogeneous henispheri-
c 6 1  s h e l l  o f  r e d i u s  ,  a n d  n e g l i g i b l e  e a l l  t h i c k n e s s .  A n s ,  t  =  g

'  
7.  Locate the centroid of the area shown in the f igure by

direct integration. 4!S. i = ..t#.t

I i g , 8



8. Locat€ the
eitd the c i rc le.  Ans.

- 108 -

the shaded area betreen the el l ipse

Sravity of the bel l -shaped she11 of
An6. Z = -l-

1t-z

c e n t r o i d  o f-x - 4(&r!)

9 .  L o c e t e  t h e  c e n t e r  o l
u n  i  f o r r  b u t  n e g l i g i b l e  t h i c k n e s s .

F  i g . 9

F&ICTI,O(

In the foregoing peragrephs, contect i l rg surfaceB rere con-
sidered as being perfect ly srnooth so thqt the forceB of interact ion
were [ornal to the surface. Although in l[etry iflstences this ideal
a!,sumption i rrvolves only e very snal1 error,  there ate e gyeat nsny
problens nherein the sbi l i ty of  contact ing surfaces to support
taogeot ial  as w€11 as oof inal  forces nugt be considered. Forces
tangent to conlact ing surfaces are knoqn ag fr ict ion forced erro are
present to some degree ni th the interact ion betweed el1 ectual
aurfaces. l lhenever a teodeocy exists for the sl id ing of one contact-
iog 'sutface along anotber surface, the fr ict ion forces developed are
elwsys found Eo be in a direct ion to oppoge this tendency.

27. Dry Fr ict ioD: Dry fr ict ion is often knoen es lcoulonb
Friction". rTETii-lo-ve-rning rhe behevlour of dry fricrion can be
€xplaioed for most pract icel  purposes by means of a very sinple
experiment,  Consid€r a sol id block of weight W rest ing on a horizon-
tel  aurf6ce as Bhorn in Fig.42a. Tte contact ing surfacelr  possess e
certain anount of roughness. The experinent t ' i l l  involve the eppl ice-
t ioo of a horizontal  force P. ohich !r i11 vary cont iuuously froE zero
tg a value suff ic ieot to nove the bl .ock and give i t  an appJeciable
veloci ty.  The free body diagran of rhe block for eny value of p is
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s h o u n  i n  F i g . 4 2 b . ,  a o d  r h e  t a n g e n t i a l  f r i c r i o n  f o r c e  e x e r E e d  b y  r h e
plane on rhe btock i3 labeled f .  This fr icr ion force ei l l  a lrays be
in a direct ion to oppose norion or the tendency rol1 'ard norioo of the
body on which i t  acts.  Thete is also a nornai force N ehich in thiB
caae equals Wj and the total  force R exerted by the support idg surface
on the block is rhe resultant of  N and F. I  rnagnit i la vies of t t re
i r r e g u l a r i E i e s  o f  r h e  m a t i n g  s u r f a c e s ,  F i g . 4 2 c . ,  w i f t  a i a  i n  v i s u a t i z _
rng the nechanical  act iort  of  f r ict ion. Support  is necessari ly inter_
mit ted and ei ists at the nat iog humps. The direct ion of each of the
r e e c t i o n s  o n  t h e  b l o c k  R r ,  R 2 ,  R ! ,  e t c , ,  r o a y  b e  t a k e n  r o  b e  a l o n g  t h e

-+-
t_f--"

{-1"
"fi-.

nrdi6 | x|llrh&idd
(id mroi) i led.!,

F ; , 9 . 4 2

normel to the contect surface of esch re€pect ive hunp. The total ,
normal force N is merely the sum of the n-cornponents of the R's,  end
the total  f r iet ional force F is the sun of ;he t-conponents of the
R'9. l fhen the surfrces are in relat ive not ion, the 

"oot""!"  
aa".r . .

nearly aloog-the rops of the hurnps, and the t-conponents of the R's
lJ lr l  De 9|[at ter than shen the surfaces are at rest relat ive to one
another.  I t r is consideraEion l , i l l  explaln the t ,el l  knosn fact that the
force P necessary to &aintain not ion is less than rhat required Eo
E t e r t  t h e  b l o c k  t { h e d  t h e  i r r e g o t a r i t i e s  a r e  m o r e  n e a r l y  i n  m e e h .

Assume now that the experineot indicaEed is perfonned and
the fr ict ion force F is roeesured se a funct ion of p.  ih;  .""r f t ing
experineotsl  relet ion is indicat€d in Fig,42d. l lhen p is zero,
equi l ibr iur requires that there be no fr iCt ion force. As p is in_
creaeed, the fr ict ion force nust be of equal msgnitude to p as lont as
t h e  b l o c k - d o - e s  n o t  s l i p .  D u r i n g  r h i s  p e r i o d  t h e  b l o c k  i s  i o  e q u i l i _
D r r u E ,  r n d  a l l  f o r c e s  a c t i n g  o n  t h e  b l o c k  n u s t  s a t i s f y  t h e  e o u i l i b r i u n
e q u e t i o n s .  F i n a l l y  a  v a l u e  o f  p  i s  r e a c h e d  w h i c h  c a u s e e  t l e  f f o " "  c o
sl ip end to nove in the direct ion of the eppl ied folce. At this sane
t i n e  t h e  - f r i c t i o n  f o r c e  d r o p s  s l i g n t f y  a n a  a b l u p t 1 y  t o  

"  " o . . r " n " ar e a s e r  v a l u e ,  H e r e  i t  r e n a i n g  e s s e n t i e l l y  c o n s t a n t  f o r  €  p e r i o d  b u t
t h e n  d r o p 6  o f f  s t i l l  m o r e  e i t h  h i g h e r  v e l o c i t i e s ,



The regioo up to th€ point of  s l ippage or impending mo-
t ion is knom as the range of ls lat ic Fr ict ionrr,  and lhe value of the
fr ict ion force is detemined by the equat ion3 of equi l ibr ium. This
force l t ray have aoy value frotn zelo up to aod including, in the l in ir ,
the naximum vaLue. For a given pair  of  nat ing surface3 this maximum
v a l u e  o f  s l a t i c  f ( i a t i o n  F s .  n a x  i s  f o u n d  ! o  b e  D r o D o r t i o n a l  t o  t h e
nolnal furce N. Thus:

Fs nax _ , IE N,

nhete {s is ihe pr 'Jporr ionaLity constanE, kool.o as the "Coeff ic ient of
S l a t i c ' F ( i c t i o n " .  l t  m u s t  b e  c a r e f u t t y  o b s e r v € d  t h a t  t h i s  e q u a t i o n
describes only the l i r i t ing or naximum value of rhe sta! ic fr ict ion
force and not aoy lesser value, Thus the equet ion appl ies only to
ceses nhere iE is knowo that nor ion ls impending,

After s l ippage occurs a condit ion of rrKinet ic Fr ict ioo" is
involved. ( inet ic fr ict ion force is always sot@rhat less theo the
n e x i n u m  s t s t i c  f r i c t i o o  f o r c e .  T h e  k i n e t i .  f r i c t i o n  f o l c e  F k  i s  e l s o
found to be proport i . rnaL to the normal force. Thus:

Fk= I .  N ,
I K

wtrere ,{1 fs the "coeff i . ient of  1( inet ic Fr ict ion".  I t  fol lor 's that lk
is sondtJhat less lhan ,{s.  As rhe velociry of the block increeses, Lh'e
kinet ic fr ict ion coeff lc ient decreases soneeha!,  and ,hen high velo. i -
t i e s  a r e  r e a . h € d ,  t h e  e f f e c t  o f  l u b r i c a r i o n  b y  i n r e l v e n i n g  a i r  f i l m
m a y  b e c u r n e  a p p r e c i e b l e ,  C o e f f i c i e n t s  o f  f r i c t i o o  d e p e o d  g r e a t l y  o n
the exacl condi i i ,on of the sutfaces as oel l  as on the velociEy and ere
subject to a considerable neasure of uncertainty.

I t  i s  q u i E e  c u e t o n a r y  t o  s r i t e  [ h e  l r o  f r i c t i o n  f o i c e
e q u a l  i o n  n e r e l y  a s i

F  =  f . N  . . . . . . - . . . . . . . . . . . . . . . . . . . , .  ( 2 1 )

There !r i l l  be an undelslending from rh€ probleo whether
t i m i t i n g  s t a t i c  f r i c L i o r  n t t h  i l s  c o r r e s p o n d i n g  c o e f f i c i e n t  o f  e t a t i c
fr ict ion or ehether kinet ic fr icr ion oi t .h i ts corresponding kinet ic
co€ff i€ienl  is inpl ied. I t  should be enphasized again thaE nany pro-
blens involve a stal ic f r ict ion force shich is less than the maxinun
value at impending motion, and therefore the fr ict ion equet ion cannot

-  l l 0  -

The direct ion of the resultani  R in f igure 42b. neasured
f r o m  t h €  d i r e c l i o n  o f  N  i s  o p e c i f i e d  b y  t a n  o =  F / N .  W h e d  t h e  f r i c t i o n
f o ( c e  r e a c h e s  i t s  l i r n i t i n g  s t a t i .  v a l u e ,  r h e  s n g l e  o  r e a c h e s  a  n a x L n u n
v a l u e Y s .  T h u s .  t a n 4 s  =  f s .
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l lhen sl ipping occurs, the angle
corresponding to the kinet ic fr ict ioo force.

t anv  k  =  f k ,

shich is custonary to e!i te merely,

t an  f  =  1 '

q r i t l  have r vat,re {
In l ike nanner:

(22)

k

rhere appl icat ior l  to the l in i t ing stat ic case or to the kinet ic ce8e
is inferred from the problen at hend. The engle Y is hnoen as the
"Angle of stat ic Fr ict ioo",  and the anglegk is cal led the r tAngle of
( inet ic Fr ict ion. This fr ict ion angle$ for each case clear ly def ineg
the l in i t ing posit ion of the total  react ion R betreen two cootact ing
surfsces. I f  not ion is inpendirB, R dust be ooe elenent of 6 r ight
circular cone of vertex angle 29s, as sholtn in Fig.43. I f  not ioo is
not inpending, R l ' i l l  be ei thin the cone. Tt is cone of vertex angle

F i s . 4 3

29s is knonn as the I 'cone of stat ic Fi ict ion'r  ani l  represents the locus
of possible posit ions for the reect ion R at idpending not ion. I f
Bot iolr  occurs the angle of k inet ic fr ict i ion appl ies, and the reect iotr
rnust 1ie on the surface of a sl ight ly srnal l€r cor le of vertex angle
29k. This cone is the "Cone of Kinet i i  Fr ict ion".

Further experinent sho$s thst the fr ict ion force is
independent of the area of conEact.  This is true eB long as the pre.s-
:rure is not great.  For high pregsureg the surface character ist ics are
chaoged and the fr ic l iona1 coeff ic ient increaseg.



SA}IPL8 PRO'I.HIS

l. Determin€ the raoge of velues shich the reight !t nay have
so lhat the 100 lb.  bl .ock shorm in the f igure wi l l  nei ther stert
noving up the plane nor Bl. ip down the plane. Th€ co€ff ic ieot of
s t { t i c  f r i c t i o n  f o r  t h e  c o n t e c t  s u r f e c € s  i s  0 . 3 0 .

{.,r^. 1,r*.

_.#-iy.
N z ' ' . I {

C.c I C.* tr

Solutiotr: The meximum value of lf sill be 8iveo by the require-
nent for--6ii6i- impeadinS up the plane, The friction force on the
block therefore acls dorn the plane as shoen in the free-body diegran
of the block for Case I  in the f igure. Applyidg the equat ions of
E q u i l i b r i u m  g i v e e :

I rry = s; '

12e = fr.rl :

l xFx -  o l  :

The ninimun value of Il i6 deterdined ehen notion id firpending
donl l  the plsne. The fr ict ion torce on the block wi l l  ect up the plene
to oppose the tendency to nove el t  shosn in the free-body diagran for
Caee I l .  Equi l ibr iurn in the x-direct ion requires:

[ tF( -  ol  : -  u + 28.2 -  100 sin 20" = O, W

Thus W may hsve any value f lom 6.0 lb.
b l o c k  s i l l  r e m a i n  a t  r e s t ,

2.  Deternine the anount end direct ion of rhe fr ict iotr  force
act ing on the 100 lb.  block shoi 'n i f ,  f i rst ,  P -  50 lb, ,  end second,
P - l0 lb.  fhe coeff ic ient of  stet ic fr ict ion is 0.20, and the
c o e f f i c i e n t  o f  k i n e t i c  f r i c t i o n  i s  0 . 1 7 .

N-100  co€  20 '=o ,  n -94  1b .

F  -  0 .30  x  94 ,0  =  28 .2  l b ,

n  -  28 .2  -  100  s in  20 "  -  O ,  w  =  62 .4  l b .  An . ,

=  6 ,0  l b .

t o  52 .4  l b .

Ana.

, snd the
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!g!g4g!: There i6 no l'ay of tellirE fron the ststement of
the problern rhether the block is or is not on the verge of s l ipping or
ehether i t  i6 in | !ot ion at the poeit i .on shol.m. I t  is ther€fore
necessary to neke an assunpt ionr Assune the fr ict ion force to be up
the plane, qs shorn by the 6ol id errorr,  snd the block to be in equi-
l ibr iurq. A balance of forces io both x- aod y- direct ions gives:-

[ tFx  =  o ]  :

[tFY = ol '

C a a e  l :  P  =
equat ioni-lT-ves :

F  =  - 1 2 , 8  1 b .

lhe neget ive sign reens that,  i f  the block is in equi l ibr iun,
the fr ict ioo force act ing on i t  ig in the direct ion opposite to that
a3auned and therefore is down the plane as represented by the dotted
ar!o$, Conclusio$ on the magnitude of E cannot be reeched, hosever,
unt i l  iE is ver i f ied thet the surfaces are c.peble of support ing
12.8 lb.  of  f r ict ion force. This Day be done by subst i tut inS P=50 lb.
inlo Ehe second equat ion, shich gives:

I  =  I l  l . l  l b .

The naximum stet ic fr ict ion force ehich the surfeces can
support  is thenl

P cos 20" + F - 100 sin 20" = O,

l{ - P sin 20' - 100 coe 20' = O.

50 lb,, sub6titut ion into the f irst of the t lro

lF - tNJ :  F=0 .20x  t t l . l  =  22 .2

Since this force i6 greater than Ehat
it  fol lors that the essunption of equil ibrium
i3 then: tr = 12,8 Ib. doen the plane Ans.

l b .

required for equil ibriurn,
l 'eg Correct. The anawer

case  I I r  P  =  10  l b .

Subst i tut ion into the tro equi l ibr iutn equet iods give6:

F  "  24 .8  1b , ;  N  =  97 .4  l b .
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But the nexinun poesible stet ic fr ict ioo force i r :

l F=+Nl  :  F=0 .20x97 .4  -  t9 .5  rb .

I f  fo l lo;s that 24.8 lb.  of  t r ict ion cannot be eupportei t .
Tterefore equi l ibr iuo cannot exist  sod the correct value of the fr ic-
t ion force i6 obtained by using the kinet ic coeff ic ient of  f r ict ion
accompanying the not ion dot ln the plane. Thus the aas\rer is:

t  F  - J N f  :  F  =  O . l 7  n  9 7 . 4  =  1 6 . 6  l b ,  u p  t h e  p l s n e  A n s .

I t  should be noted that,  even thoogh XFx is no looSer equal to
zero, equi l ibr iun does e*ist  in the y-direct ion so that tFy = O,

3. A homogeneous rectangular block of weight l f  rests on a
hori2ontal  plene and is Bubjected to the horizontal  fotce p ss shol 'n.
I f  the coeff ic ieot of  f r ict ion ie f ,  determine the gree!€st velue
which h nay have so thet the block wi l l  s l ide i i thout t ipping.

Ana.

r- t--

SolutioDt If the block is on the verge of tipping, tbe entire
react ion-TEiiEd the plene and rhe block l,ill be ar l. rtre tree-boay
diagred of the block for this condit ion is sholrn in the r ight s ide of
tbe f iSure. l f  P is suff ic ient to cauae sl ipping, the fr ict ion force
is the l imit ing value f l { ,  and rhe angle e becones O = t .o-r  f .  I te
resultent of F and ll pas3es through e point B through rhich P Dust
al€o pass since three coplanar forces in equi l ibr ium are concurr€nt.
l lence from the geometry of the block:

b l2  b
rano=  f  =  -E - ,  h -  Z -F

I f  h oere greater then this veluer noment equi l ibr iun about A
would not be set isf ied. Foi h less than + Ehe resultent of  F end N
sould be concurrent ei th P and t f  at  s pointrbelow B, Thus this re3ul-
tant sould acr oot at A but at sone point to the right of A.
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PROBII}IS

l .  Prove lrhether the block
s l i d i n g .  F i n d  r h e  f r i c r i o n  f o r c e  F

A n B .  S l i d e s ;  F  =  2 . 1 1  l b .

is in equi l ibr iun or l rhether
act ing on the block.

i t  i s

F i g .  I rie. 2

.  2.  The 6teel straps shosn ere held together by two bolts
rhich have been r ighteoed oirh s torque wrench so that the tension in
e e c h  b o l t  i 6  2 0 0 0  l b .  l f  t h e  h o l e s  i n  t h e  c e n t e r  s t r a p  w e r e  d r i l l e d
sl ight ly oversized, f ind the tension T l rhich can be suDDort€d before
the joint  s l ips enough to induce ehear in t t re bo1ts. Take rhe
coeff ic ient of  f r ict ion to be 0.2, 4!g. T = 1600 1b.

3. Find rhe toral  hor izonral  force S (shear) ,hi .cb rhe Erro
anchor bolts nust exert  on the structure to prevent sl ipping i f
f  -  0 , 3 .

F I g . 4

F l g . 3

4. Determine the force p necessary
cyl inder.  The coeff ic ient of  f r ict ion betoeen
lb. block i r  0.4 and that berqeeo the block end

A n 6 .  P =  1 4 . 7 6  l b .

to rotate the 50 lb.
the cyl inder end rhe 20
the  p lane  i s  0 ,2
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I
I
I

t
I

F t g . 5 F t g . 6

5. The lef t-hand jal{  of  the C-c1amp can be sl id along the
frame to increase ahe capacity of the clanp. To prevent sl ipping of
th€ ja$ on the frane rhen the clanp is under 1oad, rhe dimension x
must exceed a certain ninimum vafue, Find rhis value corresponding to
given dinensior a and b and a coeff ic ient of  f r ict ion f  between the
f r e n e  a n d  t h e  l o o s e - t i f a i n e  j a w .  

a _ b f
491. :. = -Za.

6. The double block brake shoso ls appl ied ro the f lyrheel
by means of the act ion of the spl ing. To release the brake a force P
is appl ied to the control  lever.  In rhe operar ing posit ion si th p = O
the spring ie conpressed I  in.  Select a spr ing r ' i th an appropriate
constant k rhich wi l l  provide suff ic ient force to brake the f lyrhe€1
udder the torque l , l  = 60 1b.f t .  i f  the coeff ic ienr of f r ict ion for both
b r s k e  s h o e s  i s  f  =  0 , 2 ,  N e g l e c t  t h e  d i m e n s i o n s  o f  t h e  b r a k e  s h o e s .
A n B .  k = I 1 3  l b . / i n .

28. gedges: A eedge is ooe of rhe simplesr of nachines and
is used as a Deans of producing snal l  adjusrnenrs in the posit ion of a
body or as a neans of applying large forces. Wedges depend upon fr ic-
t ion for lheir  act ion, I then the sl id i$g of a uedge is inpending, rhe
resultant folce on each surface of the ledge si l1 be incl ined f(om rhe
noriDal to Ehe surface an amount equal to the fr ict ion angle. Th€ corD-
ponent of the resultant along the sul face is rhe fr ict ion force nhich
is al$ays in the direct ion to oppose the not ion of rhe redge.

After dra$ing the necessary f !ee-body diagran, solut ion
o f  a  w e d g e  p r o b l e n  i s  u s u a l l y  f s c i l i r a t e d  b y  c o n s r r u c t i n g  t h e  e q u i l i -
br iurn polygon of forces shich is normel ly a rr iangle. This approach



lends i tsel f  to a giaphical  solut ion! and errors inhere[t  in graphical
construct ion are wel l  s i thin those due to the uncertaintv of the fr ic-
t ion coeff ic ients.  Th€ analysis of sedges is best shoqm by the solu-
t ion of a sabple problen.

SAXPI,B PXOELAT

1..  Determine the force p appl ied to the l0 deg. l red8e necea-
sary.to start  the 1000 lb,  block upnerd. The coeff ic ient j f  etat ic
fr ict ion betreen al l  surfaces is 0.30, and the feight of  the sedge is
negl igible.

P d = r.n-r 0.o = 16.42,

craphic.l solution: The free-body diegreDs of the bloct end
s e d S e  e r e  s h o l r n  i n  t h e  f i g u r e .  T h e  r e a c t i o n s  R , ,  R . ,  a n d  R .  a r e  a l l
i n c l i n e d  w i t h  t h e i r  n o r n a l s  a n  s n o u n t  e q u e l  t o  i h e  ? r i c t i o n ' a n g l e f , ,
s ince sl ipping occurs sinul taneously at both sntf ices, ana leao in- a
dir€ct ion to oppose the inpedding luot ion.

The equi l ibr iun of rhe block is esrabl ished by f i rst- leying
off  the 1000 lb.  force to scele, es shorn in the upper r iSht part  of
the f igure. Next the knosn direct ions of the reect ions Rf and R, are
uaed to deternine point A, rrhich then estebl ishes the .agnit , rdes'of Ra
aod R!.  A sini lar equi l ibr ium tr iangle for the ,edge is coostructed-
by taking the resct ion Rz nhich is nor known and construct iog the tvo
l ines paral let  to rhe k;o!.n direct ions of p and R,,  as ehoir  in the
Becond diagran. The intersect ion of these r l 'o l inei  deteruinee ooint
B, end thus the nsgnitude p = 946 Ib. is scaled off  the drawing.
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Algebr.ic Solutiotr: Th€ ainplest choice of eres for the
necessary force suMationa is, itr the cese of the block, i..r the direc-
tion a-e norrnel to R!, end for the sedge in the direction b-b noroal
to Rr ln lhis vey a sinulteneoud solution of lro equetioos is
avoidad. The enale betreen R" and the s-direction alnounr3 to 2t+ o
- 43"241 . Thus for the blockt

[ lFa - o] :  1000 coe (16"42r) - R, cos (43'24', - O,
R, = f:ZO tt.

For the- eed8e the angle between R2 end the b-directio! is
I - Q9 t di - 46'34'. Equit ibriuo rheo requires rhar:'  

,rro = ol ;  l32o cos (45'36') - p cos (16'42') = or
P - 946 lb. Ans.

If the given coeff icient of fr ict ion between nating surfeces
nere not all alike, the ssDe procedure *ould be enployed and the Eodi-
f ied fr ict ion angles eould be used.

PloDI.N|s

l. A wedge of angle d is ueed to split l'ood as shonn. If the
coeff ic ient of  f r ict ion betseen the wedge and the nood is f ,  detertr ine
the maximun engle d for ehich the wedge ei l l  be sel f- locLing.

A n s . a - 2 t a n - l f ,

r le .2

2, The accurate elignmeot of a heavy-duty engine on its bed
ia ecconplished by a screr-adjusted $edge l,ith a 3 de8. taper. I)eter-
Dirre the horizontal thtust P io the sdju6ting ecrer oeceseary to raise
the nounting if the FedSe supports l/4 of the totel etrgioe r.eight of
12000 lb.  The coeff ic ient of  f r ict ion for al l  surfBce€ is 0.2.

A n s .  P =  1 3 6 5  l b .

r le .  I



a l l  su r faces  i s  0 .4 .
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Ans .  P  =4520  l b .

3, In adjust ing the posit ion of a vert ical  coluon under a
Ioad of 5000 1b.,  tuo 5 deg. l redges are used as sholrn, Determine the
force P oecessary to raise rhe load i f  the co€ff ic ient of  f r ict ion of

r '19. 4
Ftg. 3

4. A 5 deg. I 'edge is
6honn. I t  the coeff ic iel t
deternine the force P required

A n s ,  P = 3 7 8  l b .

used to l i f t  rhe 1000 1b. cyl inder as
of fr ict ion is I/4 for al l  surfeces,
to move the wedge.
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DYf,IXICS (KINETICS )

Mechanics has been def ined as that physical  science rhich
deals si th the state of rest or not ion of bodies under the ect ion of
force3. Engineering had i ts or igin in the developnenr of this science
sod today depends on the cont inuiog interprerat ion ol  Dechanics pro-
bably nore than aoy other €ubjecr.  The studen! of engineering si l l
f ind that a thorough uddersts[ding of nechanicE rr i l l  provide one of
h!s nost rel iable and sidely used tools for aoalysis,  Uechanics rs
logical ly div ided into scat ica ehich d€als i r i rh rhe equi l ibr iuo of
bodies and gI! !g!Sg Ehich deals with rhe norion of bodies. Dynenics,
i (r  turn, has l t ro aspects, f i rs i ,  k ineoet ica, I 'h ich is a siudy of
mol ion i l6el f  s i lhout referelrce to the forc€€ l 'h ich cause the not ion,
a n d ,  s e c o n d ,  k i n e t i c s ,  w h i c h  r e l a t e s  t h e  a c ! i o n  o f  f o r c e s  o n  b o d i e s  L o
their  resu I  t  i -np not ims.

Dynanics is a relat ively new subject.  ln terDs of engineering
appl icat ion dynanics is an even more rece[t  science. Only since
mechines have operated ei th high speeds and appreciable accei,erat ions
has i t  been necessary to nake calculet ion6 based on the pr inciples of
dynanics rather Ehan on the p! inciples of s iar ics. The pr inciples of
dyoaDica are basic to the anaLysis of t loving structures, co f ixed
structures subject to shock loads, and to pract ical ly al l  lypes of
oschinery such as engines, ships, {heeled vehicles, aircraft ,  rockets,
ete, The studedt.  nhose inlerests leed hin ioto one or eore of these
and Eany other f ie lds ni l l  f ind a constent need for applying his basic
knoeledge of dynanics.

The vast najor i ty of dynamics problens in engineering rnay be
solved by treat iog the moving bodies in quest ion as perfect ly r ig id.
The asBuirpt ioo of r ig idi ty means lhat eny relat ive noEion6 betseen
parts of a body are smal l  compared $i th the not ion of a body as a
$hole. This book is a study of r iSid-body dydamics. The dynanics of
no[-r igid bodies is a much nore di f f icul t  subject and one about vhich
a great deal has yet to be learned. The t lansnission of shock-saves
in atructures aod machines subject to inpect loadiog, for example, is
an iropoitani  problem in nonrigid-body dynrmics,

l .  lasic Concepta. Thete ere certain def ini t ions .end conce! ' t3
ehich are basic to the study of dynsrics, and they should be under-
atood at the outset.

space is a region exteoding in aII  direct ions. Posit ion
in space is deternined relat ive to 6one lefelence systeE by l inear and
angular measurenenls.  The basic frame of reference for the lass of
Newtonian rnechanics is the pr imary inert ial  systed ot asttonomicel



f rame of reference vhich is an imaginary set of  rectangular axes
a t t a c h e d  t o  t h e  m e a n  p o s i L i o n  o f  t h e  6 o - c a 1 1 e d  f i x e d  s t a r s .  M e a s u r e -
nents shov that relaEive to chis reference system the lal 's of  Neu-
tonian nechanics are val id as long as any veloci t ies invoLved are
negl ieible compared with Ehe speed of l ight.  Measureneots nade lr i th
r e s p e c t  a o  t h i s  r e f e r e n c e  a r e  s a i d  t o  b e  a b s o l u t e ,  a n d  t h i s  r e f e r e n c e
sy6ren is considered to be "f ixed" in space. A reference frame
atlached to the surface of Ehe earth has a sonenha[ coopl lcared oot ion
i n  t h e  p r i n a r y  s y s a e m ,  a n d  a  c o r r e c t i o o  t o  t h e  b a s i c  e q u a t i o n s  o f
mechanics inust be appl ied for measureneot.s nade relat ive to the
e a r t h r s  r e f e r e n c e  f r a m e .  l n  t h e  c a l c u l a t i o n  o f  r r a j e c r o r i e s  f o !  h i g h -
a l t i E u d e  r o c k e t  a n d  s p a c e  f l i g h l ,  f o r  e x a m p l e ,  t h e  a b s o l u t e  d o t i o n  o f
the earth becones an inportant paraineter,  For most €ngineering pro-
b1ens, however,  the correct ions are extremely smal l  and rnay be
neglected. On this basis,  then, the fundamental  laws of Bechanics nay
be appl ied direcl ly for measurenents nade relat ive ro the €arEh, and
for nost problens the l rord absolule may be used in a pracEical sense
t o  r e f e r  [ o  s u c h  m e a s u r e n e n t s .

Time is a measure of the succession of events and is con-
s i d e r e d  a n  a b s o l u t e  q u a n l i t y  i n  N e s t o n i a n  n e c h a n i c s .  T h e  u n i t  o f  t i m e
is lhe secood, which is a convenient fract ion of the period of ihe
e a r t h i  s  r o ! a t i o n .
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Force is  the ac l ioo of  one body od another
t o  m o v e  a  b o d y  i n  t h e  d i l e c t i o n  o f  i t s  a c t i o n  u p o n  i t .

M a s s  i s  t h e  q u a n t i t a t i v e  o e a s u r e  o f  i n e r t i a .

A bodv is lnatter bounded bv a closed surface.

M a t t e r  i s  s u b s t a n c e  o h i c h  o c c u p i e s  s p a c e .

l n e r t i a  i s  t h e  p r o p e r l y o f  n a t l e r  c a u s i n B  a  r e s i s t a n c e  t o
change in not ion

A  p a r t i c l e  i s  a  b o d y  o f  n e g l i g i b l e  d i n e n s i o n s .  l n  s o m e
c a s e s  a  b o d y  o f  f i n i t e  s i z e  m a y  b e  t r e a t e d  a s  a  p a r t i c l e ,  o r  a t  o t h e r
t i m e s  t h e  D a r t i c l e  m a v  b e  a  d i f f e r e o t i a l  e l e r 0 e n t .

A r igid body is one which exhibi ts no telat ive defornat ion
b e t w e e n  i t s  p a r t s ,  T h i s  i s  a n  i d e a l  h y p o t h e s i s  s i n c e  a l l  r e a l  b o d i e s
wi l l  change shape lo a certain extent I 'hen subjected to forces. lJhen
such changes are smalt ,  the body may be terned r igid ! ' i lhout apprecLa-

A  s c a L a r  q u a n t i t y  i s  o n e  w i t h  w h i c h  a  m a g n i t u d e  o n l y  i s
a s s o c i a r e d .  E x a n p l e s  o f  s c a l a r s  a r e  t i m e ,  v o l u r n e ,  d e n s i t y ,  s p e e d ,
e n e r g y ,  a n d  m a s s .



A vector quant i ty is one t{ i rh rrhich a direct ion es $el l  ag
a rnaSnitude is associated. Examples of veclors are displacernent,
veloci t .y,  accelerat ion, force, monent,  and nonentum.

I t  i s  a s s ' i m e d  a t  t h i s  p o i n r  r h a r  t h e . e a d e r  i s  f a m i l i e r
I ' i th the propert ies of vectors. I t  is necessary that he understand
t h o r o u g h l y  t h e  p r i n c i p l e  o f  t r a n s n i s s i b i l i r y  f o r  f o r c e  v e c t o t s ,  t h e
dif ference between free, s l id ing, and f ixed vectors, the eddit ion and
6ubtrect ion of vectors, and the resolur ion of vecrors. A discussion
o f  t b e  p r o p e r t i e s  o f  v e c t o r s  n a y  b e  f o u n d  i n  S t a t i c s ,

2. f ,eyton's Lses. Sir  lsaac Neirron I 'es rbe f i r6t  to state
corlect ly the basic laws governing ihe not ioo of a part ic le sod to
denonstrate their  val idi ty,  These laws, sl ight ly re{ordei l ,  are es
f o l l o n s :

Las I .  A part ic le re[ains at rest or cont inues to oove in
a straight l ine \r i th a uniforrn veloci ty i f  there is no unbelanced
force act ing on j , t .

- 1 2 2 -

Lar '  l l .  The accelerat ion of
the resultant force act ing on i t  and
f o r c e .

Newton's second lat '  forns
analysis in ioechanica. As appl ied to 6

part ic le is proport  ional to
in the direct ion of this

the basis for 0oBt of the
parEicle of nass n iE may be

LaIJ l l l .  The force of act ion and react ion beteee! conlec-
t i t |g bodies are equal in nagnitude, opposite in direcEion, and
c o l  I  i n e e r .

F  =  n a  . . , . . . . . . . . . . . . . . . . . . . . . . .  ( l )

shere F is the re6ultant force act ing on the pert ic le and s is the
r e s u l t l o g  a c c e l e r a t i o n .  T h i s  e q u a t i o n  i e  a  v e c L o r  e q u a t i o n  ; i n c e  t h e
di.r€cl ion of F nust be equal to the direct ion of a in addir ion to the
equal i ty in roagnitudes of F and oa. Neston's f- i r6t  law is a con-
sequence of the second since there is no accelerat ioo nhen the force
is zero, and the part ic le ei ther is at  resi  o!  moves lr iEh a consEanc
veloci ty.  The f i rs!  lew adds nothina nev to the descri .pt ioo of moti .oo
but is included since i t  was a part  of  Neeton's classicsl  statem€ntl t .

The third law is basic to our understending of folce. I t
states that forces al l ,ays occur i rr  pairs of equsl and opposite forces.
Thus !h€ dornea.d force of equal magni rr lde exerted on the pe[ci l  by
the desk. Thi3 pr inciple holds for al j .  forces, vsr iqble or constaot,
legardless of their  source and holds at every instant of  r ime during
l { h i c h  t h e  f o r c e s  a r e  s p p l i e d .
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The nass o of  a body may
t h e  s  i n p l e  g r a v i t a t i o n a l  e x p e r i n e n E
a t t r a c t i o n  o r  t r u e  w e i g h a  o f  a  b o d y
f a l l  n i r h  a n  a b s o l u t e  a c c e l e r a t i o n  g

b e  c a l c u L a t e d  f r o n  t h e  r e s u l t s  o f
.  l f  t h e  g r a v i t a t i o n a l  f o r . e  o f

i s  ,  t h e n ,  s i n c e  t h e  b o d y  r { i l l
i n  a  v a c u u m ,  E q . I  g i v e s :

l' ng  o r  n  =E 12)

3. ] ! ! : !9.  There are a number of systens of uni ts used in
r e l a c i n g  f o r c e ,  m a s s r  a n d  a c c e l e r a t i o n .  E n g i n e e r s  u s e  a  g r a v i l a t i o n a l
syscen in l rhich leoglh, force, and t  i ine are considered fundamental
q u a n t i t i e s  a n d  l h e  u n i t s  o f  m a s s  a r e  d e r i v e d .  P h y s i c i s t s  u s e  a n
a b s o l u t e  s y s r e m  i n  w h i c h  l e n g t h ,  n a s s ,  a n d  t i n e  a r e  c o n s i . t e r e d
fuodanental  and the units of force are derived, Either systen, of
couree, may be used \r i th the sane results.  The engineer prefers to
use force as a fundanental  quant i ty because mosE of his €xperinents
i n v o l v e  d i r e c t  n e a s u r e n e n t  o f  f o r c e .  T h e  B r i t i s h  o r  F P S  g r a v i t a t i o n a l
systeo is Ehe one used in this book. The engineer has not adopted a
u n i t  f o r  m a s s  v h i c h  i s  u n i v e r s a l l y  u s e d  a l t h o u g h  s l u g  a n d  l e s s  o f t e n
g-pound are seen occasional ly in the book. One slug (or g-pound) is
t h e  n a s s  o f  a  b o d y  r r h i c h  s e i g h s  3 2 . 2  1 b .  a t  t h e  e a r t h ' s  s u t f a c e .

KIIIETICS

4. Introduct ion. When a body is subjected to a forc€ systen
vhich is unbalanced, t t re body has accelerated not ion, Kinerica is a
study of the relat ions betee€n unbalanced force systens and the
changes in motion rhich rhey produce.

The basic connect ion bet l ,een force and accelerat ion rs
s t a t e d  b y  N e u t o n i s  s e c o n d  l a  o f  m o t i o n .  T h e  v a l i d i t y  o f  t h i s  l a w  i s
e n l i r e l y  e x p e r i n e n t a l .  A n y  p a r t i c l e  i s  s u b j e c t e d  t o  t h e  a c t i o n  o f  a
s i n g l e  f o r c e  F r .  T h e  a c c e l e r a t i o n  a r  o f  r h e  p a r r i c l e  i s  m e a s u r e d ,  a n d
the rat io Fl  /a I  ! r i11 be some nunber C r i rhose value depends on the
units used for rneasurenent of force and accelerat ion. the experinent
i s  n o l r  r e p e a t e d  b y  s u b j e c t i n g  t h e  s a m e  p a r t i c l e  t o  a  d i f f e r e n t  f o t c e
I 2  a n d  n e a s u ! i n g  t h e  c o r r e s p o n d i n g  a c c e l e r a t i o n  a 2 .  A g a i n  t h e  r a t i o
F2la, i r i l l  produce a number C2. The experim€nt is repeated as nany
t ines as desired. Two important concLu6ions may be dra\,rn fron the

F i r s t ,  t h e  r a t i o s  o f  a p p l i e d  f o r c e  t o  c o r r e s p o n d i n g
accelerat ion wi l l  a l l  equal the sane nunber,  provided the uni is for
neasurenent are nol changed in the experinents. Thus:

F r = F z = F = c,  a constan! .



The constsnt C is a neasure of sone plopelty of the part i -
c le ehich does not change. This property is the inert ia of the part i -
c le $hich is the resistance to chaoge in veloci ty.  Thus for a part ic l€
r i th high iner l ia ( large C) the acceleret ion r i l l  be smel l  for a given
force F, and, corversely,  i f  the inert ia is snalI ,  the accel€rat ion
\r i l l  be large. The mass n is ' . rsed es the quant i tat ive measure of
i n e r r i a ,  a n d  t h e r e f u t e  t h e  e x p r e s s i o n
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C = k n

rnay be er i t ten, rhere k is a coostant to eccount for the onit€ used.
Thus the experimental  relat ion becomes

F  =  k  m  a  .  .  .  .  .  ,  .  .  ,  .  .  .  .  .  .  .  .  .  .  ,  .  .  ( 3 )

[here F is the regultsnt force act inS on a part ic le of t lass o, and e
i s  t h e  r e s u l t i n g  e c c e l e r a t i o n  o f  t h e  p e r t i c l e ,

The second conclusion fro| l  the ideal experioents is that
the accelerat ion is alr .ays in the direct ion of the appl ied fotce.
Thus Eq.3 is a vector equat ion vrhich expreases equal i ty of the di lec-
t ioo es l 'e l l  as the masnitud€.

I t  is custonary to take
DutB the telat ion in the usual forrn of

j e c t e d

k equal to uoity in Eq.3 rhich
N€gtonrs second lal ,

.  . .  . . ,  .  (4 )

5. xot ioo of e Part ic le.  Conside! a
to ttrE-l?ii6i-iT-TlEi6iiirlrent forces

vector surn is tF. Equat ion(4) becomee

par t i c l e  o f  naas  o  sub -
F ! ,  F2 '  F r ,

! , rhich is a vector equat ion lJ i th the conponents

t Fx  =  nex

tFy  =  may

tEz  =  f raz

shere tF - '4tF*)- +-(tFr-z-+l-ktt 'na ^ = R-f,-^iG-i?. xqu^-
t i o n ( 5 )  i s  s a i d  t o  b e  t h e  e q u a t i o n  o f  l t o t i o n  f o r  t h e  p a r t i c l e , - e n d
Eq. (6) ale lhe three equivalent sceler equet ions of not ion. ln
applyi f lg Eq.(6) the teference axes ney be or iented in any convenient
Eanoer.  Thus, i f  the x-axis is choseo to coincide with th€ direct ion
of the re8ultant accelerat ion a, Eq,(6) becodes tFx -  na, XFy = O,
trz = O. The part ic le nay then be seid to be in equi l ibr iun in eo far
as motion in the y- and z- direct ions is concerned. The equat ion of

( 5 )
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not ion may also be er i t ten ss a di f feleot ial  equat ion, Thus for
not ioo in the x-direct ior,  fo!  exanple, the f i rst  of  Eqs.(6) beconee

tF:( = E d2x .  .  .  .  .  .  .  .  .  .  .  .  .  ,  .  ,  ,  .  .  ,  .  .  (7)
dtz

This forn of the motion equat ioo nay be used to descr ibe
probleI ls rhere XFx is a funct ion of t i .ne and displacenen!.  Teo
successive integtat ions of the di f ferent iel  equat ion produce the rela-
l ion betreen x and t ,  ln palt icular when tFx is a funct ion of both x
end t ,  solut iolr  of  the equat ion o! motion as a di f feredt iel  equat ion
is indicated.

A particle |[ay nove on a free path itr 6pace sithout
constaaintn, or i t  nay be constrained to Dove on a pleoe ot along a
l ide. I f  f ree to nove io space, such as the cenler of dess of a
rocket in free f l ight,  the parEicle is said to have rrThree degrees of
freedotr" which oeens that three independen! coordinates are n€eded to
specify the posit ion of the pert ic le et sny instant.  A11 three of the
scelar equat ions of motio$, Eqs.(6),  vrould have to be eppl ied end
integrated to obtaio the space coordinetes io terns of the t i r@. I f  e
part ic le is constrained to nove in tvro dinensions, such ag a merble
sl iding on the curved surface of a bolr l ,  only trao coordinates are
needed to specify i ta posit ion, and in this case i t  is 6eid io heve
'rTeo degrees of f reedour ' .  I f  a part ic le in conetrained to nove eloog
a f i ied Linear path, such as a bead st iding along a f ixed wire, i ts
posit ion nay be specif ied by the coordinate Deasured along the wire.
nrus the parcicle eould have ooly rrone degree of f reedonl.

Equst ion(5) gives the inatent€neous value of the accelere-
t ion correeponding to the fo!ces shich ecl  at  the nonent considered.
I f  the forces ere ver iabl€, the acceleret ion ei11 elso be vel iab1e,
and the chenge8 in veloci ty and displacement of the part ic le duridg en
interval of  i ts not ion Eay be conputed by integref ing the ver ieble
eccelerat ion in the sppropriate kinenst icsl  relat ion3 e -  dv/dt or

I. PIRIICI,a l{YIIOf,

6. lect i l ineer xot io! .  For rect i l inea!
x-direct ion the equat ion of .oot iod for a pert ic le

tFra = roax

not ion inr eay, the
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is  used to deternine lhe accelerat ion i rhich results fron the ect ion of
prescr ibed forces o! to f ind the forces ohich accoopaoy en accelera-
t ion due !o a prescl ibed or constrained oot io$. I f  the forces are
conatsnt,  the accelerat ion is constant,  er}d vice v€rsa. I f  the
veloci ty and displacenef l t  er€ desired, rhe kinenaEical relat ions ney
be uaed, or else the equarion of not ion wri t ten as a di f fetent ial
equalroo

rFx  =  n  d ' I
d r '

nsy be integlated €uccessively to f ind the veloci ty and the displsce-
ment.  l f  the forces are var iable, i t  o i11 be necessery ei ther to
i t r tegrate Eq,(7) direct ly or else ro solve Eq,(6) for the accelerat ion
as a ver iable and then to integrare i t  in one of rhe kine[at icel  equa-
t ions a = dv/dt or vdv = q dx i rhich€ver one ie appropriete. I te teo
approaches act.ual ly amount to the same process.

If tl,o or ldore parlicle€ or bodies are connected atrd nsve
the sane accelerat ion, they Bay be consideled together €s a single
3y€ten l ,hich el inioates considerat ion of Lhe internsl  forces in Ene
connecl ionE betreen them. On Ehe other haod, i f  these lrane forcea are
to be fouod, the bodies must be considered separately in ordet to
disclose these forces as external loads,

SXIPLB PIODIJIIS

1. A 16l lb.  man stanos on
During the f i rst  3 sec,,  sta! ing fron
Find the veloci ty of the elevetor at
teneion T in the support ing cable
accelerat ion period, The total  weight
l 6 t 0  1 b .

a spr ing scale io en elevator.
reat,  the scale reads 18.[  lb.
the edd of the 3 sec. and the
for the elevator dur ing the
of elevstor,  nan, snd scale is
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t v=a t l  v  =  4x3  =  t 2  f t l sec .

l rx=rnal  r  -  1610 =f f i .  + ;  r= 1810 lb .

Solut ion. The cable tension and Ehe veloci tv acouired l ' i l l
a.p."a 

" i ' - l f r i - iL. lerat 
ior l rhich is constant eince the-forcee are con-

stant dur ing 3 sec. interval .  The accelerat ion is obtained by con-
sider ing the tuo forces act ing on th€ nan during the f i rst  3 sec. The
free-body diagrarn of the roan is first drewrl as indicated. I{ext the
equat ioo of motion is appl ied i rhich is:

l 6 l
I  Fx = ma ]  I8r -  I6t  = j I : ,  axi  ax = 4 f t lsec, '  up

The veloci ly leached at the er ld of the 3 sec. is:

Ana.

The tension i$ the cable is obtained fron the free-body
diagrarn of the elevator and i ts cof l tents considered togethe!.  l tus:

Ans.

2. Find the vert icsl  distence S through vhich the 650
weight hes moved during 4 sec. fol lowing i ts releaee from rest
determine the tensioo T in Ehe cable. The fr ict ion end weigh! of
p u l l e y s  a r e  o e g l i g i b l e .

1b .
and
the

181 lb_
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500
32 .2  -  - - '

sec, the 650 lb. {ei8ht soves:
I

- 2

T T

tlq
+
,T
I

A
LI-JI

Eqlqtion. The distaoce noved in the Siven tine $ill depend on
the acceTEEii6i, shich is deEernined fron thle force analysis ;f each
of the eeights. The direct ion of novement of the 500 lb,  block is not
given ro nust be ei ther aaaumed or deternioed. I t  m6y be determined
by considering the sysEem eithout fr icf i .on, and in this event an eddi-
t iorel  fotce of 500 sin 60" -  (65012, = 108 lb.  would be thus reouired
on the block in lhe direct ion up Ehe plene to hold i t  in equi l ibr iun.
This foree is greeter than the fr ict ion force of 0.2 N - 0,2 x 5OO :r
0,5 = 50 lb. ,  so i f  the supposed -tO8 lb.  force i6 reteased, fr ict ion
sould be insufficieo! to prevenE llove|lent dosir the plene. Thus the
dir€ct ioo of the fr icEiot force is estebl ished, end the cotrect f ree-
body diagrens are draw[ ' r i th the direct ions of the €ccelerat ions
indicsted. I t  should be cleer that the ecceleral ion of the 5OO lb.
eeight is teice lhat of  th€ 550 !b. reight. .  Also t ' iEh negl igible nsss
of the sDal l  pul leys and no apprecieble fr ict ion in their  bearinSs
there is a regl iSibte unbelence of forces and monents required for
their  sccelerat ions. l terce the smal1 pul leys ney be treated es thougn
they wete in equit ibr ium.

ltrx = nax]

Thus in 4

1s = ]  a t 'z1

lv- 250 tb.

- 50 lb,

the equat ion of Eot ioo for the 500 lb.  block is:

[ tFx = max] 500  s i n  60 ' -  50  -  T

aod thar for the 650 lb. reiShr is:

zr - oso -ffia
Solut ion of Eheee tno equat ions gives a -  l .4I  f r /6€c . ,  aoq

T = 339 Ib. Ans.

x  1 .41  x  42  =  11 .28  f t .  up
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PROBI,ET'S

l.  Determrne
neighE for each of the
of the pul leys sre oegl

the vert ical  acc€lerat ion a of the 200 lb.
too caees i l lustrated. The-mass and fr ict iorr

i e i b l e .  A n s .  ( a )  a  =  l 6 . l  f t l s e c 2 ,
( b )  a  =  6 . 4 4  f r l s e c ' .

2,  The resultant hor izontal  force on a smal l  object of  weight
l  nhich ooves in a straight l ine on a horizont€l  plane is l0 lb.  The
displacenent of the object is given by S = 4 + 2t + 10t ' ,  i rhere S is
in feet and t  is in 6econds. Deternine W. 4gg. f l  = 16.1. lb.

3, The reight is at tached to ao arn of negl igible mass
pivoted to the vert ical  plete at O. l f  the plate is given a constant
€nd steady eccelerat ion a to the r igh-t ,  deternine the angle 0 regi.s-
tered by the pointe!.  !3g. O = tan-r f

F l g . 3 !  a g . 4

200 rb.
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4. The freme is given a stesdy horironle1 accelerat iod a =
29. Detef inine the react ion F betrreen the 10 lb.  sphere end rhe vert i -
cal  surface. 4!9. F = 17,32 Ib.

5. A car lef t  skid nerLs fron al l  four sheels on a level road
for e distence of 40 f t .  b€fore coning !o a 8top. Determine the
veloci ty v of Lhe ca! €hen the brakes were eppl ied. The coeff ic ient
of kinelic fliction between the Eires and the pavement Dey be laken ag
0 . 8  ,

W
rtg. 7

! 1 8 ,  o

6, A 150 lb.  man hoistB hinself  on a bosunrs chair  ss 6ho!rn.
l f ,  f o r  e  6 h o r !  i n i e r v a l ,  h e  e x e r r s  s  p u l l - o f  5 0  l b .  o o  t h e  r o p e ,  f i n d
his scceleret ion. 4! ! .  a = 6.44 f t leec' .  np.

7. Tbe device shom is used a6 an acceleroneter end consists
of the 2 oz. plunger A lrhich def lects the spr ing a rneasureble anount
es the uoit  is given an upuard acceletat ion a, Specify the neceosary
apt iog coostant k which r ' i l l  l in i t  the spr ing cdpres6ion to Ll4 in. ,
oeeaured froo the rest posi t ion, for e steady upward accelerat ion of
4 9 ,  F r  i c t  i o r r  i s  n e g l i g i b l e .

8. The col lar A *eighs 20 lb.  and sl ides on the f i r<ed verr i -
cel  Bhaft .  The spring i6 uncocpreased nhen the col ler is in the
dotted posit ioo. Delef inine the ini t ia l  accelete! ioo e of the col lsr
$h€n i t  is released from rest in Ehe posit ion i t l l -u6trated. The
coeff icaent of f r ict ion belreen the col lar aod the shsft  is 0.2. and
th€ st i f foess of the spr ing ig t5 lb. / in.  Ans. a -  99.2 f t leec2.
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I
F l g .  I 0

9. lhe 32.2 lb.  s l id ing block A noves in the smooth vert ical
guide under the act ion of force P appl ied !o the cable as shorrn. The
sepalaee cables ere \round around the l ight pul leys, l rhich are fastened
togelber and which are perfect ly free to turn sbout rheir  cof lnon sheft
nounted io the block, The dianerer of the lsrger pul1ey is toice thst
of the snal ler ooe. Deternine rhe accelerat ion a of the block for (a)
P  -  3 5  l b ,  a n d  ( b )  P  =  3 0  l b .  ( H i n t  :  r h e  i - n E e g r a l  p u t l e y  m s y  b e
treated as a body in equi l ibr ium since i ts nass is oegl igible).

A d s .  G )  a  =  2 . 8  f t l s e c ' .  u p ,  ( b ,  a =  2 , 2  f E l s e c z .  d o e n .

I0. A plat{o!o Eogeth€r ldi th rhe loed ir  carr ies t ,eighe
600 lb.  and is raised by oinding the support ing cable around the drun
A, uhich is dl iver l  by the notor and ge€r uoit  B. t f  rhis unit  suppl iee
a  s t a ! t i n g  t o r q u e  o f  2 5 0  l b . f t .  t o  t h e  d r u r ,  f i n d  r h e  i n i t i a l
accelelat ion a of the platforo. The eeight of  the drun is smel l  end
m a y  b e  n e S l e c t e d .

I l .  Deterrr ine the eccelerat ion a of the 80 lb.  neight fo!  the
syatem ahom. The nass of the pul leys end fr ict ion are negl. ig ible,
end the conceotr ic pul  Leys are free to turn independent ly of esch
other about their  cotr trnon axle. Ans. a = 3.58 f t leecz.

F lB .  9 F te .  1 I

F t g .  1 3

I l g ,  1 2



12. Snal l  objects leave lhe assenbly l ine et the tate of one
every second fron a conveyor belt  ! raveLI ing at the l inear speed of
2 fL. /sec. The objects enter the chute with this ini t ie l  veloci ty and
sl ide to the f loor belolr  shere a second conveyor belt  takes then lo
t h e  s h i p p i n g  d e p a r t m e n t .  T h e  c o e f f i c i e n t  o f  f r i c t i o n  f o r  t h e  p a r t s  o n
rhe steel chute is found to be l /3,  t that l rould be the requi(ed
veloci ty v,  of  the louer conveyor in order thet there be no sl ipping
of the parts r 'hen they are deposited horizontal ly o$ the belt?

A n s .  v  =  1 1 . 5 2  f t . / s e c .

1 3 .  r f  t h e  c o e f f i c i e n t  o f  f r i c t i o n  b e t w e e o  E h e  5 0  I b .  w e i g h t
and the 300 lb.  i reighr is 0.5, determine rhe ecceleret ion of each
i 'eight for (a) P = I2 lb. ,  and (b) P = l5 lb.  The 300 lb.  I ,eight is
f r e e  t o  r o l 1 ,  a n d  t h e  r e i g h t  s n d  f r i c t i o n  f o r  t h e  p u l l e y  a t e  n e g l i g i -
b l e .

7. q',r!!li!eC! ; n-t conpooenls. wheo a Psrt  ic le moves
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curved path, i ts conponents of accelerat ion both normal andalong a
EAnSenl
no t ion

t F = n a = n ( a n - + + a t )

v h e r e  a  i s  t h e  r e € u l t a n t  v e c t o r  e c c e l e r a l i o n  o f  t h e  p a r l i . l e  a n d  a n
and ar are i ts components nornal and tangeot to the curve, reapec-
t ivelv_. These comDonenta of accelerat ion were stqdied in Kinematics
and i ;  ! 'as f  ornd thai  %= u/A = rnr '2 = vw, and ar = 

+E 
= dl"owl /dt  =

4cl  + w d.a/dt,  uhere the ineaning of each symbol is ddII  knonn.

The vector equat ion of not ion nay be sr i t ten in term8 of
i ts n- and t-  components. Thus:

to the path nust be accounted for ehen el i t ing the equat ion of
o f  t h e  p a r t i c t e .  T h e  b a s i c  v e c t o r  e q u a t i o n  o f  m o t i o n ,  E q . ( 5 )

2,!n = man = m5,

A t - l
tDi = -. = h:,i-:. j-' ' '_r - dr

( 8 )

T h e  s i g n i f i c a n c e  o f  t h e s e  r e l a t i o n s  i s  i l l u s t r a t e d  i n  t h e
Fig. l  ' rhich shor{s a palt ic le of oass n rnoving along any plane curve
., i th iocreasing speed lv l  in the direct ion shown. The sumna!ion of
the n-cotnponen!s of sI l  forces act ina on the part ic le is XFn. This
sum is aluays direcied tosard the center of curvature o sioce i t  nust
have the same direct ion as an l{hich is al i rays tooard the center of
curvature. The sunmation of the t-compooents of al I  force€ acl iog on
t h e  p a r E i c l e  i s  X F v .  T h i s  s u m  a g r e e s  i n  d i r e c t i o n  { i t h  t h e  t a n g e n t i a l
a c c e l e r a t i o n  a .  w h i c h  i s  t h e  d i r e c t i o n  o f  t h e  v e l o c i t y  i f  t h e  s p e e d  i s
i n c r e a e i n g .  I f  t h e  s p e e d  i s  d e c r e a s i n g ,  a t  a n d  h e n c e  t F t  v i l l  b e  i n
t h e  d i r e c t i o n  o p p o s i l e  t o  t h e  v e l o c i t y .
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Lhen the eotio! ie citcular, the radius oa curvetute is
cotrsteot, end the tangetrtial acceleralion i€ nerely .t r q . Thig
relation elso holds for poiats on e curved psth for shich the tedius
of curvsture ig a oaximuo or a nininuu Sived by d /dt - o.

saItHx Ptott&|s

l. Conicel Penduluo:
light arD or r.ire of tength I
circle fith e cotrstent snguler
circuler dotion by f indiog h,
suPPorting treEber t

A sDatt seiSht t{ is .uspended by e
aod osde to revolve io. horirontl l
velocity e. Locsre tbe pkne of the
eod calculate the tension ? in the

Solutloq. For conotant speed of lofation the conical
penduluo rr i l l  a6sune a posit ion for lrhich o, h, and f r i l l  have f ired
veluea. The free-body diegren of the psrt icle io this posit ioo
disclo3es only tro reel fotces scting on it ,  i ts i 'eith! t f  and $e
tersion T. The firot of fq.(8) end the equilibtiutr tequiteoen! for
the iert ical direction givet

[try - o]

Subst i tut ion of

T

Division of the
tion of h - lcos e t ive:

[ tFo -  Dan ]  Ts ln0  - l{
8

Tco80  -  ! f

p - .q, sin 0 ioto the f iret equation t ives:
9 , .-ELn '  . . . . . . . . . . . . . . , . . , . , ,  Ans .

f irst equation by the second and subatitu-

Ans,h =s



Th is
of rotat ion to
pend\r luns ohich
t.
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la€t result  aho$s that
the poin! of  support

rotaEe at the sane rete

the distance h fron the plane
is the sane for a1t conical

,  i r respect ive of thei !  length

rtdi'

Xr-\y
I
w

The lern rrceotr i fugal Forc€" is often used (rnieused) in
connect ion niEh this and sirqi lar problens of rotat ing bodies.
Exaninat ion of the free-body diagran of the part ic le discLoses the teo
folces T and W only,  Neither of these forces is centr i fugal,  ! , rhich
means "away from the centerrr .  The sord lcentr ipetalr '  neans rr torsrd

lhe ceoterrr ,  and therefore the component 1 sin g is properly knolrn 6s
a cedtr ipetal  force. There is no actual centr i fugal force act ing on
t h e  D a r t i c l e .

2. A shal l  object 6l ides on a smooth
vert ical  curve aod has an ini t ie l
veloci ty vo at a point A e€ shown.
Delelrnine the veloci iy v.  of  the
object af ter i t  has descended a
vert icsl  distance h, and I , I i le the
expression for the norr[el  force act-
iog on the pqrt ic le at any posit ion.

Solut ion. The free-body diagram of the part ic le shoes the
l teight W and the norrnal force l { .  The equat ion of motion in the tangen-
t i a l  d i r e c ! i o n  g i v e s :

lXl. = na.J w stn a t ,  a t  =  g  s l n  e .

th€ path is givel  by:

g .ds  s lo  e  -  g .dh .

^ l J
g

The veloc i  cy change along

[ V . d v  =  a t . d s ]  v . d v  =

Iotegrat ion betveen Ehe appropriate t imits gives:

V2 = V2o + 2gh ,  .  .  .  ,  .  .  ,  .  .  .  .  .  ,  ,  .  .  .  .  Ans
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Thls equat ion shors thsE for a
veloci ty does not depeod on the shape of
vert ical  change in poEit  ion.

The normal force is given by:

path si thout fr ict ion
the path but only on

the
the

[XFn = hafl ]

The value of N nay be obtained in any pert iculet probleD
ohere the radius of curvature,/p is known or can be conputed. l l  f r ic-
t ion is pres.ent,  the problen i6 conpl iceted coosiderably.

3. A gnall sphere of seight T is aEtached to one eod of a
light rod freely pivoted about the other end as shown. If the rod end
sphere are releesed from re6t in the vert ical  posi t ioE, f i$d the engle
O for rhich the force in the rod is zero, end determine the force in
the rud l ,hen O reaches 90 degrees.

Solutig!: The free-body diegran of the sphere is 3horm
for the generel  posi t ion 9. ln addit ioo to the *eight W thete is the
force ll shich ia exerted by the bar oo the sphere. lltis force is
aloog th€ ber 6ince the bar, if light, Day be coosidered a teo-fotce
nember, The tequired answers [ray be deternided r.heo the eraptessioo
for N as e funct ion of € is obtained. this erpression ci l t  depend
upotr the equat ions of not ion, shich are:

l i c o s 0 - N t t=w (cos  e -12)  Ans .

[X In  -  r nan ]  I ' l coso -N= ; N = W ( c o s 9 -

[XF t  -  Da t l  ws lne= = g s i n O .

1,rv2

i-)
cl'',

t { v2
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The veloc ity v
accelerst ion aad i ta change

depende on the tangeotiel

sin e r.dei v2 = 2gr ( l-cos g).

io the f irst equation of

tengion

of the sphere
sith g, Thus:

' no
J" ''o" - 

to
this velue for

l v .dv  -  e t .  ds )

subs t i t uE  ion  o f
motion giveE:

N = ( 3 C o 3 O - 2 ) w

Ilre force in the rod iB clee. ly zero then:

e -  
" ' ; r  t ;  o = 48o 1r '

when e = 90 deg,,  cos e -  0,  and N - -2[

Hence lhe force in the rod at this po3ition
equal to twice the {eight of  the sphere.

F lg .  3

Ans ,

An3.

i aa

Protltta

l .  A snall  4 lb. weight ie ewung in a vert ical circle of
3 ft ,  redius rr i th slowly increading speed on the elrd of e l lght steel
eire of .100 lb. breaking strength, Detefir ine the velocity v. of the
neight rhen the l ire bleaks. 4!9. v - 48.2 ft / .ec,

2. The simple pendulun seighs 4 lb. and is given an init iel
seing so thal i ts velocity is l0 ft lsec. wheo e - 30 de8. Fiod the
lensioo T itr the support ing t ' i ie et thi3 idstatrt,  Aqs. T = 9.67 lb.

F l g .  2



3. A snal l  car starts from rest at  A aod rol ls f reely dosn the
rrack and around the vert icsl  loop. Determine the ninioun heighr h so
that the ca! does not leave the rai ls shen upside dovm.

A n s .  h  =  3 7 . 5  f r .

anSle of bank
hor izonlal  turn

4. Detennioe the proper
ing at 300 ni . /hr.  and msking a

4!g .s=48 .7des ,

6 for ao airplaoe f ly-
o f  I  n i  r a d i u s .

Flg. 6F lg .4
F i g . 5

5. A locket {hich noves on e vert ical  curved paEh is being
propel led by e thrust T of 2000 lb,  end is subjecred ro en armo.pheric
reaistance R of 600 lb.  l f  the rocker has a velociry of f0,000 f t l
sec. and i f  the accelerat ion of gravi ty is 2o^ft /sec' .  ar the el t i tude
of the rocket,  f ind the radiuE of curvature /  of  i t6 Dath uhen in the
posit ion shoen. Ans. t l  -  107 t t ,

6.  The design of a space ship to operate beyond the eerthts
€ffect ive grevi tat ional f ie ld i .s under consideret ion, I f  i t  hss the
forn of .  cyl indr ical  shel l  of  l0 fr .  radius, detef iDine the eogular
veloci ty s of the 6hel l  about i ts ceotral  axis O ehich 6hould be
naintained in order to sinulate the effect of  rhe esrth,s grevi ty for
a passenger.  Assune rhe center of gravi ty of the passenaer is 3 f t ,
f ron hie feet i r t  the r tsnding posit ion shoon. Teke g ro be 32.2 f t /

7,  At the botton of a vett ical  loop the test pi lot  of  an
experioedtel  airplane oot ices thet his ecceleroneter indicates an
ebsolute l ineer eccelerat ion of th€ airpl .an€ of 5g, oornaL to i ts path
a o d  t h a t  h i B  s p e e d  i s  6 0 0 ^ r t r i , / h r .  I f  r h e  p i l o r  r e i g h s  1 6 t  l b . ,  f i n d
the redius of curvature y 'v of rhe bolton of lhe loop and the force N
e x e t t e d  b y  t h e  n a n  o n  t h e  s e a t .  A n s . , y ' ,  =  4 8 1 0  f t . ;  N  =  9 5 6  l b .



8. The posit ion of the snal l  I  lb.  block in Ehe sEoolh radial
slot  of  the fLyeheel depends oo the speed of rotat ion and is used as
an act ivat ing device for the speed-control  mechanisn. l f  the exis of
the f lynheel is vert ical  and the block moves fron a radius r  of  5 in.
to one of 7 io.  whi le the speed chang€s slor ly fron 300 to 400 rev./
n i n . ,  f i n d  t h e  c o n s t a n E  k  o f  t h e  s p r i n g .  4 g g .  k  =  1 6 . 4 5  l b . / i n ,
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F19 .8 F t g . 9

9, Conpute the angular veloci ty N of the assenbly ebout the
vert ical  sxis so Ehat the force o! conlact R betseen each l5 lb.
sphere and the cooical  surface is reduced to 4 lb.

IT. RICI,D-BODT X}TIOI{

8. Traoslat ion. The translet i ,on uas def ined es env not ion i r l
u l ich every 

-Ti iE-" i i - - fEe 
body renains parsl  le l  to i te or i i inal  poei-

t ion. This requirement mean6 thlrE there can be no angulai  veloci ty oi
aogula! accelerat ioo of a translet ing body, and therefore each point
ia the body has the same accelerst ion. I f  a point in such a body
noves in a slraight l ine, the body noves ! , i th frect i l inear transla-
t ioa".  I f  the poidt noves a1.on8 e curve, the body is said to have
"curvi l inear trenslat ion".  The pr inciples of k inet ics l 'h ich apply to
these tro motions are ident ical .

Figure 2a shorn the free-body diaSram of a body which hss
t lanslat ion in the p1a[e of the f igure under the act ion of externel
f o r c e s  F l ,  F 2 ,  F r ,  . . . . , . .  T h e  m a s 3  c e n t e r  c ,  a n d  h e n c e  a l l  p o i n t g  i n
the body, has a total  or absolute accelerat ion e. Fron the pr inciple
of motion of the tuass center of any systen of part ic les, i t  is knoen
idledistely that the resultaot of  al l  external forces is R = trE, so
that tro of the equat ions of motion ere tFx = nax aod lFy = Eev Hhere
the ).-  and y- axes are chosen arbi l rar i ly



(.) (.1)

I  Lg,z

The l ine of act ion of R is deternined by considering the
nonent requirenent of lhe forces. Ihe resulEalrt of ell forces which
act on a representat ive part ic le of oass ol  of  the body, Fig.2a, ig
nldl r t0te. The noneot of this force ebout C is o{ s dl snd the suD
of the ooEents abouE C of al l  forces acl ing on al l  part ic les is:

r f i=  xm,  E d1 =Atmtd l

By the priociple of donentB nidi = dD where d, the di8-
tance lo the mass center, is zeio. Thua N = 0. In the derivation
the Do[eot sun ilcludes the noEentd of ioternal eod-eiteroel forcea.
8ut siDce the intetoal forces aleeys occur in pair6 of equal and
opposite forces, their net nonent is necesssrily zero about aoy poiot,
and U therefore replesents Derely the sun of the [oneDts of al l
e:(ternal forces on the body, From the principle of Eornenla i t  fol lorr6
thet the nonent of the resnltant R is elso ze!o, shich oeans thst the
reaultan! R - Ea muat pesB through the ness c€nter for e transletint
t igid body as shosn in Fig.2b.

The locetioo of the reBultent force through the oeas
center is th€ €sse[t ial charqcterist ic of the forces otr a translatidS
body, It nay noe b€ observed fron Fig,2b lhs! the Butr of the donentg
of al l  external folces is zero about dny point such aa O on the l ine
of action of the reEultant R = na-. The rnonerit sun sbout sone poi.ot
not on thie l ine, such as A, is derely ned, This suo is clockrise in

i ""e-
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t h e  i l l u s t r a t i o n  b u t  w o u l d  b e  c o u n t e r c l o c k w i s e  i f  A  l , e r e  c h o s e n  o n  t h e
o p p o s i t €  s i d e  o f  R ,  T h u s  t b e  t h i e e  e q u a t i o n s  o f  m o t i o n  f o r  a  t r a n s l a -
t i n g  r i g i d  b o d y  m a y  b e  w r i t c e n  a € :

n a 1
( 9 )

tM = o or tMo = o or XMA = mid,

I !  is advisable to represent the resultant R = me eirher
on the free-body diagram or on a sepalate sketch of rhe body isolated
a s  i n  F i g .  2 b .  C o n s i s t e n t  u s e  o f  a  d o r t e d  l i n e  f o r  l h e  r e s u l t a n t
v e c t o r  w i l l  a l w a y s  a v o i d  c o n f u s i n g  i t  o i t h  o n e  o f  t h e  a c t u a l  a p p l i e d
loads which are represented by ful l  L ines. t lhen rhe resulrana rs so
drar,m, the three equaEions of mot. ion becorne obvious from the diagraD.
I t  is seea Ehat the monent pr inciple nay be appl ied about any point
which is convenient,  and any desired or ientat ior of  axes nay be used.

W h e n  t h e  t r a n s l a t i o n  i s  c u r v i f i n e a r .  t h e  m a s s  c e n t e !  w i l l
nove on a curve with a total  a€celerat ion a which for convenience rs
usual ly represented in terns of iCs components in rbe o- and t-  drrec-
t i o n s ,  F i g , 2 c .  T h u s  t h e  m o t i o n  e q u a t i o n s  n a y  b e  ! r ! i t t e n  a s :

tF r . ;
t

o

( 10 )

rfr
tn term6 of the veloci ty v.  of  rhe rnass center and the

radius of curvature ,n oE i te path, the accelerar ion cornponenrs are
e t  =  w ' z / "  a d  i ,  =  d l v l .

oc
The resultant force diagram, sho$o in Fig.2d, may be

represented by the n- and t-  conponents of the resultant.  lE Ehen
becooes clear lhat a nonent suln about sone convenient poinE such as A
t ould be tM^ = ma-d, -  ne-d, vrhere the clockwise seBse is chosen
a r b i t r a r i l y  i "  p o " i c i u " .  

' i r r ' e  
s i g n s  i n  t h e  n o n e n t  e q u a t i o n  i ' i l l  d i f f e r

depending on the choice of nonent center.  the studenr should recognize
that the nornent equaEion is nothing nore than an appl icat ion of
Varignon's pr iociple which neans that the sum of rhe monents of the
external forces sholrn on the free-body diagran equsls the nonent of
the sum or resultant shown on the resuttant- force diagram.

Wher a translat ing r igid body is conposed of t ro or toote
dist inct geotnetr ical  parts,  i t  is ofren convenienr to replace the
r e s u l t a n t  R  =  o t  b y  t h e  r e s u l t a n t s  R r  =  n r r e ,  R "  =  n r r E  ,  . . . . , , , . ,  f o r
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each of.  the Eepalate parts.  Each resultanu equels the ne8s of the
part  t tnea the comon accelerat iou and passes Ehrough the naaa cen[er
o f  i t s  r e s p e c t i v e  p a r t ,

SA}IPLB PTOf,LNG

car shown has a forward accelerat ion on the
. Deteroine the norosl  react ions l l ,  

"end 
N^

a n d  f i n d  E h e  c o e f f i c i e n r  o f  f r i c t i o r  {
rosd i f  the reat wh€els are on the ve;ge of

t .  T h e  3 2 2 0  l b ,
Ievel road of 16. l  f t lsec
under each peir  of  wheels,
between the t i res and the
sl  ipping.

[D{N, = n a dl

The renaining

Itfx - Ee I

lXrY ' 61

I I  T N E

f o r c e  F  i s ' t h e
i s :

.  Solul ion: To free body d iegran of rhe Erenslat ing car is
dreuo a3 indicered. The resultant of  the external forcee 

- is 
ehown

act in€ _through the ceoter of grevi ty c in the diegra[ to the r ight.
I t  ni l l  be assuned that the weight of the l rheels is snel l  conDered
eith the total seight of the cer; otherrrise it uould be o."""".iy to
consid€r the forces requir€d !o produce the angular ecceletst ion of
the sheels.  fhe thi ld of the al ternele [onent relat ions of Bqe.(9)
sill elininste lt2 and F sheo applied ebout the rear sheel conteci .s e
mqlent center.  The direct ioo for posi t ive t l t  iB couniercloctraise
aboot lhis point s ince the resultant l la is direi t€d to the lef t
through G. ' I tus:

3220 l t5 -10N,
rr - r2E8 lb'-

t l .o pr inc iples give:

r  =  100  x  16 .1  -  1610  rb . ,

1288 + N2 - 3220 - 0, l{2 = 1932 Ans.

rear eheel.a are on the verge of slippinS, the ftiction
l init iog velue, end hence rhe coeff ici.e;r of fr ict i ioo

- ]u! = o.e:,, Aos.

"  100  x  16 . l  x  2 ,
Alra,

I
f=



thich for O - 30 deg, is E* = 9.5 g fr leec2.
A  u i l l  y i e ld  T2 ,  o r  one  i bou t  B  r i l l  y i e td
center the reaultatrt force diaSres sholrs that
oise, Thu6 fot the 30 deg. posit ion!

\ r
\ltrl

A I B
l ,  ) c  + l
-'-:8.--r,-

2. The 300 lb. hoDogeneous log is supported by the teo
peral lel l0 ft .  ropes. It  i .s released fron rest in the posit i .on for
rhich e = 30 deg, snd seiogs pest the bottod posil ion. Deternin€ the
tenoions T, end T. in the ropes (a) an inetant efter releese end (b)
ed the bot t_on posit- ion ie resched.

l^2"
rr ---rd----n

tbt

Solutioa: The tedsiona ere disclosed by the free-body dia-
gretni of the log fo! each positiod. Points A end E, and hence C, hdve
i.dent ical  curvi l ineer Eol ion, so that the log Boves ?i th curvi l ineer
Ersnslet ion, alsays pdlel lel  to i ts ot iginal  posi t ion, t ror condit ion
(e) imedietely after release the veloci ty of c is ess€nt iel ly rero,
so that its scceleration haa oo n-coopooent, The tesultatrt force
diegrao on the right ehows nE, ectiog through C iR the direction of
the taogeot is l  codponent of acceleret ion, For condit ion (b) !n€
fotces are vertical, and the resulced! hds an n-ccoponent only as
ahoraE otr tbe resultent force diegreE for thig cese.

The tengent iel  ecceleret ion is obtained from the f i !st  f ree-
body disgraro, Thus:

[ t l t  -  na t ]  ws l l re - ! A.e  -s61ne .
t E

A uonert equetion about
T., t{ i th A es s Dooent
t8e moreot sun is clock-

[ tMA =  Detd ]  3OO x  3  -  7  T ,  coe  30o -#  *  O. t  *  *  t . t ,

T, = 111 Ib. Ans,

30lb.
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The Eension Tl nay be found by a sini la!  equat ion about I  or
by a force sudnat ion in the n-direct ion. The latret sEep gives:

l l r n  =  0 l  T r  *  l l l  =  3 0 0  c o s  3 0 "  T r  =  . t 4 9  l b .  A n 3 .

The forees act ing at condit ion (b) depend upon the oornal
accelerat ion which, in turn, depends upon the veloci ty.  The veloci ty
is obtained by integrat ing the tangent ial  accelerat i -on. Thus
l v , d v  -  a r d s l  n Y  v . a v  =  1 9 ^ .  e  s l n  e  ( - I O  d e ) :  v 2  -  2 . 6 8  e  d ! - )  2 .

a"a e^ - i/p 2"z.ea elt6t9-olzts e ri./s"..i. a 'o'"ni !"i"t6""t s
ls cl;cknlse as seen from the resultant force dlagtaro. Hence,

tXMu = merrdl

The tenEion T

7Tr -300x4 -

is obtained fron:

I  x  4 ,  T t

2t7 ] b .

[tFn - oen] 277 + Tr - 300 = 300x  0 .268  L  T2  .  163  l b .
ADs.

A none$t equat ion about A $i l l  y ield the 6ame result .  I t
should be ooted that a nonent sun given by Xi '  = O could have been
appl ied for ei ther posi t ior l  but $ould have necessitated a einultaneoue
solut ion si th th€ force equst ion since each relat ion l ,ould involve
bolh unknoun lensiong. Other choices of noneot ceoters oay be noted.
For instance, in ca8e (a) a zero donent suunal ion rould result  ebout
the point of  intersect ion of T1 and lhe resuLtant mei or about the
interseccion of T" and m5..  ei t t ier of  these two points- l 'o ' r ld represent
a good choice of ionenE cCnter and eould permit  the di lect calculet i .on
of a ten6ion ' r i thout involving the accelerat ioo,

3. Invest igate the relat ions betreen the angle to shich e
curved roqd is banked snd the te$dency for e car rouddinS the curve !o
t i D  o v e r  o r  s l i d e .

Solut ior:  The lear vie0 of a cer tounding an inwerdly bsnked
cu. ' re of-Gi i- i id ius l .  at  a constant speed v is shoen. The veloci ty
of the-car is normal to the pkne of the f igure, but the eccelerat ion,
an = uZ, Ls tolrard the center of the curve and is in the plane of the
peper.r  l f  

"  
is large conpared ni . th the dinensioos of the cer,  each

point in the car nay be essuned to heve the sane acceleret ion. Thus
the car nay be enalyzed by the pr inciples of t ranslst ioo appl ied in
the plane of the f igure even though the actusl  not ion is noro61 to
this plane. The forces act iog oo the car nay be represenled by the
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reight l {  end the force P ehich is the r€sultent of  the dornel forc€s
l l r  etrd N 2 aod the lateral  f r ict ion forces Fl  end tr2 .  Each of these
wheel force8 is,  of  courde, the Bun of the front end rear-theel
forces, The force P nu6t pass thtouth C 6ince the regult .at  of  P end
W is R - o-a* ehich passes throuBh G. The equst ions of Dot ioo are!

ttFn - ln-anl ? sh (e + o) -

[ t Fy  =  O ]  P  co6  (e+c )  - It

t 8 n O + t e n d- 8" r:-T6-6-?6-a
Tte 6ngle of benk yhich produce6 no tendetrcy to tip or alip

for . p.rt iculer speed v is thet engle fo-r2 shich ther€ is oo aide
frict ion. Thus ct = 0, Nl - l l2, and tan O - #.

T v 2
En'

Dividing give€: tan (0 + q) - j- or v2

that e roed can be properly benked for on€
nhich the car overturns occurs hen the
ihe outride wheela. In this event ten q r

L
tan0+( : - - - - )-zn'
T=G-frit-TA-E

This r€lst iotr  assuoes suff ic ient f r ict ion to sl loe P to sct at
the outer ?heels aod ia v.1id Drovided the coefficiedt of friction f
| .a t tet ter tnen '=.- 2 h

This relat ion shong
speed only.  fhe speed et

feact ion P ecls ent i rely et

t '  end thus :
/h

v2

f 'he car r i l l  st ide before i t  r i l l  ! ip,,on the
the coeff icient of fr icr ion 4 ie legs rheo (D/2h ).
end the speed et which sl idinl begin. i€ 8iven by!

v, = 8r !gg_g4__

other haod, i f
T h o s t e n o s l ,



P&Otl,Elrs

l .  The device shown consist6 of a vert ical  f rane A to shich
are pivoted a Seered sector at O and a balanced gear and atteched
pointer at C. Determine the relsr ion betreen the ste6dy ho! izontal
acceleret ion e, expressed as e fract ion of g,  and the aogle O regiE-
tered by the pointer.  Fr iccion may be neglected.

4!9' f, = t." o.zla e

Ete, Z

r 1 e .  l

2.  one type of iostrument for oeasuriog acceletet ion3 iB
knolJn as e classi fy iog acceleroneter and indicates rhether en
accelerat ion is greater or le6s t .hen some prescr ibed velue. the
device shosn may be used as such an instrument.  lJhen the eccelerat ion
to the lef t  exceeds a c€rtein cr iEical  velue, the uniforn bar of
eeight W rotates sl ight ly sgainst the spr ing and opens the electr ical
contects.  I f  the bar l l reighs 8 oz. end rhe epring has a st i f f r leso of
20 lb. / in. ,  hon nany turns of the edjust ing scree f lom the posit ion
of ini t ia l .  contact of  the spr ing r i th the bar are required to prelret
the device for an accelerat ion of l29? The scree has 40 Bingle
threads per inch A n s ,  8  t u r n s .

3. At l rhat speed can e cer tound a tuln of 100 f t .  radiu6 on
a ! la!  unbanked road lr i thout sl ipping i f  the coeff ic ier l t  of  f r ict ion
betseen the t i res end the road is 0.8 and i f  the center of gravi ty of
the car is suff ic ient ly loe to prevent overturning?

A n B .  v  "  3 4 . 6  m i / h r .
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4. The cenLer of glavi ty of a certain cer is 2 f t .  f ron the
roqd, and the Elead (transveree distance betneen irheels) is 6 f t .
A160 the coeff ic ient oi  f r ict ion between the t i res and tbe roed is
0.80, t lhat is th€ maximum speed v ei th ehich rhe ca! can enter a turn
of 100 f t .  radius banked in\rsrd st  an angle of 15 deg. ei thout l ippiog
or sl id ing? which uould occur f i rst? 499. r  = 45.1 o /hr,  s l id inS.

5, The uniforn bsr Ag lreighs 100 lb.  and is pioned et A end
fastened by a ceble at B to the freme F. l f  the fraoe is given en
eccelerat ion a = 0.59, determite the tension T in the ceble 6nd th€
total  force exerled by the pio at A on the ba!.

A n s .  T = 3 5 , 4  l b . . A = 7 9 . 1  l b .

F i s . 5

6. l fha! are the mininum speed v. and corresponding angle o in
order that lhe notolcyc1e nay r ide oo the vert icel  t 'a l l  of  the
cyl iodr ical  t rack? The coeff ic ieot of  f r ict ion betveen the Eites end
the r 'a l l  is 0.70. Ans. v -  25.3 l t r i l tu, ,  e = 55 deg.

T
6

t .

F l g . 7

1 .
drstence S
c o e f f i c  i e n t
the I 'eaght

Find the maxinum veloci ly v l rhich the bus cao reach in a
fron rest without sl ipping i ts rear dr iv ing l rheels i f  the
of fr ict io$ betseen the t i res and the road is f .  Neglect

of the \rhee ls .



8. By reversing the pi tch of i ts propel lers upon landio8, the
t r a n s p o r t  p l a n e  ( e d u c e s  i t s  s p e e d  f r o m  1 0 0  r n i . / h r .  t o  3 0  $ i . / h r .  i n
800 f t .  of  rurr l .ay leogth l ' i th coostant decelerat iorr .  Detef loine lhe
force P on the front eheels at the end of this interval  i f  no oechani-
cs1 braking forces are appl ied to the nheels.  The plane n€igh6
150,000 lb.  s i th center of gravi ty at c,  The aerodynanic forces et 30
ni. /hr.  may be n€glected excep! for the resultaot negat ive propel ler
thrust !7hich passes through G, Does P depend on th€ accelerat ion?

F i g .  8

9. l f  rhe 150,000 1b. transport  plane shosn vi th problen 8 ig
brought to a stop froB a veloci ty of 30 ni /hr.  in 80 f t .  i r i lh i ts
wheel brakeB, delermine the normal force P under the front wheels.
the propel lers are idl ing, and other aerodynemic forces are oegl igible
at the lon speed involved. 499. P = 27,000 lb.

- r41 -

1 0 .  A  u a t e r  h e a t e r  i s  p l a c e d  o n  t h e  h o r i z o n t a l  b e d  o f  a  l r u c k ,
The base of lhe four leSs forms a l2 in.  square as shosn, and the
c e n t e r  o f  g r a v i t y  o f  t h e  h e a r e r  i s  3  f t .  a b o v e  i t s  b a s e .  T h e  c o e f f i -
c i e n !  o f  f r i c t i o n  b e t $ e e n  t h e  l e g s  a n d  t h e  r l u c k  b e d  i s  0 , 2 5 .  l f  t h e
driver forgets to aecure the heater tdi th the ropes shosn, f ind the
for l 'afd accelerat ion a at nhiqh heater l ipd or sl ips.

A n s ,  a  =  5 . 3 , f  f t l s e c ' ,  L i p s .

r1g ,  11
F l g .  1 0
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l l .  A  3 0 0 0  l b .  m i l l i n g  n a c h i n e  s i t h  c e n E e r  o f  S r a v i t y . t  C  i 6
to be hoisted on rol le!6 from the posit ion shorm to the bed of the
truck. l fhen the pol,er for the sinch is appl ied, the cable tension is
monentar i ly 50 per cent greeter then thei  necessary to oaintein
equi l ibr iurn of the ni l t iog nachine lr i th both rol lers on the incl i rc,
Deternine the react ions on the rol lers A end B a! the inslant of  thig
ms:. inun tension. Neglect f r ict ion on the rol lers conpered $i th the
o t h e r  f o r c e 8  s c i i n g .  4 ! 9 ,  A  -  8 3 1  l b . ,  B  =  2 5 3 0  l b .

12, A force P is appl ied to the honogeoeous rectanguler bor< of
neight l { .  ! f  the coeff ic ient of  f r ict ion is f ,  detelDining the l in i-
t ing ve1ue6 of h so rhat the box ni l l  3 l ide ei thout t ipping abouc
either the front gdge or, . the reat edge.

l n e .  r ,  -  |  t b  - . !  ( f b  i  c ) l

9.  Pired his lot . t iotr :  consider any r igid body, Fig.3a,

"hich 
rotate6-i5fii-i--iiiEi-iiii lhrouSh point b. The plane of rota-

t ion is normal to this axis and pssses through the center of neaa of
the body. At the instant corsidered the body is assuoed to have en
angular veloci ty I '  and sn angular accelerdt ion o. The project ions of
the exterdal forces act ing on the body onto the plene of rotat ion ere
iodiceted by the ful l  ar lors on the free-body diaaran, Fig.3b.,  end
ioclude the reect ion exerted by the beariog on the body et 0.  I f  the
plare of rotet ioo is other lhan horizontel ,  lhe ueight tJ of the body
si l l  appear on the free-body diag(en-.  The accelerat ion a of the rness
center G has the conponents 4r 

= rv' and + 
= ?u 'Itu6 fror the

principle of not ion of the nass center,  i t  is kno$n imedirtely thet

r  r g .  J
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the reaultant R of el l  external forces act ing on the body is tF = R =
na end is in the sane direct ion as a. The resultant is repre3ented by
i ls two codponents is Fig.3c, 60 thaE lFn = nr, !r2 and tFt -  f f "q .  I t
nust not be esEuned thet the redultant passes through C for rolat ioo
as i t  does for t raor lat ion..  The locat ion of the l i re of act ion of R
is determined by evaluat ing the su& of the moments of a1l  forces
about O.

The nonent relatioo is obtsioed by coosidering the force!
act inS on e representat ive pert ic le of near nl  .  l te resulteot of
these forceB mey be represented by i ts Ewo conponents Druv'  eod El l .u
es shown in Fig.3b, Of the tso impon.ote only the taigent ia!  ^oue
er€rta a romenl about O, and the Eegnitude of lhis qoDent is Dir_d .
If this no$ent is edded to those for ihe reneining p.rticles in the
body, the suol

;y6 - ;6rr,2c = cXn 12

resultS. The sccelerst ion q is col l ron to al l  teros and Dsy be
factored outoide the sumetion sigo, The snn t l lo include! Eomenta
due to internel forces (ect ions end react iona b€tween pert ic lea) and
noDents due to erternel forces. Since eech internel action ia ecco[-
penied by an equal and opposite ioternal reect ion, i l  fo l lowB thet the
net cont l ibut ion !o tMo by the internal forcee is zero. fherefore the
erpressior represents the elSebraic aun of the ftoreots ehout the exis
of rotatioo of all erternel forces. Ihe sumetioo Xnrr' depend3 on
the redial. distributioo of Daas about the sxi8 and il tooen ag the
Inasg nonent of inert ia I I  of  the body about O.

lhe three equations of notion for e rigid My roteting
about a fired exis through 0 nay now be written as:

f , F n  = n i w 2 ,

f , F E  = B i a ,

t M o  =  I o c

The use of these equat io$s of
ehen they are eppl ied exact ly end l i teral ly
aod correct f ree-body diegtem,

(rr )

motion is 3treight forrerd
wi ih the eid of a cohplete
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In terus of the differeotirl el€ment of neis du,
dedsity , and the voluroe elenent dV the defining exprelr8ion
troneot of inert ia may be written ss:

ro= xorr2 - n2dr = n2dv,

etrere the ioteSrsl is evaluated over the entire vollre of the body.
Ite r.dius of gyration k of the body ebolt the aiis rhtouSh O i6
defined by:

L ro -&
D

ltonents of inertie are involved in e1l pr;b1e6s of bodiea
nhich hsve rotational acceleretiotr, snd it ia recesarry to be feitiar
nith then in order to pioceed furaher, A detei led diecuesion of neao
moflents of inert ie could be foudd in aeveral text-books.

The line of sction of the resulte[t R for e roleting rigid
body, Fig.3c, ney be found by locering point Q. The p.inciple of
Eonents requires that the sun of the nonenta of al l  e:rteinal foiceo on
lh€ body nust equal the nonent of their 6ur or resultent. !tu!:

Iso = qnFq, kzqncr =

so that: q -5;9

,  The point q,  locaied by the distance q f loD O, ie tnorn er
the center of percussion about O. With Q located firo elletnCle toonant
equatioos rhich are oflen convenieqt Day be elitten. The first, r
nomen! aum about q is clearly ,ero. llre aecotd, a loleBt tur about
the maat center e, i .s obteined by rul t . ip ly inS Xf l  = oin by q-t  rhich
Sives I

ti" fq-il = m (k2o - i'z) = u!2c = ic

fhu8 trJo alternate .ooeot equatioor of @tior for e ritid
body totating ebout e fixed point ere:

the Daaa
for roeag

qulta

Point! other then
if  d€6ired, and the correct
detertnined froo the le€ultent

(  l2 )

and t[ = io

0,.C, or q [ay be used se n<naot centers
expre8aiod for the EoDeot autr may be
forc€ diegieo by using the principle of



For the special  case of totet ion of
f ixed centroidal exis i  = O, Mo is repleced by
for rotat ion about a f ixed axis throuch the

a rigid body _ebour a
U and Io by I. thus
ma38  cen te r  Eqs .  ( l l )

l o
o,
0 ,

$here the x- and y- direct ioas ere 4rbi trery.  Such e.body nay be said
to be in translst ionel equi l ibt iun (e-.0) but oot in rotat ionel equi l i -
br iu6. For this cese of centroidsl  rotat ion i t  may be observ€d, since
the resultant force is zero, that the resulteot of  al l  fo lces act ioS
on th€ body is a couple equsl to fc. Hence f,ii is the se[e es e nodent
auD ebout any ar(i3 parellel to the centroi.del exis.

D{-
XF:t -
xFv -

(r3)

SA PLI PROBIJIIS

l .  Th€ redius of gyration abou! the axis of the uniforr
integral pul leys is 12 in., aod rheir coobioed weight is 96.6 lb. I f
fr ict ion in the beering is negliSible, f ind rhe disrance S rhrough
ehich the 32.2 lb, weight has moved 4 eec. after releeaed froD rest.
The cebles are srapped securely eround the pulley6, Also f ind the
bearing reaction at O during this intetvel.
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l=  12  i t .

,tfi, 
fi',
6{,,t lb.

Solut ion: Comparison of th€ stei ic mooents about O ahorr.  that
the 32,2 eeight accelerates dorn. l f  the acceler| t ion of lh is ueight
i3 e, Ehe accelerat ion of the 64.4 lb.  weiSht is 6e/18 upeerd, Also
the centroidel nonent of inert ie of rhe coBbined pulteys is:

1r  = t 'zn l  1= (Lr r , '  -  23 ' !=  t  lb ' f t ' sec2 '

The f lee-body diagran of each of the three meBbere in ghorn.
For the teo eeights:

ffi ei 12 - 64,4

o f  t h e  p u l l e y s :

- 2  -  
1 8 1 1 2

So lu t i oo  o f  t he  th ree  equa t ionB  g i v€s :

a  =  4 .20  t t l sec2 ,  T r  =  28 .0  l b . ,  T2  =  67 .2  l b .

If i th the constant acceletation knoon the distence dropped by
the  32 ,2  l b .  {e igh r  i n  4  sec .  i s :

t s  -  !  , ' 2  t' -  2  - -  '
' t -

S =  
t x  4 .20  x  4 .  =  33 ,6  f t .  Ans .

[fn = ma] 32.2 - ar =

for centroidal !otst ioo

t r f t= i l : : T  - :

64 ,4  a= 
3L2'3'
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o f
The besriog react ion is

forces on the drum and is:

I tFy = o]

obtsined from the vert ical equil ibriu$

Aoa,

2. The center of grevi ty of the 3.10 tb. condect ing rod 6hown
in part  (a) of  the f igure is et c,  and the radiut of  Syret ion of the
rod about the pivot axis o i5 9,14 in.  I f  the rod is releesed fron
rest r i th o = O, f ind the totel  foice on the bearing 0 vhen the PoBi-
t ion o = 45 deg. is passed. Neglect sny fr ict ion in the beerinS.

R -  95 .6  -  28 .0  - 6 7 . 2  =  O i  R  =  1 9 L 8  l b ,

Sotut ion: The f tee body diegtan of the rod in an internediate
p"" i t i ""-6- is 

" trorrn 
in par!  (b) of  the f igure, and the tesultent of

the erternal forces is repre6ented in part  (c) of  tbe f igure. Tbe
bearing reacEion is indicated by i ts n- and t-  coDpooenta shete the
sense of these coBponents nay be assumed for the present,  Tbe nornal
coEponeni O- is found fron a force equat ion in the n-direct ion i thich
involves th 'd normal accelerat ion i  w2 .  s inc€ IJ is found fron the
integral  of  the aogular accelerat ion aod since ot depends on the
rangent ial  accelerat ion t 'o,  i t  fo l lows that ct  must be obteined f i rst .
The nonen! equat ion about 0 gives:

ItMo = rool 3.10 x +2 .o" e = <fr l" ,$! q; c = 3.70 cos o

Then {t'd!' = d dol

$:." * = !T rz.o "o" e.ae,
w2 - 52,3 ( tad, /sec. )  2



- t54 -

The redeinina two equatiods of botion epplied to the 45 det.
pos i t  ion yieldt

lE ,n  =  n fo2 l  on  -  3 .10  x  0 .707  =  
# " i *  52 .3 ,  on  -  5 .55  lb .

tEr .  = r ; ;o,  3.10 x 0.707 -  o.  = 
* lg z lx 3t ,o x 0.707,  or

=  0 . 5 1  l b .

The totel  bearing force is:

o  -  ( 5 . 5 5 ) ' +  ( 0 . 5 1 ) ' ? =  5 . 5 7  l b .  A n s .

The. proper setse for Ot may be observed at the outset by
applying the el ternate oonent equal ion, I f r  = fa.  This relst ion el ini-
nales all forces but Ot and r€quite3 a clockwise Dooent to agree tith
lhe l(noon direction of d . Al3o, the co$ponenl Ot Eey be found
direct ly ni th the aid pf the second- el ternate non€nt equet ion and the
d i s l a n c e  q ,  v h i c h  i s  k " o / ,  =  ( 9 . 1 4 ) ' / 8  =  1 0 , 4 5  t n ,  T h u s l

l D . l a  -  o l  ! 0 , 4 5  o t  -  3 . 1 0 x  0 . 7 0 7  x  ( 1 0 . 4 5  -  8 )  =  o ;  0 t  -  0 . 5 1  l b .

l .  The  so l . i d  cy l i nd r i ca l  pu l l eys  se igh  32 .2  1b .  eech  and  a te
nounted in bearings l ' i th neSligible fr ict ion. The l0 lb, fotce oo
pulley A is conatant. Detetnin€ the sngular acceleration q of eech
pulley. 4!9. aA = 20 tadlsec', 

"dB  =  12 .34  rad /sec "

Ptoat&$

F i B . l

2.  lhe lsdius of gyrat ion of e 40 lb.  f lFheel about i t r
vert icel  sheft  i6 6 in. ,  and the cedter of gravi ty of the rheel is
0.003 in.  f ron the sxis of the shaft .  l f  s constent monent of l0 lb. f t
is sppl ied to the f lyrdh€€1 through i ts shaft ,  f ind the components of
the horizontal  force F exerted on the beal ing 5 sec. af te!  the sheel
s t e r t E  f r o r n  r e s t .  A n s .  F n  =  8 . 0 5  l b . ,  F t  -  0 , 0 I  f b .
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3. The rin of the f lyt,heel 6hono in section is relded to the
ceotral lreb shich in turn ir eelded to the hub. The r€ights of the
eeb and rhe hub are negligible cmpaired eith the 100 lb. ria, lf the
nexinom eefe shearinB foxce rhich the rin weld end hub reld can each
support iB 4000 1b. per inch of weld teogth, f ind the nexif i .m srfe
ecceleratiod c !,rhich can be given !o the f lyoheel by a torque sudden.ty
applied to the sheft.

5. The geer se ighs l0 lb. sod has e r.diu6 of gyration of 4
in.  Each rack weighs 12 lb.  end sl ides ageinst the 3Doth vert ic. l
guide. Determine the torque U required on the sheft  of  the gear to
g i v e  a n  a n g u t a r  a c c e l e r a t i o n  o f  8  r a d , / e e c ' ,

F i g . 3

4. The notor pinion A of
ooDent of inert ia and is subjected
torque of 40 lb. f t .  Deterr ine the
coeff ic ient of  f r ict ion betseen the
0 . 8 0 .  A n s ,  T  -  7 2 2  l b .

F lg .4

the log hoirt has a negligible
to e counterclockniee start ing
tension T in the cebte i f  the

500 lb. lo8 and the incl ine is

F i g . 5
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6. Ihe pendulun for the inpact testitrg device eeigb 75 lb.
and has e .ediu6 of gyrat ion about O of 26 in.  The penduluo is
designed so EhaE the force on the bearing at O is the lea6t poasible
value durir8 impact with the specinen at the botton of the suing.
Determine the distance b. Also cal .culate the total  force on the beer-
ing at O an instent after the pendulum is released frof l  rest at
a  =  6 0  d e s .  4 l g .  b  =  4 . I 7  i n . ,  o  =  3 8 . 7  l b .

F i g . 6

7, Deternine the start ing totque l l  rhich a Eotor nu6t Bupply
to the l ight piniou A in order to reise-che ,eighled alo ei th an
itr i t ia l  angular accelerat ion of 2 red. lsec' .  f ron the posit ion shoun.
The radius of gyrat ion of Ehe l0 lb,  erm assenbly about i ts pivot is
t2 in. ,  and i ts center of gravi ty is et  C, The 20 lb,  rack rDoves r i th
n e g l i g i b l e  f i i c t i o n  i n  i t s  g u i d e s .  A n s .  l t  =  1 3 . 4  l b . i n .

r ig .7



8. The 64.4 lb. cyl indl icel rotor A is Eoudled freely on Lhe
shaft BC. The ert ls D have negligible weight snd ere r igid!.y ettached
to the vert ical shaft E with f ixed exis. l trough a dotor drive lhe
6heft E exert€ a torque of 20 lb.ft. on the erd ssserbly. Deterrlitre
the eogular scceleratiotr o of the erus (e) ehen the lockint pin F iB
is place and (b) $ieo the pin is reuoved.

Ans .  (6 )  q  =  8 .69 '  rad . / sec2 . ,  (b )  d  -  lO  tad . l . ec2 ,

The internal forceo
lnduced in e body by reaaoo of hiSh rotative apeeds or epprecieble
acceleretioBs ere usually ioportent design conaiderationa, lhe
calculation of the idteroel forces *hich result frou each rct ioos is
often very involved. l lorever, rhen the body i6 easedtlel ly uni-
dinensiooal, such as a slender rod ot s lhin t iog, i t  is usually
possible lo calculate the internel forces eithoul undue diff iculty.
l te geoersl procedure is to isolate e differential elerent or e f idite
portion of the body rrith e free-body diegren erd to rrite the ootion
equations for the forces ecting on tbe part isoleted..

sItPla P|lDLEt

I0 .

F ig .  E

Diltributed lorc6. io lotrtioa:

l .  Deternine the vsr iat ion of
slender rod of seight W end leogth 2l
plene sbout an exis through O norbel to

the centri fugel tension in the
rhich rotetes in a horizootsl
the rod.

I r4zr+r+dr
F- '--l l--&



E!g!!gg, The free-body diagran of an elemenr of lenglh d:.
shows a tenaion T act ing oo the lef t  hend sect ion, ehete the aootdi-
nete ia x,  end a tension T + dT on th€ r ight hend sect ion, nhere the
cootdinste is x + dx. The eeiaht of  the elenent is agsuned sDa1l con-
pared rr i th the tension T. I f  U stends fo! the reight of  the ber per
uni l  lenSlh, th€ equat ion of not ion for this element Sivesl
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[Ero - -""2, r _ (r + dr) - ll:31 ,o,2.a
_61 = Ar.dx.

I

At the ceoler of the bar the tension si l l  be designated by to,
so that th€ int .egrat ion l in i te give:

x. dx,

The stress at aoy poBit ion in the be! is the
by the cross sect ional area of Ehe ber end is knonn
s t f € 6 a .

Pt - ar - t'"' o*
dr"  s do

- Lt!f- x-

Since the- telrsion is zero at x - !, the tension dt the centet
becooes To - <t*r" l"rlzg. Thig value for To ray elso be obtained by
coDsideEing the acceleral ion of t le_eeos ceqter of hel f  the ber,  ,hich
ir (f,) v'. Thus the force ro ie j(!) (r, w-- <w't ') l2s, Tbe retr6ioo
et irtny value of x becofes:

t - El <t,-*") - Y"" ,t - ni, Atta,

tension T divided
as a centr i fugel

Pf,OIIA|s

l. Deternine Ehe celtr i fugal 
"t. ."" 

d io the rir of a f ly-
eheel of eeight deosity U rotrting ?ith a cotrstent rir sp€ed V.
Assume the radiel thictness of Che rin to be sdell coEpared nith the
radiua of the rheel and neglect the effect of the reb or spokes.
Solve, f irst, by consideriog one helf of the t in es a free body end,
second, by consideri_ng the frqe body ea an elenent of the r io sublen-
ding an angle aO. ( Ans. = I v'
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2, The hub and elteched blades are given an eqgqler eccelela-
tion c about th€ vertic.l sheft at O. Deri.ve erpressiotr fot the
sheat force q and bendiog nonent u-in the btade in lerlm of z. Ite
b l a d e  i s  s  u n i f o r D  s l e n d e r  b a r  u i t h  a  m e s s ,  D e r  u n i t  l e n c t h .

ene.  q-E (Rr_r r ) ,  M_$ <zn+r , )  (R_r )2
i

Nlg. 2

F t 8 .  3

3. A slender rod of nsss density./e and veri.ble croaa ,ac-
t iodal area A is to be designed to euppori  rotat ion of body I  at  an
aoguler veloci ty r{ .  The centr i fugal force appl ied to the ;nd of the
rod by B divided by a d€sired deaign sttess d gives an ares A, fot  the
eod aect ion of the rod. Deletbine Ehe neceasary vrr iat ion" of the
croaa-aect iooel aree A es a funct ion of x in order thst the strerd
be conatant over the lenglh of the iod. The free-body diagren of sn
element of tbe rod is sho*o.

. $f, <r2_x2)
A n a .  A r A . e .

I

4. The spli t  r int of r.dius t '  is roteting sbout a verclc. l
axi '€ through its cente( O sith s coustant enSuler velocity ! | .  Usc d
differential elenent of the r ing and derive expressions for the oh€.t
force N and rin tensioo T iu the ring in tetns of the engle O.
D€teroioiog rhe bending noient l to at point c by ueing one hslf; f  the
ring ae a free body. The mess of the r ing pei unit lengrh of r in is
,t). A\s. N =r/J".vz sln O, T =70nrw, (1 + cos €), y16 - 2trr.uz,

F-- I

nlo.

Y"

Flg, 4



I i .  t lort  and Enerav: In previous art ic les, the basic equat ioo
o f  m o t i o n  r e l a t i n g  f o r c e j  m a s s ,  a n d  a c c e l e r a t i o n  $ a s  a p p l i e d  t o  p a r _
t ic le and r igid-body not ion. In al l  cases atcent ion vras focused on
the instantaneous relat ionship between che forces and the correspond-
ing accelerar ions. In sone problems the accelerat ions l ,ere integrated
Eo obtain changes in veloci t ies, There are many problens where lhe
change in veloci ty nay be determined directty frorn Ehe integrat of  the
e q u a t i o n  o f  n o t i o n  r i t h o u t  f i r s t  h a v i n g  t o  e s t a b l i s h  t h e  i n s E a n t a n e o u s
relat ionships bettreen force, nass, and accelerat ion. The work_energy
n e t . h o d  d e v e l o p e d  i n  t h i s  a r t i c l e  i s  a  c o a s e q u e n c e  o f  t h e  f i r s l
i n t e g r a l  o f  t h e  e q u a t i o n  o f  n o t i o n  i r i t h  r e s p e c t  t o  d i s p l a c e n e n t .  T h e
i n t e g r a l  $ i t h  r e s p e c t  t o  t i n e  w i l t  b e  d i s c u s s e d  l a t e r .

The equa!  ion
t h e  x - d i r e c t i o n  i s  I F x  =
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o q , n o t i o n  f o r  a  p a r t i . l e  o f  n a s s

f f i  
uur t inr l "u . ion by d{  s ives

(b)

F i g . 4

The lefL-hand side of the equat ion is the q'ork done on n
during the interval  involved and can be evaluaEed i f  tFx is a known
funct ion of x.  The r ight hand side is che corresponding change in th€
k i n e r i c  e n e r g y  o f  m .  B e f o r e  a p p l y i n g  t h e  f i r s t  i n t e g r a t  o f  l h e
e q u a t i o n  o f  m o t i o n  L o  p r o b l e n s  i t  w i l l  b e  l r e l I  t o  d i s c u s s  t h e
concepts of uork and kioet ic eoergy in sone detai l  and to general ize
the integral  so lhat i t  nay be appl ied lo curvi l inear motion and to a
s y s t e m  c o o p o s e d  o f  c o n n e c t e d  p a r t i c l e s .

12. t lorkr The concept of work was def ined as the product of a
f o r c e  F  a n d  t h e  n o v e n e n t  d s  o f  i t s  p o i n t  o f  a p p l i c a t i o n  O ,  F i g . 4 a ,  i s :

,  d  , d x .  d x  . d x ,  I  _ d * .
d r  

' d L '  =  t  
d .  

o  ( d . '  -  
2  

n ' o  t . r t '  '

T h e  f i r s E  i n t e g r a l ! r r t h  r e s p e c t  t o d  i s p  l a c e n e n l  i s ,  t h e n :

( -J  - t -  cons tant .(arr-. a* =

d u  =  ! . d s .  c u s  ( x .

-----)---,

(a) F cos cr

I
) ' '

( . )  
d "

f

3 /



This definit ion l iay be viered either ra the force cd-
ponedt F cos a in the direction of the didpldcenent t iDea the di!-
placeoent, Fig, 4b,, or es the force t iDes the di lplecetr€nt co[pooent
ds. cor o in the direction of the force, Pig.4c. With thir definit ion
it ia aeen lhet the c@ponent of the force at tight tngle! to tha
displsceoent does no i'ork. The *ork done by the force ir positive
shen the eorking coDponent F co3 c haB the aene aeoae es the displace-
nent end negetive uhen in the oppoaite sense. l lork i !  a scelar
quantity rith the diEensiola of [di3tlncel x lforcc].l|ort add Dooeot
.re diEensiorslly the sse, eod in order to distioguish beteeed th€!
rrort D.y be erpressed as feet poundd [ft.lb.l end lorieot .o pounda
feet ( lb.ft .).  lhe fundeEental dif ference bet{een eork and EoD€nt i ,
that rork is e rcrler involvinS the product of foice end diatince both
seatured in the gloe direction, sherees Dorent ii ! vector tnd i6 th€
product of foree and distence oearuted at right angle! to thg forca.

During e finite novement the eort done by the fotce ie:

u =fr  coe o de.

- 16 l -

F ig .5

This expression c.tr be inteSr.ted if the relation betseeo
F and S end bet{een cos d and S is kno$n,

Experi[ental deta often eneble a Sreph to be coostructed
of the uotking corpon€nt tr - F co€ (t aod lhe displacerent S of ita
poiot of application es schenalicel ly r€pre6ented in Fig.5. The
different aree dA under the curve durint the nove[ent ds iB the rotk
done by F/ during that interval, and the net or total wolk done
becueen any two digplacenents 8! and E is the aree under the curve
beteeen lhese litrits.



- 162 -

In the ceae of an elsst ic spr iog of st i f fness k eod
negliSi.ble eeight th€ force F supported by the spring et aoy deforEa-
tio$ x, either ccmpr€Bsion or extenaion, is tr - kx. Ihus the rork
done on a spring during e conpression ot extensios froE its undeforned
p o s i t  i o n ,  F i g . 6 ,  i s :

^ ^x2

Jur.* 
= 

J'_, r*.a* = i rx! - f rxf.

shich represerlts the trapezoidal eree on tbe F-x disgred. Ir is troted
that positiv€ work is done on the spring {hetr it i6 bei.og extetrded or
conpreased. ln the reverae proces8 duriog e lelease fron i ts tension
or cmpreasionr negat ive *ork is done on the spr ing thich neans that
the spr ing does posit ive rork on the body against ehich i t  is al lowed
E O  a C E .

F i g , 6

Ihe sork done by a coople l t  act ing on a body, Fig,7,
durinS a totat i .on da of the body in the plane of the couple is dU -
M.d€. l t is expression iE easi ly obteined by represent ing the couple
by t$o forces and evaluat i .ng the work done by eech force during the
rotat ion d6. The tota! uork done by U during a f in i te engular
displaceoent I  is:

'I
u = l1,r.do.

Ihe engle €. is expressed in radian meaaure, and wotk is posir ive l 'hen
the rotet ion is in the sense of the couple and neget ive rhen in the
sense oppo8ite Eo the couple. A couple does no l |ork during s moveoent
ehich i€ eot i rely one of t ranslat ion since the enguler displacenent is
zero. ln the event that the body roletes io a pleoe other thso the
plaoe of the couple the uotk done equels the maSnitude of th€ couple
vectot t imeg the nagoitude of the rotst ion vector oult ip l ied by the
cosine of the angle betn€en the vecEors.



motion of s part ic le of mass m atong eny
resultan! of  al l  forces sct ing oir  o 

' is 
F.

ponent of F does rrork on |I dutiog notion
displacemeni ds the sork done on o is3

F i e . 7

Thed a body slides on a fixed surface, the rork doae by
the fr ict ion force acEinS on the body is negrt ive eince the fr ict ion
force acts in the direct ion opposite Eo the didpleceEen!.  In the ceae
of s nheel ehich rol ls on a f ixed surfaee t  i thout al ippiog, e stet ic
fr ict ion force acts and doea no eork since the point of  sppl icat ion
does not Bl ip.  I f  lhe wheel 3l ip5 ds i t  rol ls,  k inet ic fr ict ion i r
gederated and negat ive work is done on the nheel.

The total work done by any syat€'o of forces and couples
acling on a body during any novement ir the elgebrsic sos of the rorts
done by each force and couple considered separately.

13. l i !€t ic Brersg of.  P.r t ic le: The firBl integral. of the
notr be redelivered for the
clrved path, Fig.E. Tbe
only the tangeot ial  coD-

elooS the peth. Duridg a

equation of moaiou as git;;--fi-I l

d U - F c o s q d s .

Fron the equat ioo
rnat, the ootk nay be

the tangent ial  direct ion,

!  r g .  !

of notion
exprea6ed

in
F c o a o

dU



The net l rork done on n durirg an interval  of  i ts not ion
for which rhe velociay chaoges fron Vo to V i€:

- t 64 -

B u t  a t . d s  =  v . d v r  s o  t h a t :

t i o o :

done in br ioging the part ic le
as the kinet ic energy T of the

dU
l ^ 1 2

, t ' v ' - ; n v

p a r t i c  1 e .

The tern
t o  a  v e l o c i L y  V .
I tence the def ini

- -  1
\_  2

in

(14)

changing i t6 veloci ty frse vo to
i ts kinet ic energy, or :

( r5)

The net work done on m
V therefore equsls the change T-To

AU=AT

Equation(15) is knolrn as the Work-Energy Equat ion and
alsays involves the change ir  k inet ic energy as a result  of  the net
rolk done during the correspondiog ir terval  of  not ion.

I f  a parEicle movine with a veloci ty v is al lo lred to act
or sone body and is brought ao rest dut ing this act ion, the 106s of
i ts kinet ic eoergy equals the $ork dooe on trhe other body by the con-
tact force. Thus kinet ic energy represents the capacity to do work by
reason of acquired veloci ty,

Kinecic eoergy is a scalar quanl i ty which depends onty on
the rnass and the nagnitude of the veloci ty.  s ince the veloci iy v is
squared, kiner ic energy ls aleays a posit ive quant i ty.  The uni ls of
kinet ic energy are the sane as those of tork,  as nay be seen fron the
dimens ional equat ion:

' ,  , .  - - t , 2
f ;  r w ' I  =  [ F r - '  T '  r  t r r  I  =  t l r  I

i fhen a body is subjected to a systen of forces the re6ul-
tant of  l rhich acrs through the center of nass, the body nay be treated
as a pari ic le,  Thus the l rork_eoergy equat ion as developed for a
part ic le nay be appLied to such a body.

Ia 'hen tro or nore part ic les (or t ranslat ing bodies con-
sidered as part ic les) are joined togelh€r by connect ions I{hich are
fr ict ionless and incapable of elast ic defornat ion, the forces in the
connect ions occur in paire of equal and opposite forces, and the
p o i n t s  o f  a p p l i c a t i o n  o f  t h e s e  f o r c e s  n e c e s s a r i l y  h a v e  i d e r ! i c a l



novenentB, Hence Ehe net nork done by these internel forceg ie zero
during any movemeor of rhe systern. Thus Eq.(15) is appl iceble to rne
ent i te aysEen, vhere AU is the totel  or net l rork done on the syBted by
externel forces and AT is lhe chenge in the total  k idet ic eoergy of
the By6tem. I te total  k inet ic energy is the algebraic sun of the
kinet ic edelgies of al l  e leredts of the systed.

The nethod of rork ha3 e bgsic edventege over tbe force
end roDeol sunnation rethod for solving the equilibriun probleo for .
syaten of nulticonnected bodie6. The seoe adventege erists in the
Eethod of rork and eaergy for the dynanics of irtercoonected bodiea
6ince ageio considerat ion of io lernsl  forcee ie not necessary.

Appl icat iod of the {ork-eoergy nethod cal ls fot  en isola-
t ion of the body or system uoder consideret ion. t ror a single body a
ftee-body diegtan shooing al l  external ly epp! ied forces should be
diawn. Fo! a Bysten of conoected bodies l r i thout spl ings sn ect ive-
force diagrem which sho{s only those extetnel forces vhich do lrork
(act ive forces) on the systera rnay be drewn.

s xPr^8 PxoBt ll|s

- t55 -

L Determine the veloci ty v of the I00 lb.  ctate fhen i t
reache6 the botton of the chute i f  i t  ie giveo an ini t ia l  veloci ty of
15 f t . /sec, dol 'n the chute at A. The coeff ic ienr of f r icr ion iB 0.30.

Solutio!: the free body diegrso of the crate is drero .dd
iocludes the l lotnal and fr ict ion forces calculated in the usul l
mannet. The work done by the cooponent of the {eight donn the plene
is posit ive, sherees that done by the fr ict ion force is oegat ive. The
totel  or net rork done during the interval  i6r theni

tt-15' 
| 
100 '.

/ , ! = : I ' 0 l b , {



The

The nork-energy equat ion gives

- 1 6 6 -

Au  =  (100  s i n  15 "  -  29 .0 )  50  =  -155  f r . l b .

change in kiret ic €nelgy is:

r = +.+i5 G,2 - 22s)

v2 = 125: =  1 1 . 2  f t .  s e c .  A n s .

2, ln the system shoen the weights of lhe cable and pul leys
and the fr ict ion in the pul ley besrin8s are negl igible.  Derernine rhe
velociry V of the 2000 lb,  seighr sfEer i r  has noved 1O fr .  f ron rhe
rest posi t ion f iom lrhich the systen lra6 !eleased.

Solut ion: Th€ only externel forces which do $ork on the
ent ire aystem are the weights of the tr lo bodies, Wirh these 2 forces
indicated the sketch may be used es rhe act ive-force diagran.

I
I

The

of rhe 1500

[AU = Ar] :

l0 f t .  displacemeat of rhe
of the 1500 lb.  l 'e ighr i .s
lb.  reight is t { ice that

equat ion for the system ie

2 0 0 0  l b ,  u e i g h t  i s  c l e a r l y  u p ,
20 f t .  do$n. Also the veloci ty

of the 2000 lb.  *eight.  The
appl ied snd gives:

Ans.

-2000 x 10 + 1s00 x 20 = i.H <""-o> * |.$$ t+o,-ol,

'..r"..v  =  8 .97



3. The 20 lb.  s l ider starts from aesr at A r i th en ini t ie l
terBi le force of 5 lb.  in ihe attached spring and noves in the smoth
horizontal  s lot  under the 6ct ion of a con!tant 50 lb,  force in th€
cable. l f  the nodulus of the spr ing is 5 lb. / f t . ,  deterdine the
veloci ty V. of  the block a3 i t  psgses the posit ion B,

Solut ioa: I t  wi l l  be assumed thsE the sr i f fn€ss of the spr iog
is srnaLl-?i6i!E- to allos the block to reach position E, The ective-
force diagrem for the systero codposed of rhe block and the ceble is
rho!.m for e general  posi t ion. The spring force and the 50 lb.  teo€ioo
ere the only forces €xternal to thi3 systeb shich do work on the
3ysten, The force of the guide on the block, the neight of  the block,
aod the reect ion of pul ley oo the cable do no uork on the systed aBd
are no! included on the act ive-force diegraD.

The displacernent x of tbe block ie neagurdd fron the unde-
forned posit ion of the spr iog rhich is e distence F/k = 5/5 -  l  f r .  to
the lef t  of  A. The rork done on the systen by the spr ing force during
the movenent f .om A lo B is negat ive aod is:

- 167 -

x  5  (52  -  12 )  =  -60  f t . l b .

I f  the displacement x hed been neasured frou the 6tar! i l rg
po8i l ion of the block, lhe spr ing folce eould be 5(x+l) ,  etrd the
l imits of integrat ion $ould be 0 and 4.

The sork done on the systeo by the constant 50 lb.  force in
the cable ie the force t:99.9_lh.C--q9t horizontal roverent of the csble
over pul ley c shich is /4 '+ 32 - 3 = 2 f t .  Thus the nork done is
50 x 2 = I00 f t . lb, ,  aod the l rork-€oergy equat ioo appl ied to the
aysteo givea:

( l5 r
-  \  sx 'dx  =  - i

U 1
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-60 + loo = t.# <"" - o', ,
v  =  11 .35  f t . / sec . A'ls,

PROBI.BIIS

I .  A  p r o j e c t i l e  u e i g h i n g  8  ' l b .  i s  f i r e d  t h r o u S h  s  s t o c k  o f
asbeatos sheets 6 f t .  lh ick. I f  the project i te epprosches the asbestos
lJi th a veloci ly of  1800 f t . /sec. and energes * i th e veloci ty of 900
ft /eec.,  determine the average penetret ion resistaoc€ R ove! the 6 f t .

A n s .  R  =  5 0 , 3 0 0  l b .

2. A smal l  2 oz. beed starts f(on rest at  A end sl ides freely
in the v€rt ical  plane aloog the f ixed wire under the act ion of the
constent 4 oz. hor izontal  force. Find the veloci tv V of the bead sB
it  hi ts the stop at B.

A n s ,  v  =  1 3 9 0  f t - l s e c ,

F i g . 2
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3. A car ia travel l ing st  30 ni . /hr.  down a 5 per cent grede
rhen the brake3 on al l  4 sheele lock. I f  the ki t ret ic coeff ic ier!  of
friction betr.een the tire6 and the roed is 0.70, find the distsnce S
rhich the car skids in coninS to a srop. 4!9. S " 46,3 f t .

4,  Find the total  energy absorbed (negat ive {ork) by the
blekes of e 1200 ton pa8seoSer train in br inging i t  io s 6top froo a
v€loci ty of 60 ni . /hr.  in a distance of 2 ni .  dorn s I  per cent grade.

& .  E = 5 4 2 x 1 0  f t . t b .

5. The l ,eight is releaged fron rest l r i th the cord in the
hori.zootal position shoen. Ilhen the bottottr po6ilion is leeched, the
cord dtrites the sdall fir(ed ber 6hosn i.o section et A, and the eeitht
fol lows the dolted palh. Celculete the veloci ly of  the eeigh! st  B
edd c.

. *

Y-----------
\ l
t, "l=.,' , .  1 \

\. ,{Q. I\ . . . /
, t--1

EI

I
I

F i c . 5

6. the sl ider eeighs 30 lb.  and io constreined to sl . ide on
the f ixed circular bar.  I f  the sLider is elevated f lom rest at  A to
posit ion B by e constant 50 lb.  force in the cable end i f  f r ict ion iB
oegl igible,  deEerrnine the veloci ty v of the sl ider as i t  aesches B.

" \  " , , o

F is .6

7. The ireight ! l  i€ attached to an ele6t ic ceble, end the
loner supports are raised sl ighEly unt i l  the ceble reosion end elorta-
t ion sre zero. l f  the supportB are suddenly renoved, f ind the maxiDum
tensi.on T in the cabl€ Ans. T = 2lt,
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Tr.oslatio[: The trenslatinS body of dess n in Fig.g(a)
has' a .'eloc'ilt-i:---Tf,e kinetic energy of any particle of mars ut
i a  i  o t v ' ,  and  the  k ineE ic  ene rgy  o f  t he  en t i re  body  i s l

r= : | ' 1 " '?= |

o, r=i* ' . . .  (16 )

Fired-Arir lotrtior: The body in FiA.9(b) ia rotating
about a f ixe?--iii--fE?o-i!6-6-iith an anguiar veroCity w. the liaeai
veloci ly of  any pa(t ic le of oass n ie rr ,  and the kinet ic energy of
this pert ic le is I  n1 (n)z .  The kinet ic energy of the eot ire rotaEing
body is the su'n of th]e kin€t ic energies of al l  i ts pal t ic lee aod is !

r= r i r ro,r .  =|r ,  z^g,

or  r  = ] row 'z

The tenn Io i .s lhe nonent of ioert ia about the f ixed aniB
of rotai ion. The sirni lar i ty beteeen the explessions for k inet ic
energy of rotat ion end translat ion sbouLd be noted. I lorneot of inerEis
ar id sogular veloci ly replace maes and l inear veloci ty,  respect ively,
The dinensions of both expressions ere ideot ical  and can be ver l f led
e a e  i l y .

( r7)

!  r g , y

Plaoe l lot ioo: The body in Fig.(gc) has any plaoe not ion,
and, et the ii!Ifil-i6ii'ia.r"a, the velociry of its 'nasi ienter G ie i
and the angulai  veloci ty of the body i6 r . .  The veloci ty v of any
part ic le is coove[ ient ly expressed in temrs of i  and the eeloci ty r t{
ot  the parr ic le rel€t ive to c as shonn. The squale of the pett ic le
veloci ty is obtained by lhe Lat '  of  eosines and is:

T,-*\
\,, d? -\
ti \/

v2 = i2 + r2w2 + 2-vzv cos o
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t r i " *
The kanet ic

t [ iv2, and that
energy of the

for the ent ire

tti' * n  r2 r2  +2

rePresentet ive Pert ic le of Dess
b o d y  i s :

(| U) (zizv c"s o) ,
- 1-2._"1' - ' 2

ceoter of

energy for

r= ;$ , '+ ;

1 = lr*,

= j i,r.1 + l'"'tl'rr2 + irxolv.

The last sunmation is zero since the y-coordinate to the
gravity_is zero, alrd the second Burtration is rerely the

inelt ia I  about the ceoter of gravi ty G. lhus the kinet ic
a n y  r i g i d  b o d y  h e v i n g  p l e n e  m o t i o n  i s t

(  r8)

This expressi ,on clear ly shons the Beperate contr ibul ion to
the total  k inet ic edergy due to the translst ionel veloci ty of the nasg
center end the rotaEional veloci ty about the ness center.

The kioet ic energy of plane oot ion Dey be expressed slso
in tef ins of the rolat ional veloci ty ebout the instant centel  C of zero
veloci ty.  s ince C Domentar i ly has zero veloci ty,  the proof for
Eq.(17) holds equal ly nel l  for this point.  lhus the kinet ic energy of
plane not ion l0ay be expresaed by:

( 19 )

i n  p l a c e  o f  E q .  ( I 8 ) .

The total  k inet ic energy T of a systeD of bodies having
plane motion ie the sun of the kinet ic energiee of el I  i ts perts
c a l c u l a l e d  b y  E q e . ( 1 6 ) ,  ( 1 7 ) ,  ( 1 8 ) ,  o !  ( 1 9 )  f 8 r  t h e  p a r t i c u l s r  k i n d g
of not ion involved. when the pork-energy pl inciple AU - dT is appl ied
to 6uch e system, AT is the chauge in th€ total  k inet ic energy of th€
systen and AU is the net nork done by al l  sct ive force6 shich are
appl ied gl lgl lq l lX to the 6ysten duriog the interval  involved.

lo applying Lhe Uork-energy pr inciple to e single r iSid
body in ptane not ion ei ther e free-body diegrao or ao sct ive force
diagrem nay be draso. llhen applyidg the sork-energy principle to "e
connected 6ysten of r ig id bodies, en act ive-force dieSreo of the
ent ire systenrr should be drawn to isolete the system and di8close el l
exlernal forces which do work oo the system.



Solutioo:
[ h e  d  r s k  o n l y  t h e
i f  the wheel does

- r74 -

w.S  s i n  e ,

SAXPI.A PROBI.EIIS

l.  Determine the veloci ty v of the
disk after i t  has rol l€d a distance S dowo
F r i c t i o n  i s  s u f f i c i e n E  t o  p r e v e n t  s l i p p i n g .

center of the circular
the incl in€ fron rest.

1'2) w2 =

..6es s1" e------

Of Lh€ 3 forces shovn on the free-body disgren of
we ighE does work,

n o t  s I i p .
The fr icr ion lorce does no $o!k

Thus: ^IJ -

The qork-energy equat ion

I A U  =  A T ]  . S .  s l n  0

This kinet ic en8rgy rnay

1 l

; rc ' t '= i5

also be expreesed

3W ,
4E

1 , H .  '  L 1  W
2 'e  '  2 '2e

3W
4E

D y :

3WW r  W
ge

2 .  T h e  3 0  l b .  l i n k  w i t h  c e n r e r  o f  g r a v i r y  a t  C  h a s  a
centroidal radius of gyrat ion of 0.8 fr .  and moves in the vert ical
plane under the act ion of i ts orn weighr.  The ends of the l ink are
conf ined to nove in the horizontal  aod verr ical  s lors.  I f  end B is
g i v e n  a  h o r i z o n t a l  v e l o c i E y  o f  l 0  f t . / s e c .  \ r h e n  r h e  l i n k  p a s s e s  r h e
d o E t e d  v e r t i c a l  p o s i r i o n ,  c o m p u r e  t h €  l i n e a r  v e l o c i t y  v  o f  € n d  A  a s
lhe l ink reaches the horizontal  posi t ion by aralyzing the iniEial  and
f i n a l  c o n d i L i o n s  d i r e c t l y .  A l s o  d e t e r m i n e  r h €  e x p r e s s i o n  f o r  t h e
angir lar veloci ty !r  of  the l ink at any instant trhen i ts angle oi th the
h o r i z o n r a l  i s  e .



Solut iotr :  The free-body disgraln shows rhar rhe 30 lb.  $eight
is th€ only force which does l ,o!k on lhe body. Beteeeo the ver l ical
a n d  h o r i z o n t a l  p o s i ! i o r s  o f  t h e  l i n k  p o i n t  C  d r o p s  t h r o u g h  a  v e r t i c a l
d i s t a n c e  o f  2  f ! .  s o  r h a r  A t t  =  3 0  x  2  =  6 0  f t . l b .

In the vert ical posit ion end A is the insEant center of zero
ve loc r i t y r  ^so  tha r  rhe  k ine t i c  ene rgy  fo r  t he  i n i t i a l  pos i t i on  i s
T = 

i  IA W; . ln the f inal posit ion end B is, rhe i-nsranl center of
ze ro  ve loc i t y ,  and  Lhe  k ine l i c  ene rgy .  i s  ^ f z :  t  IS  w ; .  (Th€  k ine r i c
energy day aleo be conpured fror T - + uv' +f lw' b-y releting v end
tr) Thus:

and T2 = !  r3o
. E

( 0 . 8 2

A p p l  i c a t  i o n  o f
i n t e r v a l  g  i v e s :

t ArJ = drl 60  =  o .24  " ,  
-  8 .49 ; v  =  15 ,89  f t . / sec .  Ans .

For l rhe general  posir ion O the ceoter of gravi ty c has dropped
a diatance of (2-2 sin A),  so Ehar rhe wurk done is hU = 6o(f-sin O)
ft . lb.  The klnet ic energlr  ar rhls posi t ton 1s 1= |  69'  + |  iw2
rrhete n is the angular veloci ty of Ehe body. I f  rh€ instant center C
of zero veloci ty is used, v = l 'd rhere n is also the ansular velocrEv
of t ine Cc lJhich rotares inerenraneously sirh rhe body a[out c,  rnuei

t - 
| we2 a,

I  - "  ^
+ t tri<'e' - (d2 + E'?) $' + rcw'z.

r, = tr..", = f t 'r, +bd,t t l t 'z = tt l to.r, + 1,)l t+l
-  8 .49  f t . l b .

+ , \1  I \ i  =  0 .24 v2 r t .1b.

the work-enerSy pr inciple t o  t h e  e n l i r e

2*
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Fron the lao of cosines d2 = !2 + 32 cos2o = 1 + 3 cosze, anal

,  " i .#  (1  +  3  cos2e + 0 .82)  w2 = 
$n<t .a t  +  3  cos2e)  i '2 .

FinalIy the sork-energy pr inciple for the iotervel  bet*een the
vert ical  posi t ion snd the incl ined posit ion givee:

ldu = Ar]

fron shich I

The ansrer
conpu t i ng l ' f o r9=

3 cos2o) w2 - 8 .49

An8.

may be checked by
B f r o n v - 3 n .

w' = !i!

to the f i rst  pert  of  the problen
O  a n d  o b t a i n i n g  t h e  v e l o c i t y  o f

3. Specify the necessary nodulus k
al los the gear gector to rotate a naximurn of
test in the posit ion €honn. Also f ind the
plunSer ehen the spr ing is ccmpressed I  in.
gear aecto eigh8 l0 lb.  and oay be treaEed
A l s o ,  f t i c t i o n  i n  l h e  p a r t s  i s  n e g l i S i b l e .

,of  the spr ing nhich ni l l

*  turn i rhen releas€d froE
" v e l o c i t y  v  o f  t h e  6 l b .
during this not ion. The
as a seni-c i rculer diak.

Solut ion: The sector aod attached plunger are taken es the
sy3ten to be isolated, and the ect ive-folce diagran, showing al l
externel forc€s ehich act on the systern end do work, is drsr.n,  the
l 0  l b .  a n d  6 I b ,  e e i g h t s  a n d  t h e  s p r i n S  f o r c e  a l e  t h e  o n l y  s u c h  a c t i v e
f o r c e s .

(1 .64  +

(68 .49  - 60 sln e)
( r ,64 +  3

)



for a rotation of I/8 of a turn O : +. and the cmDressioa of
the  spr ing  is  x  -  

+ -4_-2 ,71  in .  A Iso  i  =# l  r .ss  in ,  t i re  ver t i ca l
novernenr of 

" 
1o, se= -L ie:

( 2+x ) - ( i - i coee )=4 .71  -  2 ,55  ( l  -  0 . 707 )  =  3 .96  r r ,

The rort-energy pl inciple for AT - O is:

tAt  = o l  ( lo  x  3.96)  + (6 x  4.71)  - lu  <z. t t>"  = o,

k '  1 8 . 4 8  t b .  A n s .

For e spring compreseion of I in. the angular noveDent of the
gector is :

o -  
? -  0 .5  rad .  o r  o  -  28o 39r

end the vert ical  novemen! of C iB:

( 2  +  l )  -  2 . 5 5  ( l  -  0 . 8 7 8 )  -  2 . 6 9  i n .

Thus the net uork done during the I  in.  cmpression of the 6pring is l

1 -
Au-  (10  x2 .69 )  +  ( 6  x  : )  -  

$x  18 .48  x  1z )  =  35 .7  1n .1b .

Theikinetic energy of the diet day be conputed fron the
expression i lc 

!r;  uhere:

tc  -  i+  md*  =  ro  -  l r i2  +  rd  +  Io+ o  GF -  i2 ) .

The law of cosides applied to the tr iengle oec give6:

e -  i2  = rz  -  2 f r  coe 4-  o t  =  21.3 rn ,2,

end the monent of inert ia about 0 is:

^ - i ri x 2 nr'2) = ! *" - ffi:r6rO- 0.466 1b.1n.sec.2

I terefore the kinet ic energy of the disk i6:

1 --2 I  tn , .2
i r""- = 

, (0.466 + Ti+12 x 21,3) iz 
- 0.01414 v2 tn.lb.

Fioal ly,  th€ kinet ic energy of the plunBer is accouoted for,  end the
sork-eoergy equat ion gives:

t^u - ^rt 35.7 = o.o14r4 u" + l.Vrf-;-y1 u,,
.  v  -  40 .4  i n . / sec .  A t r s .
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_ llle -kineriq edtrgylo! ,rhe gear sector lnay be deternined ako
froo th€ relst ion i0fv'+ t l t '  In rhis nerhoi ir  is neceesary ro
relete i  €nd s to 

-rhe 
velScity v of the ptunBer, and the labour i6

conpareble ro thet of  obtaining Ic as uas don€ in the
6olut ion.

Preaent

rmBu s

1. The suspended log shown is
what angle 0 should th€ log be leleased
the object to be sm€shed r i th a veloci tv

A n s .  o = 4 1 ' 1 6 l

F t g .  I

uaed as e better ing ram, At
from rest i l r  order to str ike
ol 20 t t . l  sec. ' l

F lA .2

2 .  F i n d  t h e  r o r q u e  M  a p p l i e d  r o  l h e  4 0  l b .  c i r c u l a r  d i s k
necea6ery to give i ts center a veloci ty of 4 f t . /sec. in a distance of
l0 f t .  up the idcl ine from rest.  fbe nheel does not.6l ip.

4gg.  u -5 .47  lb . f t .

-  3.  The gear and ettached dlum have a corobined veiahr of l5O
l b , .  a n d .  a  r a d i u s  o f  S y r a r i o n  o f  t 0 . 5  i n ,  T h e  v e i g h r  . , f  

- r t .  
i o t o rprnron rs smart and mey be neglected. The 400 lb,  load ecquites an

upnard velociry of I5 fr . /sec. afrer r is ing 20 f t .  f roo .L"t  * i th
conataot accelerat ion. Determine the totque M on th€ notor Dioion.

4!9 .  r -  52 .5  lb . f t .
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4. Each of the tro syirnetr ical  toggle l inks seiehs l0 lb.  and
h a s  a  c e n t r o i d a l  r a d i u s  o f  g y r a t i o n  o f  4  i n .  T h e  s l i d e r  a !  B  s e i g h s  5
lb. and moves freely in the vert ical  guide. The spring nodulus is 4
l b . / i n .  l f  a  c o n s t a n !  t o r q u e  l l  o f  2 5 0  l b , i n ,  i s  a p p l i e d  t o  l i n k  O A
t h r o u g h  i t s  s h a f t  a t  O  s t a r t i n g  f r o n  t h e  r e s t  p o s i t i o n  a r  e  -  4 5 ' ,
deternioe the angular veloci ly l {  of  OA at the instant rhen 0 = 0,

A n s .  w  =  7 . 3 6  r a d . . l s e c .

5. The 100 lb.  load A and the attached 50 Lb. sheave B have
a n  u p r a r d  v e l o c i t y  o f  l 0  f t . / s e c .  e f t e r  t i s i n g  1 5  f t .  f r o m  t e s t  u n d e t
the act ion of the constant 85 lb.  cable ten€ion. Deternine the fr ic-
t ional noment Mf in the bearinS O i f  the radius of gyrat ion of rhe
aheave is 12 in.  and the cable does not sl ip on the sheave. Fr ict ion
a l o o g  t h e  v e r t i c a l  g u i d e s  i s  o e g l i g i b l e .  4 ! 9 .  l t t  -  3 . 2 5  l b . f t .

I i g .  3 FLE, 4

F l g . 5

F l g .  6



5 .  A  t y p e  o f  p r € s s  f r e q u e n t L y  u s e d  i n  t h e  h o t  e o r k i n g  o f
nonferrou6 betals is shosn in the f igur€. The f lysheel and etteched
scren together eeigh 600 Ib. and have a radius of gyrat ioi  about the
v e l t i c a l  c e n l e r  f i n e  o f  L 6  i n .  T h €  s c r e w  h a s  a  d o u b l e  t h r e a d  o !  2  i n .
lead, and the forning head and die weigh 80 Lb. l f  the f l l rheel has
s  s p e e d  o f  1 0 0  r e v . / m i n .  i n  t h e  p o s i t i o n  s h o s n ,  d e t e r m i n e  t h e
r o t a t i o n a L  s p e e d  N  j u s t  b e f o r e  t h e  d i e  s t r i k e s  t h e  l r o r k .  N e g l e c t
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f  r  i c t  i o n . A n s .  N  =  l l 7 . l  r e v . / m i n .

body s ' . rpported by F is 1500 lb. Ans .  x=4 .58  i n ,

fap,. J

7. I f  the frane F of th€ car rnust be jacked up to a height of
x  =  1 4 . 5  i n  t o  r e l e a s e  t h €  c o n p r e s s i o d  i n  i h e  s p r i n g s ,  d e i e r n i n e  t h e
l e a s !  v a l u e  o f  x  r e s u l l i n g  f r o m  a  s u d d e n  r e m o v a l  o f  t h e  j a c k  i f  l h e r e
a r e  n o  s h o . k  a b s o l b e r s .  T h e  c o n s t a n t  o f  e a c h  s p r i n g  i s  4 0 9  l b , / i n , ,
aod the t ine AC may be assuned to remain ver l ical  throughout the
rnovem€nt.  The 1. 'eighi  of  rh€ fraoe F and rhar pari  of  the st tached

F t g . 8

8 .  T h e  b a r  A c B  w e i g h s  I 0  I b .  w i l h  c e n t e r  o f  g r a v i r y  a t  C  a n d
h a s  a  c e n t l o i d a l  r a d i u s  o f  g y r a r i o n  o f  6  i n .  T h e  b a r  i s  s c r e s e d  i o
the face of the t  heel as shown. The rheel eeigh8 20 lb.  r i th center
o f  g r a v i t y  a l  O  a n d  h a s  a  c e n t r o i d a l  r a d i u s  o f  g y r a t i o n  o f  0 . 8  f t ,  I f
the rheel and bar are released fron lest in the posit ion shosn and the
s h e e l  r o l l s  r i t h o u t  s l i p p i n g ,  d e E e r n i n e  t h e  a n g u l a r  v e l o c i t y  r  o f  t h e
u h e e l  l r h e n  t h e  c e n c e r  C  o f  t h e  b a r  i s  d i r e c t l y  b e l o \ r  0 ,

A n s .  i r  =  2 . 3 2  t a d . / s e c .

15. Linear lppulse ard lloEntu!: The work-energy method
p r e v i o u s l y  d i s c u s s e d  i s  a  c o n s e q u e n c e  o f  t h e  f i ! 6 t  i n t e g r a l  o f  L h e
e q u a t i o n  o f  m o t i o n  w i t h  r € s p e c t  t o  d i s p l a c e n e d t ,  T h i s  a p p r o a c h  l e a d s
to the solut ion of prublems uhere changes in veloci ty may be
c a l c u l a t e d  d i r e c t l y  f r o m  l h e  e o r k  d o n e  b y  t h e  f o r c e s  o o  t h e  s y s t e n
r h e r e  t h e  f o r c e s  r r e  e x p r e s s e d  i n  t e r n s  o f  t h e  d  i s p l a c e E e n t s  ,  F o r
p r o b l e n s  w h e r e  t b e  f o r c e s  a r e  e x p r e s s e d  i n  t e t u s  o f  t h e  t i m e  a  f i r 6 t
i o t e g r a l  o f  r h e  e q u a t i o n  o f  m o t i o n  t ^ , i t h  t i n e  i s  i m p l i e d .  T h i s
a p p r o a c h  l e a d s  t o  t h e  q u a n t i t i e s  o f  i n p u L s e  a n d  m o m e n l u r n .
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the equat io$ of motion of e psrt ic le of nass m in the
x - d i r e c  ! i o n  i s :

t F x = n d x = n
dvx-?E'

there Fx is the sun of the x-components of aLl  fotces act idg on d,
6nd ax aod Vx ere the x-coDpodents of the acceleret io[  end veloci ty,
respect ively.  Since the nass m of the single part ic le is a codstant,
this equaEion nay be sr i t ten in ei lher of the t t ,o forns:

d ,
X F x  =  

a E  
( m v x )  o r  t F x . d t  =  d  ( u v * )  . . . . . . . , . . , . . . .  ( 2 0 )

The product of mass and l inear veloci ty is def ined ag
"l ine.r  monentum", and Ehus the f i rst  ot  Eqs,(20) stares that rr lhe

reaultadt foice in any one direct ioo on e part ic le of mass D equsls
the t i | [e rate of change of i rs l inear rooenaun in thar direc! ionrr.
Thid formulat ion is an al teroate I 'ay of srat ing Neetotrrs second Ia$ of
motion. IThe producr of force aod t ime is def ined es Linear Inpulse,
and thus the second of Eqs,(20) stet€6 that the l inear impulee of IFx
on n during time dt. equals the change in linear tlonentun. The dinen-
sions of both l inear inpulse and l ineet norentuo are [Force] x [Tin€|,
( lb.sec.) .  The relat ions expressed by Eqs.(20) may also be wri t t€n
for the y- end z- direct ions, and these equst ions are, then, the
scalar cornponenls of a single sector relet ion rhich oay be stated as:

d , ,tF = 
# 

(r trv) or t .F.dt = d (rv).

ln the vector formulat ion XF ie the resultent of  al1
forces on e, and r lv is the lesultent l inear monenEun of n.  Llnear
iopulse and l inear noneotuo are borh vector quent i t ies rhich hsve the
direct ions of tF and v, i€specriv€ly.  Thus the direc! io$ of tF
coincides si th the dir€ci ioo of rhe glggg9 in l ineer nonenrur rhich is
a l s o  t h e  d i r e c t i o n  o f  t h e  e c c e l e r a r i o n .

The acl ion of XFx dut ing a f in iLe intervel  of  t ine t  ig
given by integrat ion oa the s€cond of Eqs.(20).  The iotegrel  i6:

X F * . d t  =  r r w x  -  r t r v o x ,  .  . , . . ,  . . . . . . . . .  ( 2 1 )

where vx is th€ veloci ty in the posit ive x-direct ion at t ine t  dnd vox
is the veloci ty in the posit ive x-direct ion at i ine t=O. ?he integrel
od the lef t  s ide of the equet ion is rhe I inear iDpulse of tFr dur ing
the t ine r ,  qnd the r ight s ide of th€ equat ion is the correspondinS
change in the [ inear momentun. Whed lhe funct ional relat ion berween
XFx end !  is unknonn but experinentel  det.a for the val iat ion of lFx
eith t  are avei leble, the total  inpulee nay be found by approxiraat ing
the erea under the curve of t fx versus t .  l f  t t r r .  is constsn!,  the
e*preasion becomes:

P'

tFxt = rDvx - Il|vox.



I t  eas knoen thet the resulteot of  al l  forces ect iog on a
translat ing r igid body passes lhrough the center of t lass and thai euch
lrot ion.nay be enslyred as though the body eere e psrEicle.  Ihus the
toregotng prioclples of idpul8e and dorentuE developed for the Eotioo
of e pert ic le uay be appl ied equel ly rel l  to e trenslat ing r igid body.

consider nos eny generel  systeo of part ic lea. These
perElcrea need not be joined buE tney be considered to have any rnot ion
s h a E s o e v e r ,  l f - F r * ,  F 2 * ,  F r : ,  . . . . . . . . ,  r e p r e s e n t  t h e  x - c o o l o o e n t s  o f
ar l  rorces applred to e representat ive- psrt ic le of Essa nt f ro!
sources exrernal !o rhe syatenr and i f  l t_,  lz. ,  l ._,  .ep.""!nt  t te
x-cooponents 

.of  al l  internelty appl ied "f6rcje 
--on'  

n1 ,  t te f i rst  of
n q 6 .  ( z u ,  n a y  b e  v r r t t e n :

Ftx + F2x + Fsx + . . . . . . . .  * f  , "  *  
{ . *  

+ 
J lx  

+ . . . , . . . ,  =  
$ 

( " " r* )  '

where vL . is the x-coDponent of the velociry of Dl.  Sidi ler expr€s-
a r o n a  n e y  b e  n r i l t e n  f o r  e e c h  p a r t i c l e  o f  t h e  s y s t e n .  B y  e d d i n a  s l l
theae equetions end reEenberiog that the 6ln of the ioternal sctiotrs
aod leactiotr3 ig zero, the guo of eaternal forces in the r-directioa
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r , ! x = r - ( t ! - v . r E
O E

The expression '(ro1v1/ is the suo of th€ lioeer noEeotal
or err  parEtcrea rn the ra-direct ion and ia def ined as the l l l resr
rmmeotu[ cx of the syslen in th€ x-direct ioo. This Bonentum day De
e:.prersed in terDs of the uot ion of the nsss center.  Ihe pr inciple of
oooente is:

n& - I (nrxr),

rrh:re j<f  i -s rhe x-coordinete of rq,  n is th€ toEel ness of the sysLeu,
aod X rs the x-cootdinate to the EeBa center,  l f  et tent ion is focuseo

9i. . t -h:- :?! : l  
€y8t€o, i t r  rsss Day * cotrsidered as codataot,  end

drrterentrat lon rrr ih respect to t ime gives:

o f i x = I ( n t v t x ) = G x .

Thud the lineer nonentun of any given systeo equels the
Eotal  Dess of the syslen nult ip l ied by the v; loci ty of the;eoter of

d
dt X (m. v. )

The BJmbol Cx end i ts interp(elet ion
lhe equel ioo for tFx. Wit .h sioi ler e*preesions
dlrectlons thete result:

used in
aod ,-

0ey
tor the y-



XFx =

tFv =

Equations(22) are the scalsl  componeots of rhe single
v e c c o r  € q u a c r o n :
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j_%

d c v
d t

dE"

d t

<22,

(23)

ehere C - ni .  tquat ion(23) sEates thet the resultant of  the exteloel
forces act ing oo any giveo syslem of part ic les equals the megnitud€
and direcl ion of rbe t ine race of change of the l ioear nomenlun of the
sysletn. This formulaEion is an extrenely importaot concept in nech6-
nica, end is an al lernete way of expressing the equat ioo of motion of
the maas center of any systen,

Appl icst i .oo of the pr inciples of inpulse and monentur
requires the use of € free-body diaglan where al l  exte!oal fotces
act ing oo the body on syatern sre account€d for.  In the nerhod of sork
and eoergy i t  is necessary ro consider ooly the6e forces rhi .ch do
nork, ehereas with Ehe oethod of inpulse and norEentun al l  forces with
conponents in the direct ions of motion exert  inpuls€g sherher they do
work or not,  The general i ty of  Eq.(23),  der ived for aoy given BysteD
of part ic le€, is not needed rheo deel ing r i th e translat ing r igid
body, this general iEy wi l l  be found u6eful  io discussing probleos
nhich involve mass f lolr  in art ic lee fhich fol lor.

SAXPI.E PROBITI

l .  The I00 lb.  eeighr is prr l . ted up rhe incl ine from reer by
the act ion of the force P, l rh ich ver ies t ' i th the t ine according to the
acconpanyrng graph. Determine the velociry v of the seight 8 sec.
after P begins Eo act.  Th€ coeff ic ient of  f r icr ion i6 0.30.

lq, lb.
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.g9lg!g!: The free-body diegren of the block is drewn and
discloses three forces l,hich have coDponents in the direction of
motiotr. t lrere is zero resultant force on the 100 Jb. eeight unti l  P
overc@es the l iBit ing fr ict ional force of 0.30 x I00 cos 10" 29.5
lb. and r€achee the value of:

P  =  29 .5  +  100  s in  I0 '  =  46 ,9  tb .

force in

(4gg) 5 = 3.91 sec.
60

For the r€naining 4.09 sec, the Ret

t h e  d i r e c t i o n  o f  m o t i o n  i s :

lhe iopulse duriog the 4.09 sec. is:

t r x=P-46 .9

? .d r  -  (46 .9  x  4 .09 )  =  46 .4  1b .3ec .gt
o  3 .91

uft€re the inteSrel
udder the curve to
principle gives I

is  discont inuoug and ay be obtsined froE the area
the r ight of  t  = 3.91 sec. The impul6e-momentum

t f , r r * .a t -A(rvx) l : 46.4 - #5 (v - o),
v  -  14 .94  f t . / sec . ans.

PIOBLB}'S

l.  A jet-propel led airplane ! .ei8hing I  tons ( .16000 . tb.)  is
f ly ing at a cooslant speed of 500 Di. /hr.  ehen the pi lot  igni tee tro
rocket assist-units,  each of ehich developB a forward thrust of  1000
Ib. for 12 sec. l f  the veloci ty of the sirplane is 530 r i . /hr.  et  th€
€nd of the l2 6ec,r  f ind lhe t iEe averege of the increase AR in air
resistance. The l ,elght of  the rocket fuel  is negl igible cotnpared ei th
t h e  w e i g h t  o f  t h e  a i r p l a n e .  A n 6 ,  A R  =  1 7 8  l b ,

2. Deterrnine the constaot drarbsr pul l  P required to increase
th€ veloci ty of e 1500 ton train of f reight cer6 from 30 Ei, /hr.  to 50
ni. /hr.  up a I  per cent grade in 3 nin. Train resistence is l0 lb. /
ton. 4Sg. P - 60,200 lb.



- 185 -

3 .  A  p a r r i c l e  o f  m a s €  n  s t a r t s  f r o n  r e s t  a o d  m o v e s  ! n  a
horizontal  s!raight l ine under the sct ior of  a constant force p.
Resistance ao root ion is proport ional to the squsre of the veloci ty 6nd
i s  R  =  k v .  D e r e r m i n e  r h e  t o l a l  i n p u l s e  I  o n  r h e  p a r t i c l e  f r o E  t h e
t i n e  i t  s l a r t s  u n t i L  i t  r e a . h e s  i c s  n a x i n u m  v e t o c i r y .

An6. I  -  m'/P/k

4 .  A  2  l b .  b o d y  w h i c h  h a s  a  v e t o c i r y  o f  t O  f t . / s e c .  t o  r h e
left  is struck l r iEh an impact force F act. ing ro the r ight on the body
es replesented in the graph, Approxinate the loadiog by the dotted
tr langle and derermine rhe f inal  veloci ty v of rhe obiect.

A n s .  v  =  J 8 , 3  f t . / s e c .  r o  t h e  r l s h t

3m

OM

r 1 9 . 4

5. An 8000 lb.  rocket sled is propel led by six locket notors
e a c h . r i t h  a n  i r n p u l s e  r a r i n g  o f  3 0 , 0 0 0  l b . s e c ,  T h e  r o c k e r e  a r e  f i r e d
al t  sec, intelvels s!art ing fron resr,  and the durat ion of each
r o c k e t  i s  1 . 5  s e c .  I t  t h e  v e l o c i r y  o f  r h e  s t e d  i s  6 0 0  f r . / s e c ,  i n  3
s e c .  f i o n  t h e  s r a r t ,  c o n p u t e  t h e  E i n e  a v e r s g e  R  o f  r h e  r o t a l  r e s t s -
tance to motion. Neglecr lhe loss of reighr due to exhaus! gases com-
p a r e d  n i t h  t h e  r o r a l  r e i g h r  o f  r h e  s l e d .  4 ! ! .  R . =  1 0 , 3 3 0  f b .

6, Careful  neasurenents made duriog the inpacr of the netal
c y l i n d e r  a g a i n s t  t h e  s p r i n g - s u p p o r t e d  p l a r e  d i s c t o s e  a  s e m i e l l i p t i c e t
relat ior berween the conrsct force F and lhe t ine t  as ;norm.
Deterni [e the rebound veloci ty v of the cyl inder i f  i t  weighs 8 oz.
a n d  s t r i k € s  t h e  p l a t e  e i r h  a n  i n i r i a l  v e t o c i r y  o f  Z O  f | . l s e . ,

4 ! 9 .  v  =  l l . 0  f t . / s e c ,
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!  r 8 . o

16. Diversion of Ste.dy lluid Stre.rs: The principle of
i r lpul5e snd dodentun f inds iEportant appl icat iotr  in the anelysis of
the dyneDics of f lu ids. In part icular,  consider the diversion of a
steedy strean of f lu id by a f ixed sect ion of pipe or a vane eg
replesented io Fig. lo.  The f luid enters * i th a velociEy v,  throuSh r
cross-sect ional area A! nornal to the f lor end leaves r i lh_a veloci ly
V ihtough s cross-sect ional 4tee Ar nolEal to th€ f1ow. With steedy
floe there is no accunuletioo or depletion of fluid in the systeo.
The free-body diagram of the section of fixed pipe and the fluid rilh-
in il is shoen in part (a) of ihe figure ehere XF is the ieaultent
of el l  external folces acEing on the systen isolated. This lesulEsot
wi l l  include ihe reighc of the pipe and f luid,  i f  appreciable, and €l l
external suppoit ing forces eppl ied to the pipe sect ion. Also included
6re the forces due to the stst ic pressur€ (gauge) across the entrence
add er( i t  seci ions €xerted on the f lu id \r i th io the dyEten by the f lu id
et tetnal to the system, For f lu id f low across an open vsne the
presaure in the streae is atnospheric,  in $hich case there is no force
due to stat ic pressure shich contr ibutes to tF.

The force f ,F may be determined by a direct appl icat ion of
Eq.(23) ohich states the resultent force on aoy given usss 6yBten
equsla the li|[€ rate of change of the nonentur of the sylted. Since
lhere i3 no change in motuentuo of lhe pipe, the tine raie of change of
EoDeotuD ilr lhe vector difference betseen the rate at shich lloDenCun
leaves the sysled and lhe rate at rhich nonentun enters the syste|!.
I f  h '  Btands for the mass rate of f lor,  Eq.(23) eives:

Di**

lt lt'--
.-T

n|b.

tE  =  n rA  v (24 )
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z

E q u a t i o n ( 2 4 )  i s  i n d e p e n d € n r  o f  r h e  p r o p e r t i e s  o f  t h e  f l u i d
and nay be used to enalyze any type of steady nass f lo$ shether i t  b€
l i q u i d ,  g a s ,  o r  p a r t i c l e s  o f  n a s s  s u c h  a s  s a n d ,

one of lhe rnost idpurtant appl icat lons of the nonentun
e q u a t i o n  f o r  f l u i d  f t o l r  o c c u r s  u h e n  t h e  d i v e r t i r g  b o d y  i s  i n  n o t i o n ,
such as a pump vane or turbine blade. The saaple problen t  hich
f o l l o t  s  $ i l l  i l l u s t . r a t e  t h i s  c o n d i t i o n .

F i g . l 0

! ' h e r e  A v  =  v 2 - - - + v r  s i n c e  t h i s  i s  a  v e c t o r  e q u a t i o n ,  X F  l r i l l  h a v e
t h e  s a m e  d i r e c t i o n  a s  A v .  E q u a r i o n ( 2 4 )  r n a y  b e  a p p l i e d  d i r e c t l y  a s  a
vector equat ion, or i t  may be used in lerms of i ts x- and y-

The irpu L se-nonentun equat ion for sEeady f tuid f lo lJ may
a l s o  b e  o b t a i n e d  b y  a n  i n c r e n e n t a l  a n a l y s i s .  F i g u l e  l 0 b .  i l l u s t r a t e g
t h e  s y s l e r n  a r  t i m e  t  a n d  d l s o  a t  t i n e  t  +  d i ,  T h e  s y s L e m  c o n s i s t s  o f
t h e  f i x e d  p i p € ,  r h e  f l u i d  r , r i r h i n  i t ,  e n d  r h e  f l u i d  o f  m e s 6  d m  r h i c h
oi l l  enter lhe pipe in t ine dt.  After the interval  dt  the sane systen
occupies the posit ion shctnn in the r ight-haDd viee of Fi8, lob.,  ' rhere
a nass of f lu id equal to dro, has emerged from lhe sect ion. The
moD€otura of the f lu id l , i th io the pipe between the t l 'o eods at t ine I
is ident icat l . , i th thst belreen the same t l 'o ends at t ime t  + dt,  and
lherefore the di f ference betveen the $on€ntal  of  the systen at the tso
t ines is v2 dm ----+vl  dln or Av.dm, Since thi j  change occurs in t ine
dt,  the t iml rare <.r f  change of monentum ie Av 99 or m' Av which equals

t h e  r e s u l i a n t  f o r . e  t t r  o n  t h e  s y s l e n  e s  g i v e o  b y  E q . ( 2 4 ) .

l lheo lhe entrance and exi t  areaE for th€ f lu id f lox are
n o l  t h e  s a n e ,  i t  i s  n e c e s s a r y  t o  a p p l y  t h e  e q u a t i o n  o f  c o n r i n u i t y
which nerely accounts for the constancy of nass f lo! | .  l f  , /B is the
n a s s . d e o s i r y , .  r h e n  f i _ A  L I l l  

=  A r A r l , ,  r f  t h e  f L u i d  i s  a  l i q u i d ,  r h e
d e n s r t y  w r t l  b p  e s s e n t l a l l v  c o n s t a n t .



SAHPI.B PRODI.EX

l.  The s| loolh vane shosn div€rts the open slrean of f lu id of
crosd-sect ional area A, nalrs densityy' ,  snd vetoci ty V. (a) Determine
the fo!ce conpooents R and F iequired to hold the vane in a f ixed
posit ion, (b) Fir ld the forces shen the vaoe is given a consiaot
veloci ty 1.1 less then V add in the direct ion of V. (c) Deternine the
optiDun speed ! for the Seneretion of maximun poser by the action of
the f lu id on the noving vede.

F,

- 1 6 6 -

Solut ion: Parl(e).  The free-body diagram of the vene
togeth.r-TiiE--Eie fluid portion undergoing !h€ noneotun change is
tho|,n. The Domeotun equatioo nay be applied to the isoleted systeE
fo! lhe change in bot iun in both ihe x- and y- direct ions. ni th the
vane stal iooary the nagnitude of Ehe er i t  veloci ty Vr equale thar of
t h e  e n t e r i n g  v e l o c i t y  V  $ i t h  f l u i d  f r i c t i o n  n e g l e c t e d .  T h e  c h a n g e s  r n
the veloci ly components ere, thenr

I t Fx= r iAvx l

[ tFy=nAvy ]

Avx= v cos 6 - v= -v(1-cos o) and Avo = v sin o - 0 = v sln e.

The ma€s rale of f lo ir  is * '  =. /J lv,  end subst i tut ion i r to Eq.(24) grvesr

-F =/tAv [-v(1-cos e)], E =J)Av'? ( l-cos 6),

=.nAv tv 6ft el,  R =,OAv2 sin e

P a r t ( b ) .  I n  L h e  c a e e  o f  l h e  n o v i n g  v a n e  t h e  f i o a l  v e l o c i t y  o f
the f lu id upon exi l  is the veclor sum of the veloci ty l r  of  the vaoe
plus the veloci [y of the f lu id relat ive to tbe vane. This combinat ion
is gholJn in the veloci ty diagran to the r ight of  the f igure for the
€xit  condiEions. The relat ive veloci ty is that I ,hich sould be neas'rred
by an observer moving $i th the vane. This observer would meaeure v-!
feet o€ f lu id passiog over the vane per second, and the direct ion of
this rela!Lve veLoci ly is tangent lo the vane et exi t .  The combina-
t ion of ihese t l . 'o velocLty conponeols gives the f inal  absolute f lu id
veloci ly v '  as shoen. The x-conponent of f  is the sunr of the coo-
ponents of i ts lwo part6, 60 Vr.  = (v-!)  cos e +! -  Th€ chenge in x-
v e l o c i L y  o f  L h e  s t . r e a n  i s :

Ans.

Ans.



-F =PA(v-!) [-(v-l) (l-cos o)],
r =rA(v-!)2 (t-cos o) Ans.

x  = ,e (v -u) '?  s tn  o  Ana.

' I te y-conponent uf V'  is (v-!)  s in e, so thet rhe chenge in
t h e  y - v e t o c i l y  o f  t h e  s t r e a n  i s  A V y  =  ( v - ! )  s i n  O .

The mase rate of f low rn'  is the nass undergoi(rg nonentur
chan8e per unit  of  t ime. This rate is the ness f loning over the vatte
p e r  u n i t  t i n e  B d d  n o t  t h e  r a t e  o f  i s s u a n c e  f r o n . t h e  o o z z l e ,  T h u s :

n, = pA (v_u)

The impu L ses-nomenEun pr inciplc appt ied to the posit ive coor-
d a n a t e  d i r e c t i o o  g i v e s :

t tPx  =  n 'A  vx l

-  -  'v '

P a r t ( c ) .  S i n c e  R  i s  n o r n e l  t o  l h e  v e l o c i t y  o f  t h e  v a n e ,  i t
doe3 not work. The trork done by lhe furce F shol 'n is negst ive, but
the pouer devetoped by the furce (equrl  and opposite to F) exetted by
the f tuid oo the noving vane is:

tP - Fll P =./A(v-!)  2 
u ( l -cos 6).

The vetoci ty of the vane for mexinur power for
i n  t h €  s t r e a n  i s  s p e . i f i e d  b y :

c
3

b Lade

,oA(l-cos 6) (v2- 4uv + 3u'?)

(v -  3 )  ( v -u ) - -o rnp= Ans .

The second
pouer.  

'  
An angle O

f t u i d  a n d  c  t c a ( t y
any vatue .) t  U.

solor ion U = v give8 a minimurn condit ion of zero
=  1 8 0  d e C .  c o n p t e t e [ y  r e v e ( s e s  t h e  d i r e c t i o n  o f  t h e
prod'r.es both ma,(imum force and naxirnr.rm poser for
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l .  W h e n  l h e  a i r  o d l y  o f  a  s a n d - b l a s t i n g  g u n  i s  t u r n e d  o n ,  t h e
force ot the air  on e f la!  aurface nornal to the dtresn and 6 in.  f ron
lhe nozzle is 2lb.  t { i th lhe nozzle io lhe sane posit ioo the force
increases to 5 lb,  t 'hen the saod is edmit ted to the streao. l f  sand
i s  u s e d  a t  r h e  r a t e  o f  I 0  l b . / m i n , ,  f i n d  r h e  v e l o c i t y  V  o f  r h e
p e r t i c l e s  o f  s a n d  a s  t h e y  s t r i k e  l h e  s u r f a c e .  4 ! g .  V  "  5 8 0  f t . / s e c .

2. The tender of a loconot ive travel inS al  Lhe constant speed
of 60 mi. /ht .  r€ptenishes i ts supply of ealer by ecooping i !  up froE a
t r o u g h  b e t w e e n  t h e  r a i L s  e f  t h e  r e t e  o f  6  f ! o / s e c .  F i n d  E h e  s d d e d
resistance R to nol ion due to the act ion of the scooD.

AnB. R - 1024 lb.

3. The 180 deg. pipe return dischargeg sal l  water wi lh a
densi!y of 64.4 Ib. / t r" .  into the elmosphe(e et a constant rate ! , f
3  t t 3  / a e c .  T h e  s t a t i c  p r e s B u r e  i o  t h e  r , s l e r  a t  s e c l i o n  A  i e  7  l b . / i n '
ebov€ atnospheric press' i re.  The^ftoi '  area of the pipe at A is 24 inz.
aod thst a!  discherge is l l .8 io ' .  I f  each of the six f lange-bolts ig
t ighEened with a torque lrreoch so lhat i t  is under a tension of 2000
lb.,  deternine the average pressure p. on the gesket between t-he t1rro
f langes. The f lange area in contact l | i th the gesket is t0.4 in ' .

4 ! 9 .  p -  6 7 . 7  l b . l i o 2 .

[ -
F t g . 3

PRO0L8l|S

4 .  A  b a l l  o f  e e i g h t  w  i s  s u p p o r E e d  i n  a  v e r t i c a l  j e t  o f  r a c e r
e i t h  o e i g h I  d e n s i t y  U .  I f  t h e  s t r e a | s  o f  $ a t e r  i s s u i n g  f r o m  t h e
nozzle has a diemeter d snd veloci ty U, deterynine the heigh! h ebove
th€ nozzlc aL l rhich the bat l  is supported. Assune that the jer
reoains intact qnd that there is no energy toss in che jer.

4!s.  h= r  ru,  _ t { !&.  1,)
E 

,rli ud -

I
I

F i g , 4
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5. A strean of water f losiog at the rate of 500 gel. /nin.
from a 2 in diameter nozzle is diverted by the f ixed vade. The vane
is posit ioned so that 4 of the stream i6 diver led up end the
lemainder is def lected d6l 'n and back as sho?n. Deternine the tolal
force E required to hold the vade in place. (10 lb.  of  {ater per I
i r n p e r  i a  I  g a l l o n ) .

6. Freshraler - is 6r.rppt ied to the f ixed pipe under e stat ic
plessure fo 50 lb. /  in '  .  and issues fron lhe nozrle3 A end B at
v e l o c i t i e s  o f  7 0  a n d  7 5  t t , / s e c . ,  r e e p e c t i v e l y .  T h e  i n s i d e  p i p e
d i a m e l e r s  a !  A ,  B ,  &  C  i o  t h a t  o t d e r  a r e  I  i n , , 2  i n . ,  [  4  i n .
Calculete the everage tension T aod horizooaal shear Q. in the pipe et
sect ion C. l leglect the soalt-seight of  Ehe pipe and naler ei thin i t .

A n s  T = 6 8 2  I b . ,  Q = 2 0 1  l b ,

Fls. 5

F t q . 6

7. The experimeniat airc.al f  has a Eolal  eeight of  10,000
lb. and is designed for VTOL (vert ical  take-off  and lsnding).  Uovable
ving secl  ion6 divert  the engine jet-strean doqrnward to provide ihe
c o n p o n e n E  o f  v e l L i c a l  L i f t .  E s c h  o t  t h e  r r o  e n g i n e s  s u c k s  i n  8 3  l b .
o f  a i r  p e r  s e c o n d  a t  a  d e n s i t y  o f  0 . 0 7 6  l b . / f t t .  a n d  d i s c h a r g e s  t h e
heated air  ei th a velociEy of 2000 f t . /sec. The mass of fuel  added to
the exhaust stream ts smelt  and may be neglected. For the given con-
d i t i o h s  d e t e r m i n e  t h e  s o g l e  0  s h i c h  r i t I  i n i t i a t e  v e r ! i c a I  t a k e  u f f ,
and f ind the inlet  area A for each jet  engine i f  rhe hol izonral  Ehrust
o n  t h e  a i r p t a n e  i s  z e r o .  4 ! C .  e  =  1 4 " 5 ' ,  A  =  2 . 2 4  f t 2 .

irl
F i g .  7 F t g . 8
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8. A jet  of  f lu id sirh veloci ty v,  cross-sect ional aree A,
aod lneas den8ity -4, impinges on a fixed slanled trough shoen in
sect ion. Sone of the f lu id is diverted in each of the t \ ro direct ions.
l f  the trough is smooth, the veloci ty of both divetted atreans temains
V, and the only force rdhich can be exerted on the f lu id is ool l le l  to
the surfece of the Erough. By or i t ing the inpulse-ooDentun equat ions
for the dir€ct ions aloog aod norroal to the trough determioe the force
F required to suppolt the trough and the rate of ftog Q (volume per
u n i t  t i d e )  i n  e a c h  o f  t h e  t I J o  d i r e c t i o n a .

Ans F =/Av2 sln o;

Or= t  <r  + cos s) ,  Q2 -
q.
2

(1  -  cos  0 ) .

17. 4!SC!3I_IgpCEg_3!4_!9Eg: A particle of mass o lrovins
oith veloci ty v,  Fig.( l I  a),  has a l inear mornenturn nv. The nonent of
this l ineer-momenlun v€cior about the point O is Dvr.  snd is def ioed as
the ANGULAR IO]IENTU]i H of rhe particle abour the poinr. The engular
noneot.uE is e vector uhich Eay b€ represented by the conventional
righl-haod rule for ooments, The aogular momentum of a rigid bodyj
Fig.( l l  b),  about an er is perpendicular to the plsne of motioo and
pqssing through a point O f ixed in the noving body i9 the sum of the
no| lents of the l ioear nomenta of el l  i te part ic les about the exiB.
Sioce the veloci ty of a representat ive part ic le of oass dl  may be
e:.pressed in terms of the veloci ty corponents of O plus the veloci ty
of ml ei th respect to O, the l i rear nonedtum of D wi l l  be the vector
sur of lhe cooponents shosn in the fiSure. Thue Ehe engular monenlum
of the pert ic le about O wi l l  be lhe su& of the monents of these I ineer
nonentu|n components about O. Suf iming up these lerms for al l  perEicles
gives for the total  engula! momenlum of the body ebout point 0 f ixed
in the body.

llo - Xnin2r,r + tElVoyX - tolvoxy,

nhere the couoterclockr ise direct ion is srbi trar i ly taken as posit ive.

a

F lg .  11
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l n ! r o d u € i n g  r h e  d e f i n i r i o n  o f  l h e  n o n e n t  o f  i r e r t i a  a b o u t  O
a n d  [ h e  c o o ( d i n a t e s  t o  t h e  n a s s  c e n l e r  g i v e s :

I{o= IoW + i rn vo_ - t m vo- . . . . . , . . . . . . . , (25)

I t  s h o u l d  b e  o b s e r v e d  t h a r  f o (  c l o c k r r i s e  r o r a r i o n  t h e  s i g n s  o f
lhe lest t l ro ierrns io this equat ion uould be leversed i f  Ao is
n e a 8 u r e d  p o s i r i v e  c l o c k  i s e .  E q u a t i o n ( 2 5 )  f i n d s  i t  g r e a r e s !  u 6 e  U h e o
l h e  a x i s  t h r o u g h  O  i s  f i x e d  ( p u r e  r o r a r i o n ) ,  w h i c h  g i v e s :

and algo rhen the mass center G is used as the reference point,  rn

H - Ir'l

T h e  L i n e a r  m o n e n t u n  o f  a  b o d y  i a  t h e  v e c r o r  c  =  n v  v h i c h  h a s
t h e  d i r e c t i o n  o f  t h e  v e L o c i t y  o f  l h e  c e n t e r  o f  r n a s s .  S i n c e  a n g u l e r
nomentun equals the noment of l in€ar l l l |menrum, the posir ion of the
vector mv nay be Located for each of the three types of plane tnotaon
s h o w n  i n  F i g . ( 1 2 ) .  l n  p a r r  ( a )  o f  r h e  f i g u r e  f o r  t r a n s l a t i o n  c h e
momenrum v€cror dv passes thiough G. Thi6 condit ion is easi ly se€n
since the resuLtant nonent of th€ [ inear tnonentun of al l  Darr ic les
a b o u t  G  i s :

r,ifo =

xhere n is the nass
the angu lar nomeotuE
noving o( f ixed poini

i&niy=fr=o,

o f  a  r e p r e s e n t a t i v e  p a r r i c l e .  t r  f o l l . o l { s  i h a !
o f  a  t r a r s L a t i n s  b o d y  a b o u r  a n  a x i s  t h r o u g h  a
s u c h a s A i s g  -  m v b .

i z';\
"tn 

=t- \

l l  , ,  . / .=.
^ n l  ,  \  ' t l  I- r - f -  , 1  - l '  \  7  i

\--J l\r\./

F ig . l 2

For rutaLloo about a f i .xed axis ar O in Fig.(12 b) rhe monenr
of the l inear nonentun equals rha angutar monentun, so that:

nriq = Iol,J, and q = &E - h'.



- t 9 4 -

Thus the l inear-mDnentum vector passes thlough the cenler of percus-
s i o n  r e l a t i v e  t o  O ,  I f  t h e  b o d y  r o t a t e s  a b o u t  a  f i x e d  a x i s  t h r o u g h  G ,
the l inear monenturn is zero, and the angutar monentum is lW, a free
v e c l o r  n o r m a l  r o  t h e  p l a n e  o f  r o t a t i o n  s i L h  a l l  t h e  p r o p e r t i e s  o f  a
couple. ln this event the angular nonentum is the sane about al l
p a r a l  l e  I  a x e s ,  f i x e d  o r  m o v i n g .

I n  E h e  c a s e  o f  e e n e r a l  p l a n e  n o t i o n ,  F i g . ( I 2  c ) ,  i f  t h e
angular monentun of lhe bc,dy abc,u[ lhe mass centef,  C is represented by
I l , l ,  l . ,h ich has the propert ies of a couple or free vector,  the l inear
nonenEun nv must pass Ehrough G. The aoSular nonentun of ahe body
about 6orne oiher axis,  f ixed or moving, ihrough a point A is I Ia =

mvd + I !{ .  l t  rnay be noted tha! mv and l t f  may be replaced by a sir i l re
v e c t o r  m v  l ' i t h  a  d i f f e r e n t  b u t  p a r a L l e l  l i n e  o f  s c t i o n  i f  d e s i r e d ,
T h i s  c o m b i n a t  i o n  i s  i d e n t i c a l  t o  t h a c  f o r  a  f o r c e  a n d  a  c o u p l e ,

The relat ion between the angular momenturn of a body and the
a p p l i e d  m o m e n t s  i s  o b c a i n e d  f r o m  t h e  r o t a r i o n a l  e q u a t i o n  o f  m o r i o n .
F o r  r o t a t i o n  a b o u l  t h e  I i x e d  a x i s  r h r o u g h  0 ,  F i g . ( 1 2  . b ) ,  ! h e  s u n  o f
l h e  m o m e n t s  o f  a l l  f o r c e s  a b o u t  O  i s  t M o  =  l o d  =  l o ( # ) .  S i n c e  t h e
moment of inert ia lo of che l ig id body is €onsLant,  tEE oot ion e,1""-
t i o n  n a y  b €  t r r i L t e n :

( I o I , l )  . . . . . . . , . . , . , , . . , . . . . ,  ( 2 6 )

In  prec isety the same nanner the nonent  equat ion about  the
mass center  for  the case of  any p lane not ion nay be sr i t ten:

(iw) . . .  .  . .  . . .  . .  .  ( 21 )

f u r  r o t a t  i o n  a b o u L  L h e

=  I o I , I  -  I o l . I o  . . , . . . . , . . . , . . .  ( 2 8 )

through O and

pt  r f r  a t  =  iw -  rwo . , . . . . . . , . . . . . . . . .  (29)
d o

f o r  a  r e f e ( e n c e  a x i s  t h r o u g h  t h e  m a s s  c e n t e r  i o  p l a n e  n o t i o n ,  l n  e a c h
case the angular  ve lo. i t .y  changes f ror  Wo at  l ime t  = O tc '  l ' l  a t  t  L ine
c .  T h e s e  e q u a t i o n s  s L a t e  t h a t  " t h e  t o t a L  a n g u l a r  i m p u l s e  e q u a l s  t h e
co.responding nel  change in angular  nonenLum.

' M

XMo= i

d
d t

f ixed ar<is

l n  v o r d s  E q s . 2 5  &  2 7  s t a t e  t h a t  t h e  r e s u l t a n t  m o m e n t  a b o u t  t h e  f i x e d
a x i s  o f  p u r e  r o t a t i o n  o r  a b o u t  a n  a x i s  l h r o u g h  l h e  n a s s  c e n t e r  i n  a n y
plane not ioo equals the t ine rate of change of angurar nonentun about
r e s D e c t  i v e  a x L 3 .

E q u a t i o n s ( 2 6 )  a n d  ( 2 7 )  h o r d  d u r i n g  t h e  e n r i r e  t i m e  o f  n o t l o n ,
a n d  e a c h  m a y  b e  i n t e g r a t e d  t o  g i v e :
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The angular impulse-rnornentum equarions are analogous ro lhe
Linear impulse-runen!um equat ions developed in art ic le 15. Conparrson
sho$s that Ehe dinensions of angular impulse and angular moneotun are
I m o m e n t l  x  I t i m e ] ,  ( 1 b , f t . s e c . ) ,  r , r h e r e a s  r h o s e  f o r  t i n e a r  i m D U t s e  a n d
L i n e a r  r n o n e n t u m  a r e  l f o r c e l  x  I r i r n e ] ,  ( l b . s e c . ) .  T h u s  r h e s e  q u a n r L r . r e s
c a n  n o L  b e  a d d e d .

T h e  r o l l i n g  w h e e I ,  F i g . ( 1 3 ) ,  i s  a n  i f t p o r r a n r  s p € . i a l  c a s e  o f
plane motion ehich deserves separaie comneo!.  l r  was shorn rhar the
equat ioo tuc = lco holds r{ i rh respect to rhe instant cenrer C of zero
veloci ty ar al l  t ines during rhe motion provided rhe uheel does rtoE
s l i p  a n d  p r o v i d e d  t h e  g e o m e t r i c  c e n r e r  o f  L h e  w h e e I .  L 6  a I 6 0  t h e  n a s s

c e n t e r .  T h i s  m u l i o n  e q u a r  i o n  n a y  b e  w r i L r e n :  I U c  -  j !  ( r c W )  o r
r n t e g r a L e d  t o  g r v e :  -  r M c , d t  =  T c I {  -  I c l l r o  t n r e g f d r i o n  i s  p e r n i L r e d
s i o c e  l h e  s a m e  d i f f e " ! e n t i a l  r e l a t i . o n  h o l d s  l h r o u g h o u r  r o l l i n g  u n d e r
the condit ions sLated, In rhis case rhe mone(It  a,( is is nor arIached
to lhe uhee L bul noves r i rh i r  and atways co inc ides si ln t .ne
i n s t s n t a n e o u s  c e n t e r  C .  T h e  a d v a n r a g €  . r f  r h i s  e q u a r i o n  f o r  a  r o t l i n g
lrhee I  is that rhe conirc!  forces ar C are el i f t inated fron rhe
e q u a t i o n .  C o n s i d e r a b l e  c a u t i o n  i s  r r a r r a n L e d ,  h o \ r e v e t ,  s i n c e  t h e
e x p r e s s r o n  m u s t  n o t  b e  u s e d  e x c e p t  f o (  a  s y n n e r r i c a l  i r h e e t  w h i c h  d o e s
n o t  s l i p .

E q u a t i o o s  ( f 2 6 )  a n d  ( 2 7 )  v e r e  d e v e t o p e d  f o r  r i g i d  b o d y  D o l i o n ,
b'r t  i l  is iEporian! ro recognize nore general  appl icabit i ty to any
s y s t e n  o f  p a r t i . l e s  o f  c o n s t a n t  n a s s .  l n  F i g . ( 1 4 )  l e r  m ,  b e  r h e  n a s s
o f  a  r e p r e s e n t a t i v e  p a r t i c l e  o f  a o y  s y s t e n ,  a n d  c o n s i d e r  

'

1^'','1-^''
. _-t

F i g .  1 4

l h e  c u n p o n e n l s  o I  i t s  n o r i o n  i n  t h e  x - y  p t a n e .  F ( o n  r h e  p r i n c i p l e  o f
I i n e a r  i n p u l s e  a n d  m o n e n t u m  t h e  r e s u l l a n r  t u r c e  9 n  m i  i n  t h e  x - d i r e c -
( i o n  a n d  t h a t  i n  t h e  y - d i r e c r i o n  a r e  F x  +  f x  =  $  ( m y  v 1 ) ;  F y  *  f y  =

d t ( t n t  V v  ) ,  e h c r e  F x  a n d  F y  s r a n d  f o r  f o r r e s " b p p t i e d  f r u n  s o u r c e s
e x t e r n a l  _  

i o  t h e  s y s t e n  a n d  f x  a n d  t v  r e p r e s e n l  f o r c e s  a p p L i e d  f r o m
s o u r c e s  i n t e r n a l  t o  t h e  s y s t e n .  T h e '  r e s u t t a n t  n o n e n t  i n
c l o c k q i " s e  s e n s e  a b o u L  a  f i x e d  p o i n t  0  i s :

ur = (Fy+ j")  *  -  r r*+ l*)  y = * f ,  r r" ,  v")  -y;*  (mt vx).



- 196 -

D i  f f e r e n t  i a t  i o n l ' i l l  show that this expression is the same a6:

l ' l -  = -  (n+v--)  -  - i -  (vn.v ) .
1  d t  d t  ' l x

--t (ranlvy - yrntvx)

Thus the resultant Mi about O of aLl  forces on u equals the t ime rate
of chaoge of angular l lonentun about O. By addidg al l  such equat iona
l , r i t t e n  f o r  e v e r y  p a r t i c l e  o f  i h e  s y s t e n  t h e r e  r e s u l t s :

The cont. ibut ion lo tMl by the inte(oaL torces is zero since lhey
occur in pairs of equal aod opposi le forces and their  mornents cancel.
1f  the resultant momenl of external forces about 0 is denoted by Xlto
and the sudt IHi of  the qnSular momenta of al l  par l ic les about 0 by t io,
the inpulse_nonenlun equet ion becomes :

dHo

s i m i l a r  a n a L y s e s  i d  t h e  t o o  o t h e r  c o o r d i n a t e  p l a n e s  e i l l
d i s c l o s e  s i D i l a r  e q u a t i o n s ,  a n d  t b u s  E q . ( 3 0 )  m a y  b e  c o n s i d e r e d  t h e
vector combinat ion of these three relat ions. consequent ly,  i t  nay be
stated thet the !esultant vector nonent about any f ixed point fot  e
systen of part . ic les of constant totsl  o€ss equals the t iDe rate of
chenge of anguLar momentun of the system about an axis thlough the
p o i n t  p a r a l l e l  I ' i t h  t h e  v e c r o r  n o m e n !  a x i s .  A l t h r o u g h  t h e  p r o o f  r i l l
o o t  b e  g i v e d  h e r e ,  E q . ( 3 0 )  a l s o  h o l d e  , i t h  r e s p e c t  t o  a  m o v i n g  a x i s
through the c€oter of rdags of any such 6y9ten.

Th€ relat ion expressed by Eq. (30) appl ied ei ther to a f ixed
point O or to the nass center G const i tutes one of the nost general  of
t h e  d e r i v € d  r e l a t i o n s  o f  m e c h a n i c s ,  l t  p e l n i t s  t h e  { r i t i n g  o f  r n o n e n t
equat ions of motion ohere the anSular nomentun rnay be charging in
d i : e c t i o n  a s  t , e t l  a s  i n  m a g n i t u d e .  T h e  c a s e  o f  c h e n g e  i n  d i r e c t i o n  o f
the €ngular r iomentum is dealt  l ' i th later on gyroscopic mo!ion.

SAMP]-BS PROBLE}IS

l .  T h e  f o r c e  P  w h i c h  i s  a p p t i e d  l o  t h e  c a b l e  r l a p p e d  a r o u n d
t h e  c e o ! r a l  h u b  o f  t h e  s y r n m e c r i c a L  w h e e t  i s  i n c r e a s e d  s t o v r l y  a c c o r d i n g
to P - 1.5 i ,  r . rhere P is in pounds and L is in seconds. Deternine Ehe

d t
d

d t

-  d H t  d . , ,

(30)



angular ve loc i ty rd
w h e e l  i s  r o l  I  i n g  t o
f t .  / s e c .  a t  r i n e  t
r a d i u s  o f  g y r a r  i o n
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of the vrheel I0
t h e  t e f t  t  i t h  a
= O. The wheel

of l0 in,  and rol

s e c .  a f t e r  P  i s  a p p I i e d  i f  t h e
l i n e a r  v e L o c i E y  o f  i t s  c e n t e r  o f  3
lreighs 120 lb.  niEh a centroidal

ls !r i  thout sl  ipping,

Solut ior I .  The free-bodv dias. of  Ehe sheel is shown. The
c o r r e c i  

- ? ; ; ; c  
L l ;  o t  t n e  r r i c r i o n  t " ' . "  i "  e s t a b I i s h e d  b y  t h e

oecessity for a posit ive clock!, ' ise nonent of forces about e to produce
t h e  r e s u l t i n g  c l o c k w i s e  a n g u l a r  a c c e l e r a t i o n .  D i r e c t  e p p l i c a t i o n  o f
lhe angular inpu I  se-none nlun equat ion vi th respect to the lnass cent.er,
E q .  ( 2 9  )  g i v e s :  ^ t

t l '  t  dr  -  ^( rv)  l :
q ,  r2o  10 ,  3
i t  x  l . ) r '  d t  =  

t l j  r12 , -  Lc , - ( - - lS /12)  t '  where  rhe0 to . f9  o  -
\  12 -

p o s i t i v e  d i r e c t L o n  i s  t a k e n  a s  c l o c k w i s e .  T h e  f o r c e  F  i s  a  v a r i a b l e
and so musI be lef t  under Ehe inLegral  s ign. The second equat ion
needed to el iminace F is thar of t inear inpulse and monentun which
a p p l i e s  t o  t h e  n o t i o n  o f  t h e  c e n t e r  o f  m a s s  o f  a n y  s y s t e m ,  T h u s :

is symmetr icat,  an axis moving
u s e d .  T h e  n e c e s s i t y  o f  a

ince E does not appear io the

f , 'o 
, t . , .  -  F) dt  = lL 

\1 , -ct t t

T h e  i n r e g r a t  i n v o l v i n g  E  i s  e a s i L y  e l i m i n a t e d  b e t r e e n  t h e  t w o  e q u a -
t i o n s ,  a o d  l h e  r e s u L t  i s :

w  =  3 . 1 3  r a d . / s e c ,  c l o c k w i s e  A n 6 .

Solut ion l I .  Since Lhe irheel
wittr ttri---in-l t ani cencer c may be
s i n u l l a n e o u s  s o l u t i o n  i s  e t i m L n a L e d  s
e q u a t  r d n .  H e n c e  :

tMcdt = A (Icw) I :

t l "  tF .d t  =  A  (mvr  I  :

^tIL
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'o 
$* r.r..u. = ffit$>" * <4;'t

n h i c h  g i v e s  ! r  =  3 . 1 3  r a d . / s e c .

Solut ion by uee of Ehe instant centel  is nor permit ted i f  eny
sl ippint occuls or i f  the geonetr ic center and cenrey of gravi ty dL
n o t  c o i n c i d e ,

3  , ,Lw-\- rtn-2, r,

2. D€termine the
i t  is released fron !est.
gyret ion of 8 in.  and has

veloci ty v of rhe l0 lb,  seight 4 sec. af ter
I t re drum oeiShs 32.2 lb.  r ' i th a rsdi .u6 of

n e g l i g i b l e  f r i c t i o n  i n  i t s  b e a r i n g  a r  O ,

l0 tb.

.  Solut ior i .  The drun and thc seight nay be isolated.sepqrstely
$rth lhe anSular impulse{pmentun equst ion app. l i€d to the drum €nd lhe
l inear i rnpulee-rnonenrun appl ied to the seight.  The tension T in the
cable Day be et ininated and the result iFg expression solved for v.  A
s i n p l e r  n e t h o d  i n v o l v e s  t h e  a p p l i c a t i o n  o f  E q , ( 3 0 )  i n  i n r e g r a l  f o r n  t o
a f ixed exis for both parts con6id€red a single systen. The f ixed
axis r i l . l  be takeo at O t9 el i t l ineEe the 32.2 lb.  neight end the
bearing react ion R frun rhe equat iun. Frorn the free-body dj .agrar!  of
the ert t i re system th€ resultan! moneot about O of at l  externel forces
ia th.l due to the l'eight only, AIso lhe angular nonenlum of the
seight about O is the monent of i ts l inear no| leotun. Ihu6:

t, - 2.2 t 3)'
32 .2 ' 12 '

__L
15/12

[ t  Mot - A Ho] l0 . , 10 .  15

Ans .v  =  o  / . 2  t L . / a e c .



PROETAXS

l .  The rotor of a stead turbine seighs 80 lb.  ei lh e radius
of gyraEion of 12 in.  and requires 6 min. to come to re6t.  f rod a speed
of 10,000 rev,/nin.  afEer the steqo is shut off .  D€ternine rne
average value of the resisEing moneot ! l  due to internel f r ict ion.

4 g g ,  M  =  7 , 2 3  l b . f t .

2,  The center of the homogeneous sol id cyl inder is given an
i n i E i a l  v e l o c i t y  o f  2  f t . / s e c .  u p  l h e  i n c l i n e .  D e t e r m i d e  t h e  t r n e  r
required for i t  ro reach a veloci ty of 4 f t . /sec. dolJn the incl ine i f
i t  r o l t s  r i r h o u t  s l i p p i n g .  4 9 . .  t  "  2 . 8 1  s e c .

- r99-

F i g . 3

3 .  A  3  o z .  b o t t e t  i s
in lhe ptan€ of rotat ion of rhe
is suioging .and lhe bul let  srr
determine the arrgu lar veloci ty
that the angular r$omentun of

r i g . 2

t r a v e l t i n g  a t  a  s p e e d  o f  2 0 0 0  f t . / s e c .
unlfdrm bsr seighs t0 lb.  I f  the bar

i k e s  i L  o h e n  i n  t h e  v e r t i c a l  p o s i r i o n ,
w  u f  t h e  b s r  j u s t  b e f J r e  c o l l i s i o n  s o
l h e  s y s ! e n  a b o u t  O  i s  , e r u  a r  t h i s

A n s .  w  =  3 l  . 3  r a d
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4. DeterDioe the lorque M ehich nust be applied to the
def lector st  O in older to support  the 90 deg. diverdion of en open
atte4r of f reshnaler f loeiog io a horizontel  plane ei th a veloci ty v
o f  1 0 0  f t . / s e c .  a n d  a t  t h e  r a t e  o f  4 l b , / s e c .  A d s .  l l  =  2 . O 7  I b . t r ,

E i g .  4

5. The pultey ne ighs 30 lb. ,  has a radiu8 of gyret ion of I0
i [ . ,  end celr ies the 45 lb.  load l l .  Constant teosions of 50 lb.  end
40 lb,  ere appl ied to the ver l icel  hoist ing cables shosn. t f  the
veloci ty V of tJ i6 6 f t , /sec. dooo et id lhe angular veloci ly t I  of  the
pultey is 8 rad./sec, couoterclockr iae a! r  i rne t  = 0, detelmine V and
l l  at ter the cable tensions have beeo appl ied fo!  4 sec. Note the
independence of lhe results.

4 ! q .  v  =  1 9 . 8  f t . / s e c .  u p ;  e  =  6 9 . 3  r a d . / 6 e c ,  c l o c k n i s e

"1'l

Fig. 5 F l g .  6

6. Bach ident icel  bevel gear end el lached shaft  has a noden!
ot inert ia about i . !s oon axis of 0.20 lb. f t .sec.2 and rotetes in f ixed
besriogs st  a speed of 1000 lev,/min. whi le in merh. Determine the
naSnitude of the Lot.al  angular rnonenlun H of ihe sygten.

A n 6 .  H =  1 0 . 8 4  l b . f ! , s e c ,

5{r lL

I o lb.

I



7. In the cencr i fugal-pu'ap inpeLler shoirn war.er f tous ro rh€
s t r a i g h t  r a d i a l  v a n e s  i n  a n  a x i a l  d i r e c r i o n  a n d  l e a v e s  t h e  v a n e s  u i E h
a  v e l o c i t y  V  o h o s e  t a n g e n r i a L  c o n p o n e n r  i s  t h e  r i n  s p e e d  o f  r h e
i n p e t l e r ,  I f  l h e  p u i n p  h a n d l e s  2 0 0 0  g a I . / m i n .  a t  s  s p e e d  o f  8 4 0  r e v . /
n i n . ,  u h a L  i s  t h e o ! e t i c a l  t o r q u e  l l  o n  r h e  i r n p e l l e r  s h a f ! - r e q u i r e d  t o
Lnparl  the angular nonentun to the vaier? l f  lhe actual power required
t o  r u n  t h e  p u l t l p  i s  3 0  h . p . ,  w h a r  i s  r h e  e f f i c i e r c y  e  o f  r h e  p u m p ?

A n s .  M = I 3 2  l b . f r . :  e  =  7 0 . 4 7 "

- 20 I -

r  le . l

qhe.c t  rDvx

c o n s e r v a L  i o n  o f  L i n e a r  M o n e n L u m " . Thus lhe t  inear nomentum in any

l

18, Conservat ion of Xo.entun: The pr inciple of l inear impulse
,oa r, ,n"ntu'-T"?-,ny- iF! i  ls expressed bt Eq€-(22) and sra!€s
t h a t  t h e  r e 6 u t t a n L  e x t e r n a l  f o r c e  i n  a n y  d i r e c t i o n  o n  r h e  s y s r e r n
e q u a l s  l h e  L i m e  r a t e  o f  c h a n g e  o f  r h e  t i n e a r  n o n e n r u m  o f  r h e  s y s r e m  i n
L h a t  d L r e c t i o n .  I f  t h e  r e s u l t a n L  f o r c e  i n ,  s a y ,  r h e  x - d i r e c r i u n  i s
z e r o  d u r i n g  a n y  i n t e r v a l  , r f  r i n e ,  i L  f u L l o l r s  ! h a l  L h e  L i n e  r a L e  o f
, r b n n g t '  \ , f  L h c  , n o n e a t u i n  i n  t h a r  d i r e c L i u n  i s  a l s o  z e r o .  t l e n c e :

G x  =  I  m v x  =  c o n s t a n t ,  . . . . . . . . . . . . . . . . , . . . , .  ( 3 1 )

i s  t h e  s u n  o f  r h e  t i n e a r  m o n e n c a  o f  r h e  s e v e r a t  p a r t s  o f
i n  t h e  x - d i r e c t i o n ,  T h i s  s r a r e m e n L  e x p r e s s e s  t h e  i ] , a l r  o f

d i r e c l i o n  f o r  a  s y s t e n  o f  b o d i e s  , : e n a i n s  . o n s L a n t  ( i s  c o n s e r v e d )  a s
t o n g  a s  l h e r e  i s  n o  r e s u l t a n I  e x t e r n a L  f o r c e  o n  r h e  s y s l e n  i n  L h a r
d l r e c t i o n .  T h e  p r i n c i p l e  t i n d s  p a r L i c u l a r  u s e  i n  d e s c r i b i n g  r h e
t n t e r a c l i o n s  o f  b o d i e $  s u . h  a s  L h e  r , : c o i t  D f  a  s u n  u r  r h e  c o t l i s i o n  o f

Ji



The pr in. iple of aogular imputse and monenrrm about e
f ixed axis fur any syslen of bodies is expressed by Eq.(30) and srates
thal the resuLEant noment aboul a f ixed axis O. equals the t ine rate
of chaog€ of angurar momentum of lhe sysren about !ha! axis.  I f  rhe
reaultan! homenE about any such axis i6 ze(o during an ioterval  of
t ime, i l  fo l lorrs lhaL the r ime rare of chang€ of angular momenrun
a b o u t  t h a t  a x i s  i s  a l 6 o  z e r o .  H e o c e :

H o  -  t l o v  =  c o n s t a n t  . , , . . . . . . . . . . . , . . .  ( 3 2 )

ohele t loe is Ehe sum of the angular momenta of al l  parts of the
s y s t e n  e b o u i  O .  T h i s  s i a t e m e n t  e x p r e s s e s  t h e  r r l , a $  o f  C o n s e r v a ! i o n  o f
Aogular } tonentum", Thus, vrhen there are oo external ly appl ied monenrs
on any system sbout a f ixed axis,  the aogulat rnonenrum of esch part
may chatge, but the total  angular nomentun of the systen about Ehis
a x i s  l e m a i n s  c o n s r a n r  ( i s  c o n s e r v e d ) ,  s i n c e  E q . ( 3 0 )  a l s o  a p p l i e s  r o  a
n o v i r l g  a x i s  L h ( o u g h  t h e  n a s s  c e n L e r ,  i !  f o l L c l t r s  t h a t  t h e  p r i n c i p l e  o f
codsetvat ion of angular monentum aLso holds f , rr  a rnoving centroidat
a x i s .

STXPLS PIOBI^I|S

l .  T h e  2  o z .  b u l l e t  t r a v e l i . n g  a t  2 0 0 0  f t . / s e c .  s t r i k e s  t h e
l0 lb.  block €entral ty and is embedded lr i th in i r .  I f  rhe block is
s l i d i n g  o n  a  s n o o E h  h o r i z o n t . a l  p l a n e  ! r i ! h  a  v e l o c i t y  o f  4 0  f r . / s e c ,  i n
t h e  d i r e c t i o n  s h o w n  j u s t  b e f o r e  i m p a c t ,  d e r e r m i n e  t h e  v e t o c i t y  V .  o f
l h e  b l o c k  a n d  b u L t e t  a n d  i r s  d i r e c t i o n  O  i n r n e d i a t e l y  a f l e r  i n p a c r .

Solut iotr :  Since the fo(ce of inpsct is internal to the sysren
c o m p o s e d  o f  L h e  b l o c k  a n d  b u l l e t  a n d  s i n c e  l h e r e  a r e  n o  o t h e r  e x t e ( n a t
f o r c e s  a c t i n g  o n  t h e  s y s t e n ,  i t  f o t l o n s  t h a !  t h e  L i n e a r  n o n e n r u n  o f
l h e  s y s t e n  i s  c o n s e r v e d  i n  b o t h  t h e  x -  a n d  y -  d i r e c t i o n s ,  T h u s :
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(10  x  40  cos  30" )  +  o  =  (10  +# 'x ,

v x  =  3 4 . 2  f t . / s e c ,

(  lo  x  40 s ln  3o ' )  +  * .2ooo 
-  ( ro  |  #vy,lAc"=o) :
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The accelerat ion of gravity
€ach tern and cencels. The

g hea been ooit ted aince i l  eppeers
f ioel  veloci ty i3 giveo by:

to

The direction

I tsn : rsno=ffi - r,tovyl . . .  Ans .

2. The uoiform rectengular block of didensions shoen is
sl iding to the lef t  on the horizontel  surfece r i th s veloci ty v ohen
it  str ikes the sosl l  step in th€ aulfece. Assul[e ne8t iSible rebound
at the step, and coopute the nini [uD velue of v ehich , i l l  perDit  the
block to pivot aboot Ehe edge of the step and jus! reach the stending
posit ioo ahoeo ei th no veloci ty.  Coopute the eDergy los6 AB for b -  c,

j99!g!9, I t  wi l  t  be assuoed rhat the edge of the step O e.r6
es a latch on the colner of the block, so that the block pivots about
0. Furthermore, lhe height of  the Btep is egsumed negl igibl€ conpered
with the dioensions of the block, DurinS idpact the only force shich
exerls a ooment ebout O ie the reight ! f ,  but the anguler iopulae du€
to the seight is extrenely snal l  s ince the l ine of i rpact is negt iSi-
ble. Ttrus anguler uooentun about O |Day be seid to be cooserved.

Th€ ini t  ia l .  .ngular Eoneniur
iopact ia the ooEent of i ts l inear
The veloci ty of the center of nesg

aod the enSular veloci ty is
afEer imDect vhen the block

of the btock about O j-qst befpre
nomentun and ie t to = (*)  v (*) .
c i  t tediatety after impcact is 'V,

w - t.  The enguler noEentun ebout O juBt
ia  s ia r t  i ng  i t s  ro ta t  i on  abou t  O  iB  r

t"- 67ii7t . v-,Gtrnf1-G4-6r = 56.1 rt./sec. A!!-.

o f  t h e  f i n a l  v e l o c i t y  i B  g i v e n  b y :

trro = ro!'i, *. = 
L+{ G,+c,) { <rfr' * r}r'rl ." = {rt'+",),.



Conservetlon of erSular monentun

[Auo - o] : 
{. 

{r" 
"r)" 

=

This angular ve loc i ty ei l l
posi t ion A i f  the ki [e! ic
potent ia l  energy. Thus:

[Ar+Avs = o1 , l r* ,"-
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2 (b '+  c ' )

b e  s u f f i c i e n t  t o  r a i s e  t h €
energy of rotat ion equals

2  
-  w ,

Slves:

w b

w(

b l o c k  j u s t  p a s t
the increase in

if iro" *.' l r;=L,', * "",,t '
-  b )  =  ow l

2 ' ,

" = zflr *$ 1'r,-;7- 6y
J5 b-

T h e  p e r . e n t a g e  L o s s  o f  e n e r g y  i s :

PROBI.EIIS

l.  The af d|2, project i le is f i red ui th a veloci ty of 2000
ft . /sec, and picks up th€ four $ashers, each of nhich I ,eighs 3 oz.
Find the comrcn veloci ty v of project i le and uashers fot lo$ing th€
interact ion. DetelDine the enelgy lo8s AE.

4 ! 9 ,  o  =  5 0 0  f t . / s e c . ,  A E  =  1 1 , 6 5 0  f t . l b .

I

l*t-

- I - Ee}' =, - (o' t "') 176?L;-7yr'.

F l g . 2

Fts .  1
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2 .  T h e  u n i f o r n  2 0  l b .  c i r c u l a r  d i s k  A  i s  s p i n n i n g  f r e e l y  e t
4 0 0  r e v , / n i o .  a b o u t  t h e  v e r t i c e l  s h e f t .  D i s k  B  i r e i g h s  I 0  l b ,  r i t h  e
r e d i u s  o f  a y r r t i o n  o f  4  i n .  l f  d i s k  B  i s  s p i n n i n g  a t  2 0 0  r e v , / n i n .  i n
t h e  o p p o 6 i t e  d i r e c t i o n  a s  i t  i s  e l l o s e d  t o  d r o p  o n t o  d i s k  A ,  d e t e r n i n e
t h e  f i n a l  c o n E n o n  v e l o c i t y  N  o f  t h e  t r o  d i s k s  e f t e !  s l i p p i n g  c e e s e s ,

4 9 9 .  N - 3 0 1  r e v . / m i n .

3 .  T h e  b a r r e l  a n d  b r e e c h  o f  a  3  i n .  a n t i  a i r c r a f t  g u n  w e i g h
1 8 0 0  l b .  T h e  p r o j e c t i l e  I ' e i g h s  I 5  l b .  a n d  h e s  a  m u z z l e  v e l o c i t y  o f
3000 f t . /sec. The recoi l  of  rhe gun is checked by a conbinat ion of
Bprings and oi l  dampers so that the forc€ F of the recoi l  Eechanisn on
t h e  n o v i n g  b a r r e l  i s  e s s e n t i a l l y  c o n s t a n t .  D e l e r m i n e  F  i f  t h e  r e c o i l
d i s t a n c e  i s  1 6  i n .  N e g l e c t  t h e  r e i g h r  o f  t h e  g a s e s  a n d  a s s u m e  t h a t
t h e  g u n  a c q u i r e s  i t s  f u l l  r e c o i l  v e l o c i t y  b e f o r e  t h e  r e c o i l  m e c h a n i s n
b e g i n s  t o  a c t .

A n s .  F  =  1 3 , 1 0 0  l b .

4 .  T h e  t h i r d  a n d  f o u r t h  s t a g e s  o f  a  r o c k e t  a r e  t r a v e l i n g  a t
5 0 0 0  m i . / h r .  r h e n  t h e  t h i r d  B t a g e  r u n s  o u t  o f  f u e l  r n d  i t s  t h r u s t
d r o p s  t o  z e t o .  A n  i n s t a n t  a f t e r  t h i s  o c c u r s ' t h e  f o u r t h  s t a g e  i g n i t e s ,
e o d  i t s  t h r u s t  a g a i n s t  t h e  t h i l d  s t a S e  c : u s e s  s e p a r a t i o n  e i t h  n o  o t h e !
f o r c e s  o f  i n t e r a c t i o n  b e t e e e o  t h e  t r o  p a r t s .  A t  t h i s  c o n d i t i o o  t h e
e m p t y  t h i r d - s t a g e  c a s e  h a s  a  m a s s  o f  4  l b . f t - l  s e c . 2 ,  a o d  t h e  f o u r t h
s t a g e  h e s  a  m a e s  o f  2  I b . f t - I  . s e c . 2 .  I f  t h e  r e l e t i v e  v e l o c i t y  o f
B e p a r a t i o n  i s  4 0  f t . s e c .  a n d  s e p a r a t i o n  o c . u r s  !  s e c .  e f t € r  t h e  f o u r t h
3 t a g e  i g n i l e s ,  d e t e r m i n e  t h e  v e l o c i t y  v .  o f  t h e  f o u r t h  s t a g e  a s  i t
l e a v e s  t h e  t h i r d  s t a g e  a n d  t h e  a v e r a g e  t h r u s l  T  o f  t h e  f o u r t h  s t a g e
d u r i n g  s e p a r a t  i o n ,

A n s .  v -  5 0 1 8  r n i , / h r . ,  T  -  2 1 3  I b .

5 ,  A  b a l l i s t i c  p e n d u L u ( [  c o n s i s t s  o f  a  1 0 0  I b ,  b o x  o f  s a n d
s u s p e n d e d  b y  a  ' r i r e  a s  s h o e n .  A  2  o z ,  b u l L e t  t r a v e L i n g  h o r i z o n t a l l y
is enbedded in the sand, and th€ p€ndulurn is observed io ssing through
a n  a n g l e  I  =  t 0  d e S .  D e l e r m i n e  l h e  i n i t i a l  v e t o c i t y  v  o f  t h e  b u L l e t .
W h a t  p e r . e n t a g e  e  o f  i h e  e n e r g y  o f  c h e  b u l l e t  i s  L o s t  f r o n  L h e  s y s t e m ?

A n s .  v =  3 0 7 0  f t . / s e c . .  e  =  9 9 , 8 8 2

..,1'.;

f t g . 6

F i g . 5



6 .  A n  e e r t h  s a t e l l i t e  e n c i r c l e s  t h e  e a r t h  i n  t h e  e l l i D t i c a l
orbi t  ahoon. (g) By using polar coordinates r ' ,  g si th or igin at the
center of the earth shord Ehet the equat ion of motion in the g- direc-
t ion expresses the conservst ion of angular nomentut|r  for the
s a l e l I i t e .  ( b )  A t  t h e  e p o g e e  A  ( f a r t h e s t  p o i n t  f r o n  t h e  e a r t h )  t h e
s e t e l l i t e  i s  1 2 0 0  n i .  f r o t n  t h e  e a r t h ' s  s u r f s c e ,  a n d  a t  t h e  p e r i g e e
( c l o s e s t  p o i n t  t o  t h e  e a t t h )  i t  i s  2 0 0  n i .  a b o v e  t h e  e a r t h r s  6 u r f e c e .
The radius of the earth is 3960 oi .  Unde! these condit ions the
v e l o c i t y  o f  t h e  s a t e l l i r e  a t  P  i s  1 8 , I 7 0  m i . / h r .  l , t h s t  i 6  t h e  v e l o c i r y
V a t A ?

7 .  A  u o i f o r m  p o l e  o f
t h e  v e r t i c a l ,  a n d  b o t h  e n d s
g r o u n d .  I f  e n d  A  p i v o t s  a b o u t
o f  i t s  r n o t i o n ,  d e t e r o i n e  t h e
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lenSth L is dropped at an angle O , i th
have a veloci ty V as end A hi ts the
i ts contac.t  point dur ing the reftalnder

v e l o c i t y  v  \ , ' i t h  w h i c h  e n d  B  h i t s  r h e

A n a .  v  =

8 .
e n d  j u s t  ( o l
o f  t h e  u h e e l

l (gvz l t ,  sln2s + 3gL cos o

F te ,8

F l g .  7

D e t e r m i n e  t h e  n i n i n u m  v e l o c i t y  v  , h i c h
I  o v e r  t h e  o b s t ( u c t i o n .  T h e  c e n t r o i d a l

i s  k ,  a n d  i t  i s  a s s u n e d  t h s t  t h e  w h e e l

"  
-  _+_ J rnh lv .  L  h2 \

k . + l ? . - / , h ' - o . ' ' ' . ' , .

the eheel Day have
rad ius of syrat ion
d o e s  n o t  s l i p .

1 9 .  l m p e c t :  T h e  c o t l L s i o n  b e L i r e e n  t  o  b o d i e s  l r h e r e
r e l a t i v e l y  l a r g e  c o n t a c t  f o r c e s  e x i s t  d u r i n g  a  v e r y  s h o r t  i n t € r v a l  o f
t i n e  i s  c a l t e d  " l t l P A c T " .  E x p e r i n e n L a L  v e r i f i c a t i o n  o f  i m p a c t  t h e o r y
i s  d i f f i c u L l  b y  r e a s o n  o f  t h e  e x L r e m e L y  s h o r I  t i m e  d u r i n g  v h i c h  t h e
c o n t a c t  f o r c e s  s c t  .  W i t h  t h e  a d v e n t  o f  m o d e r n  i n s t r u n e n t a t  i o n .
honev€r,  rel iab[e data for lhe des.r ipt ion of iopact phenomena have
b e c o m e  a v a i t a b t e .
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AB an introdu.t ion to inpact consider the col l ineer motion of
t t ' o  s p h e r e €  o f  m a s s e s  n l  a n d  m 2 ,  F i g .  l s a ,  t r a v e l i n g  l , i t h  v e l o c i t i e s
v r  e n d  v z .  I f  v ,  i s  g r e a t e r  t h a n  v t ,  c o l l i s i o  a n d  s  s h o r l
p e r i o d  o f  d e f o r m a l t i o n  t a k e s  p l a c e ,  F i g .  l 5 b ,  u n t i l  t h e  c o d t s c t  e r e a
b e t g e e n  t h e  s p h e r e s  c e a s e s  t o  i n c r e a 6 e .  A f t e r  t h i s  d e f o r m e t i o o  a
p e r i o d  o f  r e s t o r a t i o o  t a k e s  p l a c e ,  a o d  t h e  s p h e r e s  r e g a i n  t h e i t
or iSinal shep€ i f  the blow is not too aevere or else retain a deforn€d
shape i f  the impact is nore severe. The spheres then cont inue !o move
with f inal  vetoci t ies t ' ,  ana J, as in Fig. l5c. Inas| luch es the
contact forces are eq"a1 aod ofposite,  the l inear nooentum of the
aystem reneios unchanged. Thus the law of conservat ion of mofienlun
appl ies and:

ntvr + m2v2 =

!* n,

\4 \rg

F i e .  l 5

A l I  v e l u c i t i e s  a r e  a r b i t r a r i L y  s s s u m e d  p o s i t i v e  t o  t h e  r i g h t  s o  t h a t  a
n e S a l i v e  s i g n  v i l l  d e s c r i b e  a  v e l o c i t y  t o  t h e  l e f t .

l o  a d d i t i o n  t o  t h €  c o n s e r v a t i o n  o f  m o n e n t u n ,  t h e  e n e r g y  o f
t h e  c o l l i d i n g  n a s s e s  t n u s t  b e  a c c u u n t e d  f o r .  T h e  i o i t i a l  k i n e t i c
e ' r e r 8 y  o f  l h e  s y s t e l l  b € f o r e  i m p a c t  i s  d i v i d e d  i n t o  t h r e e  p a r t s : r f t e r
i m p a c t .  F i r s t ,  s o m e  o f  t h e  e n e r g y  i s  r e t a i n e d  i n  r h e  f o r D  o f  k i n e t i c
e n e r g y  o n  a : c o u n t  o f  t h e  r € b o u n d  v e l o . i t i e s  o f  L h e  s p h € r e  a s  a  $ h o l e .
S e c o n d ,  s o n e  o f  t h e  i n i t i a l  e n e r g y  i s  l o s t  a s  a  r e s u l t  o f  r h e  g e n e r e -
t  ion of heat i f  the sphere€ are permsnenr Ly deformed and by rhe
S e o e r e t i o n  o f  € o u n d  u a v e s .  T h i r d ,  t h e  i n p a c !  f o r c e s  c a l s €  i n t e r n e l
v i b r a t i u n s  o f  l h €  s p h e r e s ,  a n d  l - h e  r e s u l t i n g  p r o p a g a t i o n  a n d  r e b o u n d
o f  e l a s t i c  o a v e s  u i t h i n  l h e  s p h e r e s  c o n s u n e  a o m e  o f  r h e  i n i t i e l
e o e r S y .  T h i s  r h i r d  p a r t  o f  t h e  t o t a l  e n e r g y  i s  u s u a l l y  d i f f i c u l t  t o



accounE for and is by no means negl igible in many impact-problems
involving bodies ! , rhose shapes are other than spherical .

T h e  c l a s s i c a l  t h e o r y  o f  i n p a c t  a s  p r e s e n t e d  i n  n o s t  t r e a t -
roent of mechani.s neglects the internal energy of v ibrat ion. t l i th
t h i B  n e g l e c t  a n d  f o r  l h e  c a s e  o f  p e r f e c t l y  e l a s t i c  i m p a c t  t h e  f i n e l
k i n e t i c  e n e r g y  r n u s t  e q u a L  t h e  i n i t i a L  k i n e t i c  e n e r g y .
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I r l
tmr  v ;  + tn ,  w-

1  t ^  1  1 ^
=  

i r ,  " , ' + i ' I i 2a2 ' ,

o r :  t ,  ( u r  *  u , ,  ( v r  -  v t j  =  n 2  ( v 2  +  v 2 )  \ \ ?  -  \ ? ) .

The equat ion for  the conservat ion of  mom€ntum may be l r r i t ten l

nr  ( v r  -  v r )  =  rn ,  ( v ,  -  v r ) .

D i v i d i n g  t h e  e n e r g y  e q u a . i o n  b y  t h e  n o m e n t u m  e q u a l i o n  g i v e s :

v t f v l = v ? + v 2  v 2 - v I = v l - v 2 ,

w h L c h  s h o u s  t h a !  l h e  r e l a t i v e  v e l o c i t y  o f  a p p r o a c h  e q u a l s  t h e  r e l a t i v e
v e l o c i l y  o f  s € p a r a t i o n  i f  t h e  e n e r g y  i s  c o n s e r v e d .

r n  n o s L  r m P a c L  P r o o  L e m s  a
e n e r g y  o f  t h e  s y s t e n  i s  L o s t ,  a n d
d  i  f f e r e n  c e  l s  w r i t t e n :

r a t h e r  l a r g e  p e r c e n t a g e  o f  t h e
l h e  e q u a t i o n  f o (  t h e  v e l o c i t y

e  ( v ,  -  v , )  =  ( v ,  -  v r ) .

The fa.tor e,  {hich nay vary bet lreeo zero and unity,  is known as lbe
" c o e f f i c i e n t  o f  R e s r i t u t i o n "  a o d  e q u a t s  i h e  r a t i o  o f  t h e  r e l a L i v e
v e l o c i t y  o f  s e p a r a t i o n  c o  t h e  r e l a t i v e  v e l o c i r y  o f  a p p r o a c h .  I f  t h e
i m p a c t  o c c u r s  o b t i q u e l y ,  o n l y  t h e  c o m p o n e n t s  o f  t h e  v e l o c i t i e s  i n  t h e
d i r e c t i o n  o f  r h e  f o r c e  o f  i n p a c L  s h o u l d  b e  u s e d  s i t h  t h e  c o e f f i c i e n t
o f  r e s t i t u t i o n .  l n  ! h €  c l a s s i c a t  t h e o r y  o f  i m p a c t  a  . o e f f i c i e n t  o f
r e s t i t u t i o n  o f  u n i t y  n e a n s  " E l a s t i c  l m p a c t "  ! r i t h  n o  e n e r g y  l o 8 s ,  a n d  a
c o e f f i c i e o t  o f  r e s t L t u t i o n  o f  z e r o  n e a n s  a n  " l n e l a 6 t i c  o !  P l a s t i c
I r n p a c t r r ,  u h e r e  t h e  b o d i e s  c t i n g  E o g e . h e r  a f t e r  c o l t i s i , r n  a o d  t h e
eoergy loss is a maxinurn,

E x p e r i n e n t a l  d e t e r r n i n a E i o n  o f  c o e f f i c i e n t s  o f  r e s t i t u t i o n
f o r  s p h e r e s  o f  v a r i o u s  m a t e r i a l s  i n d i c a t e s  t h a t  e  v a r i e s  g r e a t l y  t  i t h
t h e  i t n p a c t  v e l o c i t y  b u t  a p p r o a c h e s  u n i t y  w h e n  t h i s  v e l o c i t y  a p p r o a . h e s
z e r o .  T h i s  c o n d i t i o n  i s  e x p t a i n e d  o n  t h e  b a s i s  t h a t  t h e  e n e r g y  l o s s
due to permanent defornat ion b€comes tess as the impact veloci ty
d e c r e a s e s ,  E x p e r i i e n t  a l s o  h a s  s h o v n  t h a t  f o r  g i v e n  m a t e r i a l s  s n d  f o !
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l .  Tuu sf lDoth steel sphetes nov ing with ini t ie l  veloci ! ies
ahor.n col l ide ei th the l ine joining lheir  centers in the direct ion df
the veloci ty V .  Fron previous experioeots iE ie knoen that [ne
coeff lc ient of  rest i tut ion for these coodit ioos is O.?0. Deterdine
lhe f ioal  veloci ty V of each spher€ .nd Ehe percenrege los6 of Linet ic
energy.

a given inpact velocity the coeff icient of resti trrt ion chanses
appreciebly ! ' i th the 6ize and 6hap€ of the coll iding bodies. f t  i"
effect is due fargely to the corresponding chaoge io induced internal
ene rg t  o f  v i b ra t i on ,

r . .  2 l | '  I i [ r .
, /-\ /--\ r,

,lu'-tJr 2,li'r,""
: (  nn 

"",

solut io! :  The i :qual-  aod opposite force of cont. .ct  .  on eacn
sphare is along lhe x-direcr ion so thaL the Linear moneoiun of rhe
ayatem ia conserved io Ehat direcl ion. Also, s ince th€re is no force
on ei ther spher€ in the y-direc! ion, lhere is no change in the
y-conponent of ei ther velqci ty,  Thusi

l l
(2 x l0 x 0.856) - (4 x S) - 4iz 2v, cos e,

" ' ,  " f r  
e  =  IO  x  0 .5 ,  v ;  =  O .

v
T h e  c o e f f i c i e n t  o f  r e s r i t u t t o n  i s  t h e  r a t i o  o f  r e l a ! i v e  s e p a r a r i o n
v e l o c i t y  t o  r e l a t i v e  a p p r o a c h  v e l o c i t y  b o t h  m e a s u r e d  i n  t h e  d i r e c r i o n
.r f  lhe inpacL furce. Theref.rre:

t"= f l3r , o.7o= v 2 + v t c o s e

[A cx = o] sysreo :

[A vy = ol each sphere:

5+ (10 r0 .866 )



-2 t0 -

The siDultaneous oolut ion of these thtee equet ions 8ive6:

v '  -  8 , 4 6  f t , / s e c ' ,  o  =  3 6 ' 1 4 ' ,  1  =  2 . 7 4  f t . / s e c .  A n s .

T h e  i n i l i a l  k i n e t i c  e n e r g y  o f  t h e  6 y s ! e r 0  r 3 l

1 ' r - r l L "
+.==+ ( r0) '+  * . - - .s '  =  4 .66 f t .1b.

f inet kinet ic energy is:

1."f, <a.+ot" * }.f i  <2.t,.>" - 2.6e rt. lb.

l te percenteSe loss ia:

a'62..:ur2'69 * too = 42,3 per cenr AnF.

Th€

ttotlI|s

l .  A steel bal t  is droPPed frol t  lest f ror a height h ebove a

hoi izontel  l teel  phte of large t ,el tht  and rebounds to s heiSht hr.

D e l e r n i n e  t h e  c o e f f i . a e n t  o f  t e o t i t u t i o n  e .

. /H
A n s ,  e -  l l

2.  Csrs A snd B of equal oeight col l ide at r iSht enEles et

the ioEersect ioo of t rro icy tosds. The csls becone entengled and nove

off  together in the direct ion indiceled bv vr.  their  com[on veloci ly
after inpact.  l f  car A Las t tavett ing at 30 mi. /hr.  at  the instaot 9f
i n p r c t ,  d e t e t n i n e  t h e  v e l o c i l y  v B  o f  c s r  g  j u s l  b e f o r e  i n P e c t .

4 ! 9 ,  v s  =  5 2 . 0  D i . / h r .
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3 -  t n  s e l e c t i n g  r h e  r a n  o f  a  p i l e  d r i v e r  f o r  a  c e r r a i n  j o b  i t
i s  d a s i r e d  t h a t  t h e  r a m  l r i t l  g i v e  u p  a t t  o f  i t s  k i n e t i c  e n e r g y  a r  e a c h
b t ! , r r .  I i e n . e  v e l o c i t y  o f  r h e  r a m  i s  z e r o  i o m e d i a t e l y  a f t e r  i n p a c t .
T h e  p i l e s  t o  b e  d r i v e n  l { e i g h  8 0 0  l b .  e a c h ,  a n d  e x p e r i e n c e  h a s  s h o r n
l h a L  a  c , i € f f i . i e n t  o f  r e s t - i l u r i o n  o f  0 . 3  c a o  b e  e x p e € r e d .  t r h a L  s h o u l d
b €  t h e  u e i g h r  l , l  o f  r h e  r a m ?  c o m p u t e  L h e  v € t o c i t y  v  o t  t h e  p i l e
i m n e d i a r e l y  a f t e r  i n p a c L  i f  r h e  r a m  i s  d r o p p e d  f ( d n  a  h e i g h r  o f  l 0
f t .  o n t o  t h e  p i l e .  A l s o  c o n p u t e  t h c  e n e r g y  l o s s  A E  d u e  t o  i n p a c t  a !

A n s .  l , l  =  2 4 0  l b , ,  v  =  7 . 6 1  f L . / s e c . ,  A E  -  1 6 8 0  f r . l b .

4 .  l n  a  l o r v e l o c i t y  i m p a c t  € t u d y  a  s r e e l  b a l t  $ e i g h i n g  O . O 5 5
l b .  i s  d r o p p e d  f ( o ' D  r e s t  ! h r o u g h  a  v e r r i c a l  d i s t a o c e  \ r f  6  f r .  o o E o  a
O . 6 1 0  l b -  s t e e t  c y l i n d e r  s u p p o r t e d  b y  a  l i g h t  r o d  l r h i c h  a c ! s  a s  a
c a n l i l e v e r  b c a m .  A  m a x i m u n  d e f t e c t i o n  o f  0 . 2 5 0  i n ,  f r o m  r h e  p o s i l i o n
o f  s t a t i c  e q u i t i . b r i u m  i s  o b s e r v e d  f o r  r h e  c y t i n d e (  e s  a  r e 6 u I t  o f  r h e
i m p a c t .  l f  a  e ! a t i c  c a l i b r a r i o n  o f  r h e  b e a n  s h o r r s  r h a t  a n  e t a s t i c
d a f l e c l i o n  o f  0 . 5 0  i n ,  i s  p r u d u c e d  b y  h a n g i n g  a  1 2  I b .  r e i g h t  o n  t h e
end of the beetn, calculate lhe heighr h of rebound of the bet l  aod Ehe
c { r e f f i c i e n t  o f  ! e s ! i t u t i o n  e  w h i . h  a p p l i e s  r o  t h e s e  c o n d i ! i o n s .

4 ! t .  l '  - -  1 4 . 5 5  i n . ;  e  =  0 . 5 8 t

5 .  1 f  ! h e  b i L t i a r d  b a l t  B  i s  r o  b e  s e n r  ! o  t h e  p o . k e r  C  b y
s t r i k i n g  i t  I r i t h  t h e  c u e  b a u  A ,  d e r e r m i o e  t h e  a n € l e  B  f o r  t h e  r e b o u n d
o f  t h e  r u e  b a I t .  E a . h  b a I t  i s  . r n  i d d n r i c a t  2 +  i n .  d t a n e t e r  l v o r y
s p h e r c  f u r  l { h i c h  t h e  c o e f f i . i e n t  o f  r e s L i r u L i d , i " m a y  b e  r a k e n  L o  b e
0.9 .  Aqn.  B  =  43"  48 '
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20. Cyro6copic l lot ior:  Ooe of the mosr interest ing of al l
problerns in dynamics is rhar of the gyroscope nhich involves the
rotat ion of a body about an axis rrhich i rseff  is rotat inS. This
problen is three dimensional and nay be described by the general
pr inciple , , t  angular impulse and momenrurn for a r igid body r l i rh
respect lo a f ixed point as glven by Eq.(30). .

C o n s i d e r  t h e  r o r o r  i n  F i g . l 6  v h i c h  i s  p i v o t e d  a r  i r s
p o i n t  O  t { i l h  n e g t i g i b l e  f r i c t i o n s  a n d  l r h i c h  h a s  a o  a n g u l a r  v e l o c i ! y  o f
s p i n  w  a b o u l  i t s  o u n  a x i s .  T h e  n o t i o n  o t  r h i s  r o t o t  u n d e r  t h e  s c r l o n
o f  i t s  l r e i g h t  W  a n d  l h e  p i v o t  r e e c r i o n  l r i L t  b e  d e s c r i b € d .  T h e  c o r a l
angular t lomenLuin of the roaor about the f ixed point 0 may be
represented by i r .s rhree ve.Eor components in rhe orthoSonal x-y-z-
direct. ions. The z componen! is Hz = l \ , ,  shere I  is the moment of
inert ia of Lhe rutor a,bo'r t  the z-axis and the vecror stens fron O.
The cuDponent Hy = ly ( t t )  is due to totat ion of Ehe rotor ar is about
the yr-axis aL Lhe instanL represented, and l iker ise the conponent Hx =
t x  ( t t )  i s  d u e  L o  r o t a t i o n  a b o u L  l h e  x - a x i s .  T h e  r e s u l r e n r  a n g u l a r
monentun abouL O is t .he vecror sum of these rhre€ conponents. The
r e s u L t a o t  m o n e n !  a b o u t  0  i s  t l o  -  l l r  s i n  d  a o d  i s  i n  t h e  y - d i ! e c t i o n .
E q . ( 3 0 )  r e q u i r e e  l h a t  c h i s  r n o m e n t  b e  e q u a L  i n  m a g n i t u d e  r o d  d i r e c r i o n
to the "Tine ra!e of change of the !ocal angular-mornenturn vector.r .
Eval ' rat ion of this r ioe rare of chaoge where at l  three conponents of
H o  a r e  a c c o u n t e d  f o r  i s  n e c e s s a r y  f o r  a  c o m p l e t e  d e s c t i p t i o n  o f  r h e
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The engineering aspects of the p.obleB cen b€ adequalely
exptained by exsmining only the case lrhere nz = Ir .  i6 very lerge
.onpared lr iCh ny and Hx. This condi l ion occurs for a large rate of
6pin l | l .  Thus only the one cunponent of angular momenLun ei l l  be
c o n s i d e r € d -  L l i l h  t h i s  s i m p t i f i c a t i o n  B q , ( 3 0 )  m a y  b e  o r i t l e n  a s :

u o . d t = d A o = d ( I 0 ) ,

nhere the nonc r about O is {o = lJ i  s in ct .  This relat iun srates that
the change in a'rguLar nonentum Ls equal in nagnitude and direct ion to
t h e  r p p l i e d  a n g u t a r  i m p u l s e .  T h i s  L n p u l s e  h e s  t h e  d i ( e c t i o n  o f  M o ,
w h i c h ,  v e c t o r i a t L y ,  i B  a L o n g  t h e  y - a { i € ,  a o d  h e t r c e  d  ( I i r )  h a s  t h e  s a r n e
direcr ir , rn.  Thus the change in angular nomenrun is at ( ight angtes to
the monentum rr 6pin axis.  Adding thas change to l lJ gives lhe nev
angular nome' lLun (r ' r ) '  af ter t ime dt.  The nomentum or spin axis of
t h e  r o t o r  h r s  n o v e d  L h r o u g h  t h e  a n g l e  d O  w h i c h  i B  g i v e n  b y :

--  Iu
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the  preced ing  equat ion  g ives :

,1A
d r  =  Iwde  o r  Mu=  r ; r ' J .t Io.

Fron Ehe f  igure
equat ion may be

i t  i s  s e e n  t h a t
w r  i t  t e n  a L s o  a s :

Ui sln d =

de  =  d f  s i n  o ,

r (*: sin a) ,,

t  # ' '

a n d  t h u s  t h e  l e s u L t i n g

where d?/dt is the rate of "Precession" of rhe roror axis abour the
v e r c i c a t .  T h i s  r e l a t i o n  s h o w s  r h a e  f o r  a  g i v e n  r o r u r  a n d  g i v e n  s p i n
v e l o c i c y  t h e  r a t e  o f  p r e c e s s i o n  a b o u L  L h e  v e r L i . a l  i s  r h e  s a n e  f o r  a l L

T h e  r e a s o n  t h a t  L h e  r o t o r  a x i s  i n  F i e .  1 6  r e v o t v e s  a o o u r
t h e  v e r l i c a l  a t  a  c o n s L a o t  a n 8 l e  o  i n s L e a d  o f  f a i t i n g  r o v r a r d  r h e  x - y
p l a n e  l i e s  i n  t h e  f a c t  t h a t  t h €  p r e c e s s i o n  d e s c r i b e d  i s  r h e  o n l y
'not ion rhich l r i t l  aake the vector change in angular nonentun and have
t h e  s a n e  d i r e c t i o n  a s  t h e  a p p L i e d  r n o n e n t  a n d  a n g u l a r  i m p u l s e .  I f  t h e
r o t o r  h a d  n o  s p i n  v e l o c i t y ,  i t  l . t o u l d  i n d e e d  f a l L .  A c t u a l t y  a s  r h e
s p i n  v e l o c i t y  d e c r e a s e s  b e c a u s e  o f  f r i c t i o n ,  t h e  r o t o r  a x i s  ! r i I l  d r o p
t o o a r d  C h e  h o r i z o n t a L  p l a n e  i n  a  r a t h e r  c o m p l e x  n a n n e r  r ' h i c h  r e q u r r e s
the retent ioo of the nonentum componeots I tx and Hy for d€scr ipr ion,
l n  u n d e r s t a n d i n g  t h e  g y r o s c o p i c  e f f e c t  i t  i s  h e l p f u l  t o  n o t e  t h a t
p l e c e s s i o n  o f  t h e  a x i s  o f  s p i n  o c c u r s  w h e n  a  n o m e n t  i s  a p p l i e d  e h o s e
v e c t o r  i s  a t  r i g h t  a n g l e s  t o  t h e  a n g u L a r  m o m e n t u m  v € c t o t ,  l n  t h e
p r o b l e m  o f  p l a o €  n o t i o n ,  o n  c h e  o t h e r  h a n d ,  r h e  n o n e n t  a n d  a n g u l a r
n o m e n t u m  v e c t  o r s  a r €  p a r a I I e l .

l n  n o s t  e n g i n e e r i n g  a p p l i c a r i o n s  o f  g y r o s c o p e s  t h e
n o n e n i ,  6 p i n  a n d  p r e c e s s i o n  a x e s  a r e  n u r u a l l y  p e r p e n d i c u l a r .  T h i s
s i t u a t i u n  i s  i l l u s E r a L e d  i n  F i g .  t 7 a  r h e r e  r h e  a x i s  o f  r h e  r o r o r  o f
E h e  p r e v i o u s  f i g u r e  i s  n o w  h o r i z o n ! a L .  T h e  n o n e n t u o  e q u a t i o n  b e c o n e s :

M  =  r r !  ' ,  , . . . . . .  ( 3 3 )

w h e r e t l  i s  L h e  r a t e  o f  p r e c e s s i o n  d 1 l d t  a b o u t  t h e  v e r r i c a L  a n d  M  i s
the noment Wi of the qeighr abour O. The roonenr vecror M in Eq.(33)
i s  n o r n a l  t o  b o t h  c h e  s p i r r  a x i s  W  a n d  t h e  p r e c e s s  i o n  a x i s  f t  a n d
r e p r e s e n t s  t h e  n o m e r t  i n  t h i s  d i r e c t i o n  a b o u L  r h e  p i v o r  O  d u e  t o  a I L
f o r c e s  a c t i n g  o n  r h e  g y r o  r o r o r .  E o r  r h e  r o r o r  i t l u s t r a r e d  r q . ( 3 3 )  i s
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not exact s ince i t  accounlg for onLy ibe predonioant nonentum change
in the direcl ion of l l .  ?he error is exceedingly snal l ,  holr ,evet,  for
t h e  r e l a l i v e l y  h i g h  s p i n  v e l o c i t i e s  n o r m a l l y  u s e d .

Equat ion(33) and t .he cotresponding relat ionship beEt 'een
the len6es of the three vect.ors U,-d, and l , |  r i l l  now be determined
d i r e c l . t y  f o r  t h e  c a s e  i . l l u s t r e r e d  i n  F i g .  I 7 a  e s  f u r t h e r  a i d  [ o
c o r t e c !  i n l e r p r e t a r i o n  o f  t h e  g y ( o s c o p i c  e q u a C i o n .  f q u a t i o n ( 3 0 )
(equires thai  lhe .ogular impulse t l ,dt .  dur inS t ine dt about the
y-exis through the f ixed poioc O nu6! equal Ehe cheoge dl lz in angular
nonentum both in nagnitude and direcr ion. These vectors are shonn in
Fig. l7b, and i t  is s€en lhaE duriog the L i ine dt lhe momenrur o! spin

<D

. a-J

F i e .  t 7

t h e  a n g t e  d 7  i n  , r r d e r
14.dt = dHz = rw.df,  and

that dl lz equal H. dt.
d  i v i s  i o n  b y  d L  y i e l d s

axis has slrung Lhrough
I t  f o  I  l o w s ,  l h e n ,  r . h a t
lt - Io$.

I r  s h o u l d  b e  c a r c f u l l y  n o r e d  r h a r  t h e  d i r e c t i o n  o f  t h e
precessioo is deternined by the fact thet lhe veclor change dHz in
aogular nomentun has the sane sense as the appl ied moment ,  and hence
lhe spLn axis ( , i l l  ahreys rotate ic,rrard lhe nonenr a:( i6.  The ihree
v e c l o r a  l { , O ,  a n d  w  c o n s t i l u t e  a  r i g h r - h a n d e d  s e L  o f  a x e s .  T h u s  i n
r o t a ! i n g  f ( o n  r h e  U - a x i 6  t o  t h e r r - a x i s  r h l o u g h  r h e  9 0  d e g .  a o g l e ,
advanienenl for a r ight-hand screu is along rhe e-axis.  Likeuise e
r ighl_hand sireld l 'ouLd advance in the M-direcr ion ,hen roiated fron
the-^-axis io the !r-axis or l ,ould advance in rhel!-direcr ion shen
rolaled fron the l r-axie to the U-axis.  Use of this r ight-hand rule
requares nenory of the sequence H-I. t -r ,  of  these vectors. This
s e q u e o c e  c a o  b e  e s r e b l i l s h e d  q u i c k l y  b y  r e c o g n i z i n g ,  b s s i c a l l y ,  r h a r .
the momenturn axis rotales torard the monent axis since the veclor
change in the spin momentun nus! have ihe sane sense as the appt ied
nonent r
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In the evenC an addi! ionat noment about O is aDDlieq ro
t h e  r o t o r  a  c o r r e s p o n d i n g  a d d i r i o n a l  p ( e c e s s i o n  w i I l  o c c u r  w t r i c t r  o o e y s
i h e  r u _ l e s  j u s r  c i r e d .  T h u s ,  i f  a  f u r c e  F  t e r e  a p p l i e d  t o  t h e  r o t a . r n g
e n d  o f  L h e  r o r o !  s h a f L ,  F i g .  t 8 ,  i n  l h e  p o s i ! i v e  y - d i r e c r i o n ,  r n e
correspooding | [onen! vecior eould be in rhe negarive x-direct. ion. The
momentum or spin axis e so'r ld have a ve.ror chaoge in the direct. ioo of
lhe nonent axis M nhich is verr ical ly up, and rhe spin axis l rould
r r a e .  C o n v e r s e l y ,  i f  a  f o < c e  r e r c  a p p l i e d  r o  t h e  e n d  o f  t h e  r u ( o r
s h a f t  i n  E h e  d i r e c r i o n  ! o  o p p o s e  r h e  p ( e c e s s i o n  ( n e g a t i v e  y - d i r e c t L o n )
t h e  s p i n  a x i s  w o u t d  f a l t .

F i p .  l 8

l f  t h e  r o r o r  a x i s  o f  a  g y r o  p r e c e s s e s  i n  a  g i v e n  p l e n e ,
the ceotet of  gravi ty of rhe ror ' rr  retnains io that Dlane 
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n o  a c c e l e r a t i o n  n o r n a l  r o  i t .  I t  f o l t o w s  t h a r  r h ;  r e s u l r a n t  o f  a t l
f o r c e s  a c t i n g  o n  t h e  r o t o r  i n  a  p l a n e  n o r m a t  t o  t h e  p r e c e s s i o n  p l a n e
and containing rhe rutor axis can not be a force and, i f  nc,r  zero,
muat be a couple. Thus rhe notnent U in Eq,(33) is a couple and 1s
kno{n es the rrGyrr-rscopic CoupIe' , ,  Since the value of a couDte rs
i n d e p e n d e n t  o f  v h i c h  p a r a t L e t  e x i s  i s  c h o s e n  t u r  e v a t u a t i n e  r r s
nomeoE, a nonent sumnaaion aboui any axis nornal Lu rhe roro( axis and
I y i n g  i n  t h e  p r e c e s s i o n  p l a n e  n a y  b e  u s e d  f o (  e v a l u a r i n g  U .  T h u s  t o r
t h e  r o t o r  i n  F i g .  t 7 a ,  t h e r e  i s  n o  v e r ! i c a t  a c c e l e r a t i o n  o f  C  d u r i n g
l h e  t o r i ? o n t a L  p r e c e s s i o n ,  a n d  r h e  u p $ a r d  f o r c €  e , ( e r r e d  b y  t h e  p i v o r
o n  l h e  r o i o r  a r  O .  e q u a l s  t h e  l r e i g h r  L r  a u d  t o g e r h e r  w i l h  E h €  w e i g h t  W
c o n s t i t u t e  r h e  g y r o s c o p i c  c o u p t e  l | l i .  T h e  c u r ( e c r  v a l u e  o f  t h e  i o u p l e
m e y  b e  o b E a i n e d  b y  l a k i n g  n o f t e n r s  a b o u t  a n  € x i s  p a r a l l e L  r o  t h e  v - a x i s
through O, c,  or any other poior.

Uhen $ becones snal l  for lhe io!o! of  Fig. L7s, the axrs
begins io droop, and Eq.(33) is no longer a good apploximai ion. on
t h e  o t h e r  h a n d ,  i f  t h e  r o t o r  a x i s  i s  c o n f i n e d  t o  r o r a t e  i n  r h e
horizontal  plaoe abouc rhe vert  ical  by some type of r :estrarnrng
guides, there can be no angular rnumenrun about ahe y-axis aE al l ,  and
lhe only change in anguLar n<-rmenrurn in rhe y-direc! ion comes fron the



di.ect ioneI change in Hz = ! t |  as expressed by Eq. (33),  Therefore
Eq,-(33) ie exacE rrhenever rhe axis of a synmeti icaf rotor is conf ined
lo precesa exclrrsively in one plane. t f  the end of the lotor exis in
tr i8.  l8 sere constrained by snooth guides (not shoeo) to rnove only in
the horizonlal  y-z plane, lhen [he force F rrould cause accelereted
r o l a t i o n  o f  t h e  s h a f c  e b o u r  t h e  x - a x i s  g i v e n  b y  F _ C =  t y o  o h e r e  r , i s t h e
monent arm to o, o is the anguler accelerat ion of t t re i iaf t  axi .s aDour
the vert icsl ,  end lx is rhe oonent of inert ia of the rolor about the
ver!acat.  Accornpanying this rorar ion there vould be s downward force
exerted by the guide oo Lhe sheft  whose noment I , t  abour O obevs Ea.(33)
e r a e c t l y  s t  8 n y  i n g  t e n t .

t r  addit ion to being a toy the gyroscope hes imporlant
e n g i n e e r i n g  a p p l i c a ! i o n .  F i r s t ,  i r  i s  u s € d  e , ( ! e n s i ; e l y  a s  a  d i . r e c -
t i o n d l  d e v i c e .  W i ! h  a  n o u n i i n g  i n  g i m b a l  r i n g s ,  F i g .  1 9 ,  t h e
g y t o s c o p e  i e  f r e e  f r o m  e x t e r n a l  n o n e n t s !  a n d  i t s  a x i s  e i t t  r e L a i o  a
f ixed direc! ion i t respecrive of rhe rulat ionaL movenent of i te oase.
lndependence fron Ehe rotar ional movereni of  lhe surroundinc is useo

F i s .  1 9

a s  a  p o s i t i o n i o g  c o n t r o l  d e v i c e .  B y  a d d i n g  a  p e n d u l o u s  w e i g h t  r o  l h e
inner ainbal r ing the arrract ion of the earLh nay be ugeJ to cause
p r e c e s s i o n  o f  t h e  g y r o  6 0  t h a r  r h e  s p i n  a x i s  a l s a y s  p o i n r s  o o r t h .
T h i B  a c t i o n  f o r n s  t h e  b a s i s  o f  [ h e  g y r u  c o n p e s s r  c y r o s c o p i c  a r t i u n
a l 8 i r  f o r m s  t h e  b a s i s  f o r  i n e r r i a l - g u i d a n c e  s y s r e m 6 ,  T h e  S y r o s c o p e  h a s
f , ) u n d  i n p u r t a n !  u s e  a s  a  s r a b i t i z i n g  d e v i . e .  T h e  c o n r r o t t e d  p i e c € s -
s i o n  o f  a  l a r g e  g y i ( '  n o u n r e d  i n  a  s h i p  i s  u s e d  t o  p r o d u c c  , , " r . n r  t o
c o u n ! e r a c L  t h e  r J l l i n g  o f  r h e  s h i p  a L  s e a .  T h e  g y r o s c o p i c  e f f e c r  i s
a n  e x l r e n e L y  i m p o r L a o L  c o n s i d e r a L i o n  i n  l h e  d e s i g n  o f  b e s r i n g s  f o r  t h e
s h s f t s  o f  r o t u r s  s u b j e . L  L o  f o r ! e d  p r e c e s s i o n .
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SA}iPI,E PROBI.EX

l .  T h e  t u r b i n e  r o t o r  i n  a  s h i p r s  p o w e r  p l a n t  r e i g h s  2 6 0 0  l b .
I ' i L h  c e n l e r  o f  g r a s i t y  a t  c  a d d  h a s  a  r a d i u s . r f  g y r a t i o n  o f  8  i n ,  T h e
r o i o r  i . s  m u u 4 t e d  i n  b e a r i n g s  A  a n d  B  ! r i t h  i r s  a x i s ' i n  E h e  h o r i z o n t ; i
f o r e - a n d - n t t  d i r e c t i o r l  a n d  t u r a s  c o u n t e r c t o c k w i s e  a t  5 0 0 O  r e v . / n i n ,
o h e n  v i e w e d . f r o n  t . h e  s t . e t n ,  D e t e r n i n e  t h e  v e r t i c a t  c o n p o n e n t s  o f  t h e
beariog react ions at A and B i f  Ehe ship is naking .  tu. .r  cu p,-r . i
( f e f t )  o f  4 0 0  y a r d  r a d i u s  a t  a  s p e e d  o f  2 2  k n o t s  ( l  k n o t  =  1 . 1 5 2
r n i  . / h t .  ) .

Solut ion: The verl- ical  .umponefl ts of the bearing react ibns
t r i l l  e q u a l  t h e ,  s t a t i .  r e a c t i o n s  R l  a n d  R 2  p l u s  o r  n i n u s  L h e  i n c r a m e n l .
A R  d u e  l o  t h e  g y r o s c o p i c  e f f e c t .  T h e  n o n e n t  p t i n c i p l e  e a s i l y  g i v e s
R r  =  1 5 6 0  l b .  a n d  R 2  =  1 0 4 0  l b ,  T h €  d i r e c i i o n  o f  t h e  s p i n  v e l o c i l y ,
i r -and Ehe precessioni l  veloci ty rr^.  are indicated lJ i t [  the fr ie-body
d i a g r a n .  S i n c €  t h e  E p i n  a x i s  t e n d s  ! o  r o t a t e  t D \ r a r d  t h e  l o r q u e  a x i s ,
t h e  g y r o s c o p i c  c o u p l e  M  d u e  t o  t h e  A R ' s  p o i n t s  t o  s t a r b o e r d ,  a n d  t h u e
t h e  r e a c t  i o n  a t  B  i s  ( R 2  +  A  R )  a n d  t h a t  a i  A  i s  ( R

I  
-  A R ) .

E q u a l i o n ( 3 3 )  i s  a p p l i e d  a b o u t  l h e
g i v e s :

L e n t e r  u f  g r a v i t y  u f  ( h e  r o t J r  a n d

tM=  I ^w l :  ^
2600  ,  8 . ') .^( .  = t l  ( l f )

A R  =  1 1 6  l b ,

, 22  x  I . I 52  x  44 ,  , 5000  x  2 r ,'-266-;-t;-o-' ' 60 '

:'- -l ̂,,
|  - 2  r
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The req'r i red reect ions are theo:

A =  1560  -  116  =  1444  lb . ; B=1040+116 -1156

The ho(izontal  cooponents of the berr ing react ions l reces6aty
t o  g i v e  t h e  r o l o r  i i B  c e n t r i p e t a l  a c c e l e r e t L o n  i n  t h e  t u r n  m e y  b e
c o m p u t e d ,  a n d  e e c h  t o t a l  b e a r i o g  r e a c t i o n  d e t e f i r i n e d  i f  d e s i r e d ,

PROBIIIIS

l .  o n e  t y p e  o f  a i r d r a f t - e n g i n e  s u p e t c h a r g e r  c o n s i s t s  o f  t h e
4 . 1 0  l b .  b l o e e r  A  t ' i t h  a  r a d i u s  o f  g y r a L i o n  o f  2 . 9 0  i n .  w h i c h  i s
dr iveo at 18,000 rev./min. by the 12.20 lb.  exhaust rurbine B sirh a
radius of gyral ion of 2.75 in.  Deteft ioe the radiel  forces on Erle
b e a r i n g  C  a n d  D  i f  t h e  s h a f t  i s  n o u n t e d  i n  a  v e r t i c a l  p o s i t i o n  a o d  t h e
e i r p l a n e  i s  r o t t i n S  ( t u r n i n g  a b o u r  r h e  h o r i z o n r a l  f l i g h r  e x i s )  a t  r h e
rale of 3 rAd./sec. A,ns. /C/ = lDl = 232 lb.

Fre.2

2 ,  A n  s i r p l a n e  h a s  e  t a k e - o f f  s p e e d  o f  1 5 0  n i . / h r .  a n d
retracts i ts main landing gear io the manner sho$n. Each of the t l ro
36 in.  dianeter uheels reighs 74 lb.  and has a radius of gyrat ion of
t2 in.  1f  the r€tract ing gear folds into rhe sing with an angutar
v e L o c i t y  o f  0 . 5  r a d . / s e c . ,  f i n d  t h e  a d d e d  b e n d i n g  n o n e n t  M  i n  t h e
$ h e e l  b e a r i n g  d u e  t o  t h e  g y r o 6 c o p i c  a c r i o n  l , i r h  t h e  v h e e l s  s ! i l l
spinding at the teke-off  speed.



3. The 400 lb.  rotor for a turbojet engine has a ladius of
S y r a t i o n  o f  l 0  i n .  a n d  r o t a t e s  c l o c k r r i s e  a t  1 5 , 0 0 0  r e v . / m i n .  l . ' h e n
v i e t r e d  f r o n  t h e  f r o n t  o f  t h €  a i r p l a n e .  I f  t h e  a i r  p l a n e  i s  t r a v e l l i n g
a r  5 0 0  n i , / h r .  a n d  n a k i n g  a  t u r n  t o  t h e  r i S h t  o f  2  n i .  r a d i u s ,  c o m p u t e .
the gyroscopic monent t l  ohich the rotor beerings must support .  Does
t h e  o o s e  o f  t h e  a i r p l a n e  t e n d  t o  r i s e  o !  f a l l  a s  a  r e s u l t  o f  t h e
g y r o s c o P i c  a c t  i o n  ?

4 ! 9 .  u  =  l l 3 0  l b . f t . ,  n o s e  t e n d s  t o  r i s € .

{\An'\r:r:7
'A--h4

F i g . 4

4 .  T h e  t l { o  i d e n t i c a l  d i s k s  a r e  r o l a t i n g  f r e e l y  o n  t h e  s h a f t
w i t h  a n g u l a r  v e l o c i t i e s  e q u a l  i n  n a g n i t u d e  a n d  o p p o s i t e  i n  d i r e c t i o n
as shorn. The shaf l  in lurn is caused to rotate about the vert ical
axis in the sense indicated. Prove ! ,rherher the shaft  beods as in A or
a s  r n  B .
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5, In lhe f iguie is shown one of three gyros nounted r i lh
v e r t i c a l  a x i s  a n d  u s e d  t o  s t a b i l i z e  a  l a r g e  s h i p  a g a i n s t  r o l l i n a .  T h e
notor A turns ihe pinion rhich precesses th€ gyro by totat ing the
l a r g e  p r e c e s s i o n  A e a r  B  a n d  a t t a c h e d  r o t o r  a s s e m b l y  a b o u t  a  h o r i z o n t a l

\
2Jo

F is .  5
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t r a n s v e . s e  a x i s  i n  i h e  s h i p .  T h e  l o L o r  t u r o s  i n s i d e  t h e  h o u s i n g  a r  a
clockwise spead of 800 rev./min. t  heo vielred fron the cop and has a
l { e i g h t  o f  1 0 0  l o n s  \ r i r h  a  r a d i u s  o f  g y r a r i o n  o f  4 , 8 5  f r ,  D e r e r n i n e
t h e  n o m e n t  e x e r t e d  o n  t h e  h u l L  s r r u c t u r e  b y  t h e  g y r u  i f  r h e  m o t o r
t u r n s  t h e  p r e c e s s i o n  g e a r  a r  l h e  r a r e  o f  0 . 4 2 0  ( a d . / s e c .  I n  I J h i c h  o f
t h e  t r o  d i r e c t i o n s ,  ( a )  o r  ( b ) ,  s h o u L d  L h e  n o r o r  t u r n  r o  c o u n r e r a c r  a
r o l l  o f  r h e  s h l p  t o  E r a r b o a r d ?

A n s .  M  =  5 . 1 4  x  1 0 6  l b . f r . :  ( a ) ,



tllctts ot ItEttlA

l. [ttts (F r:nra o? utts:

There at€ [sny proble[s io eqrgineering ehich involve the
ev. lu. t ion of !n int€8ral  of  the foir  { \2m ,h.re y is lhe distsnce
fro. rn €t€r€nt of area dA to an axie ehich is ei th€r in or noroal to
the plrn€ of lha rre..  lo legrsl .  of  this forn appe.r so f iequent ly
that it ir ot t.€.t .dvrntlt€ lo dev€lop the. for sooe of lhe rore
co-rn aaeaa and to tabulate the reaulta for eesy refereoce.

FiBUre Cl.  i l lu i t rstes lbe phy. ic. l  or igin of the.e inteSrdl . .
ln the .  p.r3 of the lagure the .urf lce !re.  ABSD is subjected to a
distr ibuted pre..ure p vho!€ intenaity i r  proport ionel to the distence
y fro.  the axis AB. Thi!  s i turt ion coverr the discussion on rrPreasure

on Suhrcrg€d gurfaces",  .od describes !h€ ect iotr  of  l iquid presaure on
r plaoe rul frce. ?he donent about AB thet is due to the pressure on
th€ el€!rcn! of  aie.  dA is pyd^. .  ky2f^.  ^ Thus the inte8r. l  io ques-
t ion appear.  chen the to! . I  lorEnt H .  kfy 'zdA. is evaluated. In parE
( b )  o f  F i 8 .  C l .  i r  r h o c o  t h €  d i r t r i b u t i o n  o f  3 t r e s 3  e c t i n S  o n  a
tr .naverre s€ct ioo of !  6i . .ple €l . . t ic be.r  bent by equsl rnd opposite
coupler .ppl ied to ia.  end..  At rny sect ion of the bee! !  l inesr
d i s t r i b u t i o n  o f  f o i c e  i n t e n . i t y  o r  r t r e s s ,  g i v e n  b y  6  -  k y ,  i s
present.  Th€ €[er*nt. l  f ,m€nt rbout the .r . is 0-O is dE - C.y.dA =
tf{A. Thu. the sa|Ie integrr l  appears i rhen the total  Dooent N :
kfy ' .dA. is evr lu. ted. A rhi td e,. .mple is giveo in pert  (c) of
P i g ,  C l .  e h i c h  s h o e s  ,  c i r c u l s r  6 h a f t  s u b j e c t e d  t o  a  t e i s t  o r
t o r s i o n r l  n o  e n t ,  l . i t h i n  t h e  e l e . t i c  l i a i t s  o f  t h e  o e t e r i e l  t h i g
iro*nt i8 rei i3t€d r t  esch cros6-.ect ion of rhe sheft  bv a distr ibu-
t ion of t .ng€nt i . l  o.  .heer 

" t . .""  
d lgictr  is propoei ionel to the

rrdiel  distanc€ l i  t roi  the center.  Ttus f  -  kp. lnd the total  n<J|[€nt
sboot the ceot i . l  . r i r  i "  y -  t ! ' . r .dA .  ktr '?.di  .  rere the inregral
di f fer.  t rd lhe preceding iuo ersplea io that the .res is norEs I
insterd of p.r . l l€ l  to the r*nt . r i8 snd that t  is s redi . l  coordi-
nrte inr iead of I  rectangular on€.
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F i g .  C l

T h e  i n t e g r a l  j u s t  i l L u s t r a t e d  i s  g e n e r a l l y  c a l l e d  r h e  l M o m e n !
o f  I n e t l i a "  o f  t h e  a r e a  a b o u t  t h e  a x i s  i n  q u € s t i o n .  A  m o r e  f i t t i n g
terrn is ahe I 'Second Ioment of Area'r  s ince rhe f i rs!  nonen! y.dA. is
l lu l l ip l  ied again by tbe moment ar id y to obtain the resulr  for lhe
elerDenl dA. The sord "Inert ia" ?rppears in lhe terminology by reason
of lhe sini lar i ty betneen the mathematical .  forn of the integrals for
second monelts of areas and those for the resultant nonents of the
so-cal led inert ia forces in the case of rotat ing bodies. The noment
o f  i n e r t i a  o f  a n  a r e e  i s  a  p u r e l y  m a t h e n a r i c a l  p r o p e r t y  o f  t h e  a r e e
a n d  i n  i t s e l f  h a s  n o  p h y s i c a l  s i g n i f i c a n c e .

Coosider the area A in the x-y plane, Fig. C2. The moneots of
inett ie of the elenent dA about Ehe x- and y- aies are, by def ini t ion,
dlx = y2.dA. and dly -  x2.dA.,  respect ively.  t terefore t i re nonenEe of
ioert ia of A about the sane arais are:

l v=
(cr)J v-

(n_,
J '

thete the iotegrat ioo .overs the ent ire area. The non€nt of ioert ia
o f  d A ,  a b o u t  t h e  p o l e  0  ( z - a x i s )  i s ,  b y  s i n i t a r  d e f i n i ! i o n ,  d J z  =

.dA! and lhe nonent of inert ta of lhc ent ire area abour O is:
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I  L g .  U Z

The expressions def i .ned by Eq€. cl  are knom as r 'Rectengular l tornenrs
o f  I n e r t i e " ,  v h e r e a s  l h e  e x p ^ r e s s i o o  o f ^ E q . ( C 2 )  i s  k n o t r n  a s  t h e  r r p o l a r
l l o n e n t  o f  l n e r t i a " .  S i n c e  x '  +  y '  =  1 " ,  i r  i s  c l e a r  r h a t :

J z  -  \ ,  +  l y  ' ,  . :  .  .  . .  ,  . . .  .  .  .  .  .  .  ,  .  .  ,  .  .  .  ( C 3 )

A polar moment of inert ia of an area ghose boundariee are Dore sinply
described in rectengular coordinates than in polar coordioates is
e a s i l y  c a l . u l a t e d  \ r i t h  r h e  a i d  o f  E q .  C 3 .

I t  should be noLed that the nomelt  of  inert ia of an eLenent
involves ihe square of the distaoce froro the inert ia axis ro cne
element.  An eleneol rhose coordinate is negat ive contr ibutes as much
to the monent of inert ia as does an etenert  ui th a posit ive coordinate
of the same magnitude. Consequent ly,  the monent of inett ia of an area
about any axis is ahrays a poait ive quaot i ty.  ln contrastr  the f i rst
nonent of the area, l 'h ich ras involved in the computet ions of
c e o t r o i d s ,  c o u l d  b e  e i t h e r  p o s i t i v e  o r  n e g a t i v e .

T h e  d i n e n s i o n s  o f  i n e r t i a  o f  a r e a  a r e  c l e a r l y  L a ,  s h e r e  L
stands foi  the dinension of length. Thus the uoitE for area rnoments
o f  i n e r t i e  a r e  e x p l e s s e d  a s  q u a r t i c  i n c h e s  ( i o . -  )  o r  q u e r t i c  f e e r
( f r . ' ) .

The choice of the coordinates to use for the calculer ion of
nL,nents of inert ia is inportani.  Rectangular coordinates should be
used fo! shapes {hose boundaries are most easi ly expressed in these
c o o r d i n a r e s .  P o l a r  c o o r d i n a t e s  l , i 1 l  u s u a l t y  s i n p l i f y  p r o b l e n s
involving boundaries rhich ate easi ly descr ibed io r .  and e. The
.hoi.e of an elenent of area ehich simpl i f i€s the integreEion as nuch
a s  P o s s s i b t e  i s  a l 6 . ]  i m p o r r a n t ,

f ,^edius of cyrat ioo: The nonent of inert ia of an atea is a
m e a s u r e  o f  l h e  d i s t r i b u t i o n  o f  t h e  a r e a  f r o m  r h e  a x i s  i n  o u e s i i o n .



Aseune al l  the aree A, Fig. C3, to b€ concentrered into a str ip of
o€gl igibl .e- thickn€ss a! a distaoce kx from the x-exis so lhat the
producl kx'A equats Ehe moreot of inert ia dbout the axis.  the
distence kx, cel led the rrRadius of Cyt. t ion",  i6 rh€o a neasure of the
distr ibut ion i . r f  area fron lhe inert ia axi6. By d€f ini t ioo, then, for
a n y  e x r s :
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t = k 2 A o ! k -
/ l

k ;  =  k i+

Thus the square of the rad iu6 of
the sun of lhe aquarea of the
correspond ing t€ctangulaY axe8.

F i g .  C 3

l l h e n  t h i s  d e f i n i t i o n  i s  s u b s r i ! u t e d  i n
E q .  C 3 ,  t h e r e  r e s u l . t s :

(c4)

(c5)

g y r a t i o n  a b o u t  e  p o l a r  e x i s  e q u a l s
radi i  of  gyret ioo about the trro

I t .  is inperat ive thet there be no confusion belseen lhe
c o o r d i n a t e  t  t , i  t h e  c e n t r o i d  o f  L h e  a r c a  a n d  t h €  r s d i u s -  o f  g y r a i i o n
k. The squar€ of the ceotroid distance, Fig. Cl,  is y '  and is the
s q u a r e  u f  t h e  m e a n  v a l u e : o f  l h e  d i s t a n c e s  y  f r o m  r h e  e l e m e n t s  d A  t o
t h e  a x i 6 .  T h e  q u a n l i i y  k " x ,  o n  t h €  o t h e r  h a n d ,  i s  t h e  n e a n  o f  t h e
sq'rares of these distances. The moneni of  in€r! ie is not equal to
s i r c e  t h e  s q u a r e  o f  l h e  m e a n  i s  n o t  e q u a l  t o  t h e  m e a n  o f  t h e  s q u a r e a .

Tr.n3fer of A:es: The f lunent of inert ia of
noncentroidal axis may be easi ly expressed in l€rms
i n e r ! i a  a b o u E  6  p r r a t t e l  c e n t r o i d s l  e x i s .  t n  F i g .
a x e s  p a s s  t h r u u g h  t h e  c e n t r o l d  G  o f  r h e  a r e a .  L e r
deternine rhe muBents of inert ia of rhe area abou!

an area about a
of the monent of
c4, ihe xo - Yo
it  be des ired to
the para I  le l  x-y

:r
I

each of the thiee terms in
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-'t '" I

the elenent dA about the x_axis

Fis .  c4

B y  d e f i n i t i o n  t h e  m o n e n t  o f  i n e r t i a  o f

c e n t r o  i d a  I
and Yo is
Thus the

. . (c6)

. . . .  ( c6a)

d t x = ( y o + d x ) 2 . o e .

a n d  i n t e g i a !  i n g  g i v e :

^  ^ 6 1
tx = \ 'v ,dA + 2d" ( ' ry.dA + dx'  \ -dA,

d  o  
^ J  -  - .  , J

i n t e g r a l  i s  t h e  n o m e n t  u t  i n e t r  i a  i *  a l o u c  r e  . . n '
T h e  s e c o n d  i n t e s r a t  i s  z e t o  s i n c e  A y o  -  

P y o . d A  a n d
a l l y  z e t o .  T h e  L h i r d  i n L e g r a l  i s  s i n p l y  A d z x .  T h
n for lx and t .be sini lay expresBion for Iy become:

r x = i x + a . d ' ? x .

I Y = l Y + A . d ' Y .

t h e  s ' r m  u f  L h € s c  L u u  e q r . r a t  i o n s  g i v e s :

t z  =  i z  +  A d 2  '  .  " . . .  ' . . . .  '

c6 and c6a are the so-cal led "Paral lel_Axis Theotensl
p a r t i c u L a r  e h o u l d  b e  n o t e d .  . F i r s t ,  t h e  a x e s  b e t s e e r

f e r  i s  m a d e  m u s l  b e  p a r a t t e l ,  a n d ,  s e c o n d ,  o n e  o f  t t
t h r o u g h  t h €  c e n L r o i d  o f  t h e  a r e a -

Expaod ing

B y  E q .  C 3

Equat ions

l f  a  t r a n s f e r  i s  d e s i r e d  b e t i . r e e n  l w o  p a r a l t e l  a x e s  n e i t h e r ; e
o f  l r h L c h  p a s s e s  r h r o o g h  t h e  c e n t r o i d ,  i L  i s  f i r s t  n e c e s s a r y  t o
t r a o s f e r  f r o n  o n e  a x i s  r o  t h e  p a r a l L e t  . e n t r o i d a l  a x i s  a n d  t h e n  t o
L r a n s f e r  f r o i n  t h e  c e n t r o i d a L  a x i s  t o  r h e  s e c o n d  a x i s .
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Ihe parel lel-exis theotens alao
ll i th subatitut io]r of rhe defioir ion of
telation becones i

hold for r.di i  of gyr.t ioo.
k iolo Eqa. c5, the treirafer

k 2  -  1 . 2 +  d 2 . .  , . . . . . . . .  . .  ( c6b)

ehere I ir  lhe radius of gyration ebout e c€otroidal sxia psral lel !o
lhe aris sbout rrbich k epplies .nd d is th€ diBtrnce betc;en the lso
are6. The axes ney be eilbe( in the pl.ene or oorrul to lhe plane of
l ne  e tea .

l .  Deterf t ine the oonents
about the ceatoidcl  l lo -  yo axes.
x-.x i6,  sod the polar exis O.

stlotr P||rtl&l

of inert ie of the rectanguler
lhe ceot.roidal polar axis G, lne

!gfg!!gg, For lhe cel .uLerlon of lhe oooenr of inert ia ix
aboul the Xu-ar. is a horizoniel  str ip of aree b.dy. is chosen 5o thar
al l  elenents of the st t ip have lhe saEe y-coordinrte. Thua:

_ ^+h
t rx  -  [ ! r ,dA]  :  i x  -  {dZ y r . t .ay  -  $ur r r  Ans .

r l_ lLz_
2

t
I

I
t-
I

. i

I
t

i i' ' - ' d i - - - - - -

o
"l
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ll.o^f$fifiS+s irls lrFholo rftei mrted'u!&t{iritgddd trm !d[;toi{;r,,
YS; l i ' i i i lS i i ' r  .dr  .eP3 urn i  , l  ru  nu i j i . ' r ]eb 'd '  lo  no i , tur i r !d ! 'g  r r r rw

:  'e to 'ed noi  t i  l  e t

ry. f  ru '"_ . , .c. . . . . . , . . . . . . . . . . .  4ls.
- ( d d J )  , . . , . . . : . .  . , . . . . ' . . ' . ' .  -  . b  

*  - '

The cenl loidal  polar nomelt  of  iner! ie is:

il,lt*1rlg,iltrl j-::i:iffi !1*tffi {""S$lXU","ff r'il;{;.i,pr:I
,;;;s!;i;;lu,;m;:"i't":"ftl',:'J'i::::,.'i"'"?'i:L;;:
i B :

t  .  h z  I  .  I  ^
llx . ix + Adx']r Ix =-'ttt-ftlr-(7-= 

i bh' - 
i Ah' Ans.

lhe pola! Dqretrt of inettia rbout O osy elao be obtained
by lhe p.raltel aris theoreD, -d:h.E{ u$t^a

l Jz= iz  +  ad l :  Jz= #e(u t  +  l ' ) +At(? +(?1

edl 3ni  ! l tPJP9..  . , .1Ans.
- oX l*hiolns" ef i : r- l  uodB

? i ! s  r s J  u q  e d t  b r s . ? t x B ' t

ssrB l . ruysr re r  s r r r  r , ,  da  f i s rA  X l i+*0 '
, a r  , o  " i t "  

r a l o q  t a b i r ' ! J n r '  + d ' '  ' s e x 6  o Y
0

r i  c i . r :sni  10 tnsao. '  er l l  lo f lo i ls lu ' ls ' ' -3r i '  rol  
. l  

doi  l , t r ' l -og
i  , y b . d  ! 5 t E  ) o  q ; ! , ?  l B t n o i i r o d  c  P ; x 6 _ u x  . ' l J . t r u ' s'""' "l:."f;ffr:ii#.}n*,ffi'j"r,,"..ilii'l'ii.iii'iii"*eI-ai irre'et{er{r.

about e a iarie"tTil i;i; ";;i-;;oirr 
rlc Doler akis

spec-lgf rhe rsdi i .q& s}' !sjwrr.d. ' ,  t  q : xJ : fal.
aboul I da&letral e!.ia and about tlc Doler akis throueh the cenEer.
spec , i$ f  rhe  rsd i i .qq  q l r l s jhnd. ' ] .  tQ:  x I  :  la l . rv l  - -x t )

"  4- l  
!

3_11',-,
" ' '

l
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Solut io! :  Ao elenent of area in the for6 of s circulsr
ri..g, shown 

-ii-1ffi 
(a) of the fiSute, ray be used for the calcula-

t ioo of the nonent of inert ie ebout the poler r-6xi6 through 0 6ince
aLl elements of the r ing ale equidi€tent f ron O. The elemental  srea
ie dA = 2Tt'od?o, and !hus:

lJz = 
"2 

.dA' l  I J" = 
o 

"ro 
(2n o, &o) - !r2u - 

+ Ir'', AnB.
o

T h e  p o l a r  r a d i u s  o f  g y r a t i o n  i s l

T h e  l s d i u s  o f  g y r e ! i o n  a b o u t  t h e  d i a n e l r a l  e x i r  i s :

t k= ' / ; l r  kx= i  l ns .

The for€goin8 determinal ion of lx is the simpl€st
p o s s i b l e .  T h e  r e € u l !  m a y  a l s o  b e  o b t e i n e d  b y  d i r e c t  i n t e g r a t i o n ,
usirg the elenent . . , t  area dA = 

"o.d?o.do 
stronn in part  (b) of  the

f i g u r e .  B y  d e f i n i t i o n :

. lo" o'
l l x  -  y ' dA l  :  r x  =  I  \  ( ro  e ln  o ) '  r o  d ro  de ,

o  o  0 o

^2n  r  . z^
- \o  r  i ' "ode

t 4

.. /f,,
r K  =  /  ; l  

:

By

lJz -  lx

?k" =E

synmelly lx E lyr

,  ty1r  t .= lU

so thal f ron Eq. C3,

Ans.

An3.

the tr iangular a(ea
centroid and vertex.

! q  I  , ^  s l n  2  O , 2 T  l r q= 
T .2 r11---- 2-t 

= 
7-

3. Delermine the nxrments of inert ia
about i te base and abouE pral tel  axes lhrough

Sg]glb, A sti  ip of area
shoon io lhe f igure and i!  has

By  de fanaL ion :

1r* = $ral1. '
-  . . "  r  n -v .  .
lX = \ -  v-  - :  D.dv = b

d o  -  n  -

- !!'
12

i t s

pars I  te I  to tbe base
t h e . r e e  d A  =  x . d y  -

rT - 4h,

I 3

l (h-y)Bl  dy.
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By the parat lel-axis lheJren thel  munant uf iner! ia I  about
t h r \ r u g h  t h e  c e n t r r i d ,  a  d i s ( a n c e  I  a b o v e  t h e  x - a x i s ,  

- i s :

[ i=T -Ad,l  ,  i=t] ' -  t ]> t ]r"  -$'

A transfer f lom lhe ceotroidal
g r v e s :

axis to the x ' -ax i3 through the ver tex

b h 3  - b h .  , 2 h . 2  b h != ::- + (-;-, (-=, = --i
J o z 5 . r

I + ea21 :  r i

4. Deternine the mureoi of  inerEia ebout the x_axis of the
sen ic i rcu lsr area.

Solution: the monent of ioert ia
abo,rt th?-lil?iT" is one half of that for a
sa'ne axis. Thus fron the results of problen

I rr 'L 2\nt* = t-t 
= -T- =

I

ot the semic i rcular area
corplete circ le about the

2n ln,  {



- 23t -

The oonent of ioert ia i  about the peral lel .  centroidel
obtained next.  Transfer is nade through lhe distance i  =
3r = alh i ! ,  by"the paral lel-exls theoren. Hence: { i  =
| = 21t - (+) (#)' = t. lss ln.q. Flnally, tranef.i re
centroldal lo-axid to the x-axls,  L 'hlch glves:

[ r= i+ la2] :
, 2 -  8 2

r x -1 .755+( -z ) (3+ : l r_n ) ,

=  1 .755  +  23 ,1  -  94 .9  t n . !

PAOBLn|S

l .  Find the Domenrs of
shoro about the dianetral

I x - 3 . J - = = j -

Fig. 1

axis xo is
+= Gx2\/

r -1  Ad '  i  :
made from the

the quarter
through O.c i r c  l e

inert ia of lhe erea of
r-axis aod the polar axis

F i g . 2

2. Find rhe nonenrs of ioert ia of the atea of the parel lel-
ogram about lhe base (x-axis) and sbout a paral leL centroidal axis.

3. Find the radiu.6 of gyrat ion k of a square of s ide b abour
one d iagoda L. 6

Ans. k = ^-F

4. Find the nonenE of i [err ia of the shdded area ebout the
x-axis by taking a horizontal  str ip uf erea dA.

A n s .  r x  = * a b r ,
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r ig. 4

5. Solve problero 4. by chooring a vertl.cal sttip of asea d,A.

6. Find the Eoment of inerl ia of the f iSure in probleo 4.
ebout the y-axis, lns. rV - 

f  
aqb,

7. Cslculate the rnonent3 of ine(t ie of Ehe el l ipt ical area
about the Dsjo( exes and the c€olrel polar exis,

ri r-;:>.---'---------- l. I

Flg. 8

5!

t-.'-t

8. The x- and x!-exes 5re loceted fr@ the centroid c of the
irreSula! atee es shoen. l f  the nooents of inert ie about these axes
ere l ra i  1800 in.  *  and lr( t  -  2200 in.r ,  detetmine the a(ee A of the
f i g u r e ,  A n s .  A  =  2 0  i n , 2

9. Derernine the nooeots of ioett ia of the area of the
ci(culer secloa abouL the x- and y-exes.

- u  _ 1 n  2 c ,  -  l n o ,  s t n  2  c .
E!.  r*=i  tc -*r ;1, Iy -? (a * : -z . l



t tg .  9

. CcDoaite lre.r: The [{)oent of in€rtie of corpoaile area
e D o u t  e  p e r t i c u l a r  a x i s  i s  t h e  a l g e b r e i c  s u n  o f  t h e  n o n e n t ;  o f  i n e r r r s
of lhe v.r iour parts sbout the sane axia, The resulto of the DrobLens
proved previously nay be used to d€tetoine lhe roDeots of ioe;t ie for
cqrporr€nt- pe(td of the shepes 8iven. l i  is of tel  convenient to regs(d
E co|Ipon-i t€ srea as corposed of poaitive and oetetive part!. The
nomeot of ioerLia of a negst ive ares i6 a, i inus que;t i ty.

.  ! , lhen Bect. ion is conprsed of a larg€ nunber of parts,  i t  is
conveoient to tabulate the results for the parts ln tetoe of t ie area
A, cenlroidal  noneot of inert ia i ,  d isteoce d froD lhe ceolroidal  exi6
lo the axis sbou! shich the nonent of inert ia of the ent ire sect ion ig
being cooputed, and the prod_uct A{2. for any one of the psrts the
d e s r r e d  n u m e n t  o t  r n e ( t i a  i s  I  +  A d . ,  a n d  t h u s  f o r  t h e  e n t i r e  B e c t i o o
the desircd rnomen! of inert ia may be expressed es l  -  Xi  + tAd2,

s xPta Pll'lttx

l he
l .  Conpure the

x-exis for the cross
|lonent of in€rt aa

aection shoun.
and redius of gyra! ion Nbou!
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I
tr

t '

The nrnenl of
th€ 6urE 0f |[ol!ent6 .rf

I x  -  1 8 7 2
/=-

r* - /.I-

x 72) - : t  872 !n,a

i s :

,r\q-!- l  - 'c \
.,..:..t 1- t

Soluti.on: The codpoeile eree oay be considered as composed of
the t t  o rectangles A and B and lhe negat ive quartet c irculer aree C.
For the rectenSle A the noment of iner l ia 'abou! tha i -- : r is is:

[ r - i+Ad ' : ]  :  r x=  ( ] ro  *6 ! )  +  (6 ' z

The mo|nent ot inert ie of B .bout the r-exis

r x= jxzx4 t -42 .67 tn . \

Th€ rnoment of inert . ia of the negf, l ive quarter circte
i ts ho! izontal  dianeaer i6:

r" = +"h
Tr|osfer of this restr l t  lhroirgh lhe distence i = {f = <a x q/!n -
1 .597  i o .  S i ves  fo r  t he  cen l ro ide l  monen t  o f  i oe r t i a  o f  C :

t i  -  r -Ad 'z l  t  r  -  -s0.27 -  ( f l *  l " l  (1 .579) 'z  = -14.07 tn .q

The f tuhent ot inert ia of c nay ol ' r r  be found t , i th respect to the
x-axie, and the transfer from the centroadal exis Sives:

1r  = i+ la '? l :  rx= -14.07 + 1- lx  a21 G + t .6g7r '?  = -422 rn. -

x 4{  -  -50 .27  tn .  {

1 4 9 3  i n .  
!

6 . 8 9  t n ,

C about

ioert ia of the oet sect ion about the
inert ia of ats conrponent perts.  Thus. '

+ 42.7 - 422

/rls3- t llltt 
= Ana .
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PROBI.ffS

l .  Deterrnine the polar nomenL
a b o u t  p o i n t  o .  4 ! 9 ,  J  =  1 3 8 . 9  i n ,

o f  i n e r t i e  J  f o r  [ h e  s e c t i o n

2

about point O for the

F i g .

2. Find the polar rodenl of  iner l ia J
croas-aect ion bound by the two squares.

3, tr ' ind t.he polar m o n e n t  \ , f  i n e ( t i a  o f  t h e  n e t  e r e a  a b o u l  O .

F i g .  3

4, Deternine lhe mDment of inert- ia of the rrea ' r f  a rectangle
o f  s i d e  a  a n d  b  a b o u t  s  d i a g o n a l .

a !  b 3

5. Fiod the notnent of inerr ia about the x-axi6 of the a(ea
b e l o e e n  t h e  y  a n d x = y f r o n x = 0 t o  x =  I ,  n h e ( e  x a n d
y  a r e  i n  i n c h e s .

6 ,  D e l e r n i n e  t h e  m o a e n t s  o f  i n e r L i a  o f  L h e  Z - s e c t i o n  a b o u t
the centro idal  Xo-and Yo-axee-

' a'-
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I

I

rlg. 7

7. lletermine the |h)|Ieot of in€itia of lhe enSle section about
i ts hor izootal  centroidal axis Xo. 4!g..  i*  = 167.3 in.

8. Detertnine the polar nonent of inert ia.  J ot the hexagonal
6rea about i t6 ceotroid. The length of one side is b,

A n s .  J '  l i : b q .

9. ln Ehe calculat ioo of rhe stabi l i ty of  a Bhipro hult  i t  is
necessery to knol '  Ehe noneot of inert ia sbout the longitudinal cenrer
I ioe of the area of rhe horizootal  cross sect ion of the h'r l l  at  t .he
*ater l ine. Est imate this nomeuf of l  inert ia for the water l ioe shape
reproduced here by dividing l l i€ etee into a nunber of epproximar ing
s t r  r p s .

Ans.  I  +  53 ,000  f t . '

10. Detetmine
c r o g s  s e c t i o n  t h o r r n ,

F i g . 9

moment ot iner t  ia abou!
I x  =  l 6 t  t  i n . o

lhe x-axis of lhe

I
r

I
I
I

t



I
I

r1g. 10

. l  l .  Deternine the
that lhe nomeols of inert
e q u a l .  A n s .  b =  f 6 . l

4'

d Pxy

Pxy
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f tange ! . ' idth b for
ia about the ceotral

F l g .  1 1

t.he l {-beam sect ion 60
x- aod y-axes ni l l  be

c a l
Produca of lnert ia:  I I r  c€r lein

c t u g 5  s e a t  t o n s a n  e x p r e a s l o n  o c c l r a
problers involving unsymrctr i-
rrhich hss the form:

(c7)o..

F i g ,  C 5

ohere x and y are the coordinates of the elernenl of  arca dA, The
q u a n t i t y  P x y  i s  c a l l e d  t h e  r t P r o d u c t  o f  I n e r t i a r r  o f  t h e  a r e a  A  a b o u l
the r(-y axes. Unl ike noments of inel l ia,  the product of inert ia can
be pos i  L ive ur negaL ive .



B y  r e f e r e n c e  t o  F i g .  C 5  i t  c a n  b e  s e e n  f o r  a n  a r i s  u l
Ey'nneLry, su.h as lhe x-axis,  that the sun of rhe rer 'ns x(-y)dA and
x ( + y ) d A  d u e  t o  s y f t n e t r i c a t l y  p L a c e d  e l e n e n t s  v a n i s h e s .  S i n c e  r h e
e n a i r e  a r e a  n a y  b e  c o n s i d e r e d  a s  c o n p o s e d  o f  p a i r s  o f  s u c h  e l e n e n t s ,
i t  f o t l o l t s  ! h a !  t h e  p r o d u c t  o f  i n e r t i a  v a n i s h e s .

A  t r a o s t e r  o f  a x i s  t h e o r e m  e x i s t s  f o r  p r o d u c ! s  o f  i n e r t i a
w h i c h  i s  s i m i l a r  i o  t h a t  f o r  m o m e n t s  o f  i n e r r i a ,  B y  d e f i n i r i o n  r h e
prrduct of  inert ia of lhe area A in Fig. C4 abour the x- and y-axes in
t e r f t s  o f  t h e  c o o r d i n a t e s  X o ,  Y o ,  t o  t h e  c e n r r o i d a l  a x e s  i s :
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r*y = frx" + dy) (Yo + dx) dA,

(c8)

! e s p e c  f  t o  t h e  c e o t r o i d a l

l ic l ined Axe6: I t  is of ten necessary !o
,.,f ine r tlalE-fi-iiE-a about inctined axes. This
d i r e c t l y  t o  t h e  i m p o r L a n t  p r u b L e l [  o f  d e r e r n i n i n g
the nonenL of inert ia is a maxirnum and a mini f tun,

I n  F i g .  C 6  t h e  o o n e n r s  o f  i n e r L i a  o f  r h €
a n o y - a x e s a r e :

ca lculate the noment
cons iderat ion leads

lhe axes about l ,h ich

area about th€ xr-

I x ' l \ y

Ft'
J

@,"
)  v "dA

Pi,*
J

cos S -- )at stn g) 2 dA,

s l n 6 + x c o s o ) 2 d A .

= fxor.ae . o- P*"oo * arp.oa - *o,foe,
Pxy = Pxy + dxdyA,

w h e r e  F x y  i s  l h e  p r o d u c c  o f  i n e r L i s  ' ^ ' i L h
X o  -  Y o  a x e s  l r h i c h  a r e  p a r a l l e l  t o  t h e  x - y

F i g .  C 6



-239-

-  Expand ing  and -sub6r iLu r iag  the  t r i gononeLr i c  i den t i t i e6 ,
sin'a = r:s9t-13{ cosze - ! !g+fg end Lhe defining relal ions fo( lx,
I y ,  Pxy ,  g  i f e :

l x '

l y '

In a sini  lar maoneri

-  A , ' . .f : c y=Jx . y .dA=

= t" ; 
t" .' Ir;-rr 

"o"

- rx t r\i - Eflx 
"o"

l . . . -  s1n  20  +  Pry  cos  2e  , . . . . . . . . . .  ( c9s )

b y  O  S i v e s :

= 2Pry
Iy - I x

26 - Pry sin 2e,
, . .  . . .  . .  . .  .  . .  ( c9 )

2e + Pry sin zO,

(cr0 )

Addiog EqB, C9 gives lxr + Iy '  -  I )q + ty = Jz, the potar momen! of
i n e r t i a  a b o u t  O ,  $ h i c h  c h e c k s  t h e  r e s u L !  o f  E q .  C 3 .

The angle shich makes Ixr and lyr a maximum or a rninimurn may
b e  d e l e r n i n e d  b y  s e t t i n g  t h e  d e r i v a ! i v e  o f  e i t h e r  l x '  o r  t y '  u i t h
r e s p e c L  t o  O  e q u a l  t o  z e r J .  T h u s :

s'= ,t, - Ix) sln 28 - 2 h.y co6 20 - o

D e n o t i n g  t h i s  . r i t  i c a l  a n g l e

r a n  2 d

E q u s l i o o  C l o  g i v e s  t r o  v e l u e s  f . r r  2 d  s h i c h  d i f f e (  b v  r  s i n c e  i a n
t e n  ( 2 e  +  r ) .  c u n s e q u e n t l y  t h e  t u e  s o l u t i \ r n s  t o r  o , s i t t  d i f f e r
One value det ioes rhe axis of meximun tnoment of inertaa, and the
v a l u e  d e f i n e s  l h e  a x i s  o f  m i n i n u n  n o n e n !  o f  i n e r ! i a .

.2or 'Dy t.

F i g .  C 7



Thes€ !r ,ro rectengular axes are known as the "Prin€ipal Axes of
l n e r t i e " ,  S u b s l i t u t i o n  o f  E q .  C l o  i n  E q .  C 9 q  s h o t , s  t h a t  t h €  p r e d u c l
u t  i n e r r i a  i s  z e r o  f o r  p r i n c i p a I  a x e s  o f  i n e r l i a .  A  b e a m  o f  o v e l
c r r s s - s e c t i o n  l o s d e d  ! r a n s v e r s e l y ,  F i g ,  C 7 ,  i f  f r c e  t o  r o l a t e  a b o u t
i l s  l u n g i t u d i o a l  a x i s ,  w i l l  t u r n  u n t i l  t h e  h o r i z o n t a l  a x i s  o f  L t s
c t o s s  s e d t i o n  i s  t h e  r n i n i m u r n  a x i s  o f  i n e ( l i a  O - O .

The (elal ioos in Eqs. c9, C9a, and Clo oay be repres€nted
S r a p h i c a t t y  b y  a  d i a g r a " r  k n o s o  a s  H o h r r 3  c i r . t e .  E o r  g i v e n  v a l u € s  o f
l x ,  I y ,  e o d  P x y  t h e  c u r r e s p o n d i o g  v a l u e s  o f  l x ' ,  l y ' ,  a n d  P x ' y ' n a y  b e
deternined fr i } | [  the diagra|[  for any desi(ed angle g. A horizontel
axis for lhe neasuremenls of nonents of in€rt ia and a ver! ical  axis
f u r  t h e  m e a s u r e n e n t  o f  p r o d u r t s  o f  i n e ( t i a  a r e  f i r s t  s e l e c l e d ,  F i 8 ,
c 8 .  N e x t ,  p o i n t  A ,  e h L c h  h a s  t h e  c o o r d i n e l e s  ( I x ,  P x y ) ,  a n d  p o i n l  B ,
r h i c h  h a s  t h e  c o o r d i n a E e s  ( l y ,  - P x y ) ,  s r c  l o c a t e d .

- 2 4 0 -

t - ,

- - - - - - I--1.

F  i e .  c 8

A  c i r c t e  i s  d r a t , , n  , r i t h  l h e s e  t l , o  p o i n t s  a s  t h e  e x t r e n i t i e s  o f  a
d i a n e l e ( .  T h e  a n g l e  f r o t [  l h e  r a d i u s  0 A  l o  l h e  h o r i z o n t a l  a x i s  i s  2 d
ur teice lhe angle frolo rhe x-axis of lhe area in quest ion to the qxrs
of rnaxinrum noneor of ioerEia. Bolh thc edgle on rhe diagrsin and the
angle on lhe area are deasured in lhe sane sense :rs ghonn. The
c o o r d i n a ! e s  o f  a n y  p o i o t  C  a ( e  ( l r ' ,  P x ' y ' ) ,  a n d  t h o s e  o f  t h e
c o r r e s p o o d i n g  p o i n t  D  a r e  ( l . y ' ,  -  P x ' y ' ) ,  A l s o  t h e  a n g t e  b e l i r e e n  0 A
aud 0C ls 2e ,rr  t t ' ice the angle f(orn the x-axls to lhe x '-axis.  Again -

both angLes are neasurcd in the same scnse as shoro. l t  nay be
v e r i f i € d  f r u m  L h e  r r i g o n o n e t r y  o f  t h e  c i r c t e  t h a i  E q s .  C 9 ,  C 9 a ,  e n d
c l o  e g r e c  r i L h  r h e  s t a E e m e n t s  n a d e ,
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l
6

-!
2

l .  D c t e r n
p a r a b o  l a  s h o w n :

Soluc ion:
p r u d u .  L  o f  i n e (  r  i a
f o r  r h e  e n r  i r e  a r c a

_ (0h o,
no ) ayz h,2

I

. l

L h e  p r u d u c L  o f  i n c r t i a  f o r  r h e  a r e a  u n d e r  t h e

SA}IPLE PROELEIiS

Lhe  .u rve  be .unes  x  =  . y .7s , .  rn .
dA  =  dx .dy .  i s  dpxy  -  xydx .dy  and

The equaL i , )n of
fur the . . :  tenenr

0b
(aI  -  -4 -L-)  v .dv =

Z .  L o . a r  e  t h e
c o r  r e s p o n d  i o g  r n a x i m u n

r

i

F,

p r r n c i p a l  . e n L ( o i d a L
a n d  r i n  i m u m  n , ' m c n  r  s

a x e s  o f  i n e r t i a  e i L h  r h e i r
o f  a n e r t  i a  f o r  l h e  a n g t e

+ir ,  ,nr

|  
/ * ' =

i '='- 
-

J 1..

:  i l

,i."t; -
\ : "

',i



Solut ion: The cenrtoid C' is esei lv [oc.!ed as .horn. The
product;?-T;?;t ia for each recisqSl.e abu,r;  i ts olJn cen!(uidal axes
parat lel  to the x- rnd y-axes i6 rgro bt st f t let iy.  Thus lhe product
o f  i n e r l i a  f o r  p a r t  A  i s :

P*y = o + <j> <+!S <o = -i.ts[ p " y = F " y + d x d y A ] l

Likerase for B,

E q .  C l 0 .  T h e r e f o r e :

[ t a n  2 a  = : * ]  :
r y - r x

tan 2c[ = =  1 .87  510 .167  -  18 .  167

Pry=o

I
' 12  '

. L
' 12

+ (+\ (-=) (4\

f o r  p a r t  A  a r e :

4  x  I - '  +  t ( - / ,

1 x 4 ' ) + t ( j ) '

for part

FroiD Eqs. C9

I max. = lx

2u=

the princlpal moments

18 .167  +  10 .  167  ,=- '=- l - . .

6 1 ' 5 6 ' ,  d  =  3 0 ' 5 8 '

of lnert la afe:

1 8 , 1 6 7  -  1 0 , 1 6 7

( 7 . s0  x  0 .8824 )

18 ,167  +  10 .167 x  0 .4705)  -

2

=  2 2 . 6 1  ! n . \

,La.r67 - 10.167
\-_]-

0 .4705)  +

2

(7 . s0  x  0 .8824 )  =

[P "y=F"y+dxdyA ] :

conplete ang le:

The nonents of

i  Ad I  :  Tx

f n  s i n i t a r  n a  n e r  t h e  m o n e n L s  o f  i n e r t i a
1 1 . 5 8 3  i n .  r ,  I y  =  2 - 5 8 , 3  i n a .  T h u s  f o r  t h e  e n t i r e

I x  =  6 .  5 8 3  +  . I L  5 8 3  =  1 8 ,  1 6 7

.  r y  =  7 . 5 8 3  +  2 . 5 8 3  =  I 0 . 1 6 7

T h e  i n . L i n a ! i o n  o f  i h e  p r i r c i p a l  a x e s  o f

- 7  . 5 O  I n .  a

4 l  =  6 .583  i n .

x  4 i  =  7 .563  t " . r

i n e r t  i a  i s  g i v e n b y



o f
T h e s e  r e s u l ! s

the Hohr c i rc le as
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m a y  a l s o  b e  o b t a i n e d  g r a p h i c a l l y
shoen to the r ighl  of  the angle

b y  c o n s  t r u c t  i o n
i n  t h e  f i a u r e .

PROBI.EI,IS

l .  Deternine the product of inert ia Pxy of che area of a
tectangle about x- and y-axes coiacidiog ei th tr , ro adjaceot sides of
lenglhs a and b. Th€ recrangle t ies in the f i rsr quadranl,

2.  Obt.aio the product of inerr ia for the a{ea of lhe quarler
ci lc le about the x- and y-axes by direct inr€grar ion (x- end y-axes
passes through d ianelers).

4!1. r'v '

3. The noneots of inert ia of ao area l , ' i th respect to . the
p r i n c i p a l  a x e s  o f  i n e ( t i a  x ,  y  t h r o u g h  s  p , r i n i  P  a r e  l x  =  3 2 . 0  i n , '
aod ly -  12.0 in ' .  wirh the aid of l , lohrrs circ le deremine rhe inonenr
of inert . ia lx '  and the pi{rduct of  inett ia Px'y '  for the erea aboui
axes x ' ,  y '  through P and rotated l5 deg, clockf l ise from the axes
x r  Y .  4 ! g .  r x '  =  3 0 . 6 6  i n . t ,  P x r y r  =  - 5  i n .  c

4. Delcrrnine the nsximum and minimum moments of inert ia about
centtoidal  axes for the Z-sect ion shoen of previo'rs problern no.6, and
indica!e the couoter. Iocki ,r ise angle q made by !he axis of naxioum
momenr uf ine(t ia with the xu-axis.

A n s ,  I  n a x  =  1 8 I . 9  i n . a , I  h i ^  =  , n  7  i -  q  ^  -  l n o A t

5. Deternine the maxinum and ioini [un nonen! of inert ia about
c € o t r o i d a l  a x e s  f o r  l h e  a n g l e  s e c i i o o  o f  p r e v i o u s  p r o b l e n  n o . 7  a n d
indicate the counterclockr ise edgLe o tnade by the axis of maximun
nomenl of inert ie oi th the Xo-axie,



- 244 -

xrrErTs oF rtz&tlA o9 nss:

T h e  m a s s  n o n e n t  o f  i n e r t i a  o t  a  b o d y  i s  a  m e a s u ! e  o t  l h e
i n e r ! i a l  r e s i s l a a c e  t o  r o i a t i o n r l  a c c e l e r a t i o o .  I n  F i 8 .  C 9  t h e  b o d y
of dass n is caused to yolate about lhe ar is O-O ei lh ao angular
accelcral ioo o- Ao elenen! of mass dft  har a cooponeot uf €caeleral ion
t a n g e n l  t o  i t s  c i r c u l a r  p a t h  e q u a L  a o  t q ,  e n d  l h e  r e 6 u l t a d t  t a n g e n t i e L
forre on !hi6 elenent equals lhe frrce l l ] ldm, The runent of this force
about the axis o-o is t 'odm. The sum of tbe r@nents of these forces
for al l  e lenents is r '2odm. For a ! ig id bodt d as the sane for al l
radial  Lines in the body and nay be taken out€ide the iotegral  s ign.
The rernaining integral  is knoeo as t .he nonent \r f  inert . ia I  of  the nass

I = J r,.dm (crr)

F r g

This integral  represenls an inpurtanl properly of a body and
is invulved i l t  ihe for!e analysis of rny body l ,hich has rotat ional
a c c e l e r a t i o n .  J u s l  a s  t h e  m a s s  t n  u f  a  b o d y  i s  a  n e a s u r e  o t  t h e
r c s i s t a n c e  ! o  t r a n s L a r i o n a l  a c c e l e i a t i o n .  a h e  n o n e n t  o f  i n e r t i a  i s  e
' n e a s u l e  o f  r e s  i s l a n c e  t o  r o t a !  i o n 3 l  e c c e l e r a l  i o n  d u e  t o  l h e  m a s E  o r
i n e r r  i a  o t  t h e  b u d y .

l f  rhe rnass deasi, ty A is .onslant ihroughout the body, the
n o n e n t  o f  i n e r t i a  b e c o m e s :

t = rl1o,"',1v.
d

l { h e r e  d V  i s  L h c  E l e m e o t  o f  v o L u o e ,  l n  t h i $  c a s e  t h e  i n t e g r a l  b y
i L s e I f  d e f i n e s  a  p u r c l y  g c o n c t r i c a t  p r o p e r t y  o f  L h e  b o d y ,  I t h e n  t h e
n a s s  d e n s i t y  i s  n o t  c o n s t a n t  b , r t  i s  e x p r e s s e d  a s  a  f u n c t i o n  o t  t h e
c o o r d i n a t e s  o f  ! h e  b u d y ,  i L  m u s L  b e  t e f t  \ , i L h i n  t h e  i n t e g r a t  s i g n  a n d
i t s  e f f e c L  a . c o u n t e d  t o r  i n  l h e  i n L e g r a t  i o n  p r o . e s s ,

I I .

c9

o
j

I

d;;



.b,u. 
"n+**1#.,+,,+*,."1::,.;f 

,i;....',"svraLion.\{ or a nass m

. I f  r h e  b o d y  i s  a  w i r e , - r r  s l e o d e r  r o d  o f  t e n g r h  L  a n d  m a s s . 6
9":  

" :11,,  

tensrhi  Lhe momenr of inerr ia abour ,"  ; ; i "  
- ;" . , , . "

:  
- . j ,  - " : ,  e n e r e  r  L s  t h e  p e r p e n d i c u l a r  d i s r a o c e  f r o n  r h e  e l e n e n !  d Lt o  t h e  e x i \  i n  q u e s r  i u n .  r f  r h e  b o d y  i s  a  r h i n  f r , r  p i ; ; . - ; ; - " . . "  

": :o - ' : : : :2  
p" '  , " i :  

" . : . ,  rhe  mumenL v r  iner t ia  ; "  I  Jp1 , . ,a i i .  wr , " "o
.Ls 

coostanl 
-ov€r rhe plale, the expressiun becomes I  _b&, aa, rnr"

: l :  T l : " 1 , " t  
i n e r L i a _ o r  t h e  p l a t €  e q u a l s  r h e , , " "  p " ,  . n i t  a r e a  r i m e s

: , , =  , " . ' "  .  
n o m e n r  o r  ! n e r ! i a ,  d e s , r r i b e d  i n  p a r r  I  f o r  a x e s  ! n  o rn o r m a t  t o  L h e  p l a n e  o f  t h e  a r e a .

I n  g e n e r a t  r b e  c o o r d i n a t e s  I , h i c h  b e s r  f i r  i h e  b o u n d a r i e s  o ft h e  b o d y  s h o u l d  b e  u s e d  i n  r h e  i n t e S r a t  i o n .  t !  i s  p a ! r  i c ; l a r l yrnporraor to make a good choi.e of !he elenent . f  , . t , ] r"  ; t .  Ane t e n e n t .  o f  l c , l r e s r  p o s s i b l e  , J r d e r  s h o u l d  b e  c h o s e n ,  a n d  t h e  c u ! r e c rexpression for Lhe no, ienr ,rr  inerr ia 
"r  

rh.  
" i . ; ; ; r -" ;" , i - , r*  " :c,"rnvolved should be used. For exampte, in t inding tr ,u-- 'n. ,"- . , t  , tt o e r t r a  o t  a  r i g h r  c i r . u t a r  . o n eerenent in,h""r,,,; ; ; '  ;;;:"i, i :"" :?^'J,"J,i i ;,;; ' l ; l : i l : : l

s h o u l d  b e  u s e d .  ' r h e  d i t f e r e n r i a l  m o f t e r L  o f  i * . t i ,  r " . - i i i " - . i . r . r .i s .  
_ t h e  c o r r e c r  e x p r e s s i o n  f o r  l h e  n u n e n t  o f  i n e r r i a  o f  a  c i r c r _ r l a rc y l i n d e r  , f  i n f i n i L e s i m a t  r h i r k n e s s  a b o u !  L r s  . e o r r a l  a x i s .

, , . ^ .  - _  I l :  
d i m e n s i u n s  o r  m a $ s  n o r n e n L s  o f  i n e r L i a  s r e  ( n a s s )  xa n o  a r e  d s , r a t L y  e x p ( c s 6 e d  i n  t h e  u n i C s  l b . f L , s e c 2 .F r e q u e n t l y  r h e  u n i L s  f t .  s l u g s  a r e  u s e d ,  s h e r e  r h e  

" l r g  
i "  i . l ; "  

" "t h e  u n i t  o f  a a s s  -

o r  I  =  k 2 m . " ' . . , . . ' . . . . ' .  ( c l2 )

Thus  k  i s  a  neasu re  o f  Lhe  d i s r r i buL ion  o f  mass  o f  a  g i ven  body  abou t :t he  ax i . s  i n  quesL ion ,  and  i r s  de r in iL ion  r "  
" " "1 .g *J , "  

' , t . - i " r i . r _

: j : .  f " .  
, n .  rad ius  u f  sy raL ion  fd r  

" " . " "a . " . . " - t ' ,  " i - , . . , . "  
" i r . r r

Lhe  nass  n  .o , r l d  be  -on -en r ra rod .  a r  a  d i s ran rc  k  f . " ,  t f , o  , * i " ,  t t , "
;:i;"*"Ji: T.Jii.lt.,i,li,l,,tlo,iio,:ii, T::,t:l;l.,;:,,"1",".":,.,.:;:
r a d  i u s  u f  g y r a L  i , , n  o f  r h e  b o d vbudy. r,re ;";.;;. ; i,";;;t;?,",:"J :"1::,:l:: ;:1 T;. 

',e,is.hr or the

T r a n s f e r . 9 f .  A r e s :  t f  r h e  m u t u n L  o t  i n e r r i a  o f  a  b u d y  i s  k n o w n€ o o u L  a  . , r n r  r u i d a l  a x i s ,  i r  m a y  b e  d e l e r m i n e a  e a s i l y  a b u u L  a n yp a r a t t , r t  
- a x i s .  T o  p r o v e  t h i s  , t a i e m e n !  c o n s i d e r  t t r e  t v o  l a r a t t e t  a x e st n  F i g .  C l 0 ,  o n e  o f  w h i . h  i s  a

sraviry c.  rhe radial  o i"r .""" ," ' ; : : . : " :d, :- l  . ' ,x is 
throlsh the ceoter of

m € s s  d m  a r c  7 ' o  a o d  r ,  , . 0  , n "  , ,  
r r o n  L h e  t ! t r )  a x e '  t o  a n y  e l e n e n !  o f

!ins rh,-. raw "r .,,"i,,1"-"] :';"1'f 'o1'i'i;: 
lli 6-il.j".l; .::?::i::;r u r  L h e  n , u ' n c n L  r r f  i n e r r i a  a b o u r  r h e  

" " " " " . t . " i a r r ' r * i " - " ; ; ; " , - " "
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r'2 dm =

F  i g .  c l 0

(r'o'? + d2 + 2rod cos o) dn,

r.o2dm + d2 dm + 2d ydro.

T h e  f i r s t  i o t e g r a L  i 6  t h e - n D m e n t  - o t  i o e r t i a  I  a b o u t  t h e
. e n t r o i d a l  a x i s ,  t h e  s e c o n d  i n t e g r a l  i s  m d ' ,  a n d  l h e  E h i r d  i r t e g l a l
e q u a l s  z e r o  s i n c e  t h e  y - c o o r d i n a L e  o f  t h e  c e n t c r  o f  g r a v i t y  t r i t h
r e s p e c t  ! o  a n  o r i g i n  a t  G  i s  z e r u .  T h u s  l h e  p s r a l t e l _ a x i s  t h e o r e m  i s :

r= I+ rad ' z (c r3)

I i  nust be rcnehbered lhat the transfer canoot be nade unless
o n e  a x i 6  p a s s e s  r h r o u g h  t h e  c e o t c r  o f  g r a v i t y  a o d  u n l e s s  t . h e  a x e s  a r e
p e r a l t e l ,  L { h e n  t h e  e x p ( e s s i o n  f ( ) r  t h e  r a d i i  , J f  S y r a t i o n  a r e  s u b s L t -
t u t e d  i o  E q .  C l 3 ,  l h e r e  r , r s u I l s  w h i c h  i s  l h e  p a r a l l e l  a x i s  t h e o r e n  f r r

( c  l 3a  )

o b t a i n i ' r g  t h e  r a d i u s  o f  e y r a t i o n  k  a b o u l  a n  a x i s  a  d i s t . a n c e  d  f ( o n  a
p a r a l L e l  . e n t r o i d a l  a x i s  f o r  r h i c h  l h e  r a d i u s  r . r f  g y r a t i o n  i s  k _ '

P r o d u c t  o f  I n e r l i a :  t n  a  f e o  D r l b l e m s  o f  a d v r n c e d  n e . h a n i . s
ttre in t eli lTl--i i f=-Til l,n; ryz = fyia,n; Lxz = Fxzd,n; are,.rsefur.
T h e s e  i n t e g r a l s  a r e  c a L l e d  t h e  p r o d u c ! s  o f  i n e r t i a  o f  l h e  m a s s  n '
t h e y  n a y  b c  e i r h € r  p o s i ! i v e  o r  u e g a ! i v e ,  l n  g e n e l a l ,  a  ! h ! e e _
di 'nensional body has three noirents of iner l ia about lhe lhree nutual ly
p e r p e o d ! . u l g r  c o r r d i n a L e  a x e s  a n d  t h r e e  p r o d u c l s  o f  i n e r t L a  a b o u t  t h e
lhree co,rrdinate planes- For an unsyftnetr  ical  budy of eny shape i t  is

k 2  = 8 2 + d 2



inei l ia of a body si th respec! !o a plane is uBeful  in soloe problens
p r i n e r i l y  a s  a n  a i d  t o  l h e  c a l c u l a t i o o  o f  t h e  n o m e o t  o f  i o e r t i s  u i l h
respect t .o -a l ine. The noment of inert ia r i th respect to the y-22
plsne is def ined as x 'dm and that t r i th respect to lhe x-z plane is y_
d m .  S i n . e  x ' +  y "  '  r '  ,  q h e t e  t  i s  t h e  d i s t a a c e  f r o o  d m  ! o  l n e
z - s x i s !  t h e  m o n e n !  o f  i n e r ! L a  I z  a b o u t  t h e  z - a x i a  i s :

a .  6 \ "  a "
rz = rr.dm = rx.dxo + l"y.dn.

Sini lar expressions may be l l rLt ten for the lwo othei a,(es.

- 241 -

S o l u t i o E :  A n  e l e m e n t  o f  n a s s  i n  c v l i n d r i c a l  . o o t d i n a t e s  r s
dm - J0di-=-5i4d"oalo The mome,rL ' f  iner i ia abuut the axis of rhe
c y  I  i n d e r  i s :

fould lha! for a given or igin of coordinates there is one Urienrat ion
o f  a x e s  f u r  r h i c h  l h e  p r o d u r t s  o f  i n e r t i a  v a n i s h .  T h e s e  a x e s  a r e
calted the "Principal Axes of Inerr iarr .  The correspoodiog monEnts of
ioe(t ia about lhese axes are knoro as rh€ iPr incipel l tomente of
Inert ia" snd include the naximutn possible value, Ehe nininun possible
value, and an intermediaEe value for €ny or ientet ion of axes about the
A i v e n  o r i g i n .

llDDt of loertia eith ResD€ct to a ?l&e: The nollent of

SIXPLB PNOBLBIIS

l .  D e t e r m i n e  t h e  m o m € n t  o f  i n e r t i a  a n d  r a d i u s  o f  g y r a L i o n  o f
a  h o m o g e n e o u s  r i g h l  c i r c u l a r  c y l i n d e r  u f  n a s s  n  a n d  r a d i u s  t  a b o u t  i l s
cent (el  axis O-O.

r = 
f'.roa,,r

The radius .r f  gyrat ion

T h e  ( e s u t t  t  - * * "
cy I  indcr and caniot be

odro e = httr l
1 ^
2 '

= 4r, ld- P' -t' - _ \  
I  '

" o - ! o  -
t E  k =  t  = n =  

t z

Ans.

a p p l  i e s  o n l y  t o  a
u s e d  f o r  a n y  o t h e r

sol id honogeneous . i rcular
r h e e  I  o f  c i r c u l a r  p e ! i p h e r y .



+v
r-  = #P tr ,2

- d -r,

T h e  r a d i u s  u f  g y r a t i o n  i s :  k

- 248^

- 2  A  _
- x') ax = l1 r 6r '

/ l  / 2=  r ' - =  f  - !

2 .  D e t e r m i n e  t h e  n o n e n t  o t  i o e r r i a  a n d  r a d i u s  o f  g y r a t i o n  o f
a  h o n o g e n e o u s  s o t i d  s p h e r e  o f  n a s s  m  a n d  r a d i u s  r ' a b o u t  a  d L a n e t e r .

S o l u t i o n :  A  c i r c u l a r  s l i c e  o f  r a d i u s  y  a n d  t h i c k n e s s  d x  i s
chosen as rh€ volume element.  Fron the result  of  prob. l ,  the noment
o f  i n e r t i a  a b o u t  t h e  x - a x i e  o f  t h e  e l e n e n t a l  c y l i n d e r  i s :

|  ^  1  -  ^  r .  ^  ^  2
a r x  =  *  ( d m )  y ' =  *  ( a i y ' d x )  y ' =  +  ( 1 ' ' - x ' )  d x ,

t  here . ,a is the constant nass densitv of the sDher€. The total  noneot
o f  i n e r t i a  a b o u t  t h e  x - a x i s  i s :

Ans.

3 .  D e  l e r m i n e  t h e
r  c c  t . a n g u l a r  p a r a l  L e l e p i p e d
z-axes and about the x-axis

m o m e n t s  u f  i n e r t  i a
Df nass m about the
t h r o u g h  o n e  e o d ,

ot the homogencous
c e n ! r o i d a l  x o  -  a n d
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Solut iop: A traosverse sl ice of !hirkness dz i6 selected as
the elenent of volune. The ntonent of inert ia of this sl ice of
i n f i n i l e s i m a l  t h i c k n e s s  e q u a l s  t h e  m o n e n r  o f  i n e r t i a  o f  t h e  a r e a  o f
the sect ion t imes the mass per uoit .  area dz. Thus Ehe nonent of
i d e r t i a  o f  r h e  t r a n s v e t s e  s l i c e  a b o u t  r h e  y ' - a x i s  i s :

drJ ' |  -  (aaz)  ( *  * ! ) ,

a n d  t h a t  a b o u r  t h e  x r - a x i s  i s :

d t x '  =  ( - o d z )

I z =

ghere n is t l ie nass
of ine r t  ia about the

a 3 b ) .

9 . ,

, \oat " 
=f i  ( , ,+r,rp a, = * ,  (",+u,)

o f  t h e . b l o c k .  B y  i n r e r c h a n g i n g  s y m b o t s  r h e

, I
\ 1 2

A s _  l o n g  a s  t h e  e l e n e n t  i s  a  p l a r e  o f  d i f f e r e n t i a l  t h i c k n e s s ,  r n e
p r i o c i p l e  o f  E q .  C 3  m a y  b e  a p p l i e o  ! o  t r v e :

, h ^ -
d r z =  d T x  +  d r y  =  ( , E d z ,  

t  
( a . + b . ) .

These expresslons may noo be inregrated to obrain the d€sired results.

T h e  m o n e n r  o f  i o e r r i a  a b o o t  l h e  z - a x i s  i s :

r , ( .  =  
$  n  (a2+  q2)

The moment of inerr ia abour rhe x-axts may be fouod by
a x r s  t h e o ( e m ,  E q .  C I 3 .  T h u s :

rx= r*  r r  (5 '=aro ("r+ +rr)
o  z  t l

A n s ,

Ans ,

t h e  p a r a l l e l -
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The las! result  nay be obiainad by expressiog the nooent of inert ia of
the elementaL sl ice about the x-axis and inleg(al ing lhe expression
ovcr the lengih of the bar.  Again by lhe Paral lel-a* is lheoren:

drx = dlx '  + zzdn - (-o dz, (* . ! t )  + z2..oabdz,

= -oab (- + l.2\ dz.
l n t e g r a t i n g  a i v € s  t h e  r e s u t t  o b t a i n a ' A  p r e v i o o s l y :

^ L  - 2  - 1  1
I x  - .dab ld  (++  z ' \  dz  =  3 i ! :  ( c ' z  ++  )  -+n  (a '+  4e , ' ) .

\  
- l l  

J  4

T h e  e x p r e s s i o n  f o r  l x  n a y  b e  s i n p t i f i e d  f o r  a  l o n g  P r i s n a l i c a l
bar ,rr  s lender rod shuse t(ansverse dinensiuns a!e stral  t  conpare4 ! t i lh
t h e  t e n g L h ,  t n  t h i s  c a s c  a 2  r n a y  b e  n e g t e c t e d  c o m p a r e d  r ' i t h  4 9 - ' ,  a n d
the n,rnen! r f  inert ia of such a slender bar about ao axis thr{ iugh one
end nernal to the bar beconas I  = fm01 By Lhe sanc apptuximation the
n g n e n t  o f  i n e r ! i a  a b o u L  a  c e n l r J i d a L  a x i s  n u r m a l  t o  t h e  b a r  i s  I  =

PTOBLEXS

l .  A  b a r  t 0  i n  l o n g  h a s  a  s q u a r e  c r o s s - s e c t i o n  I  i n .  o n  a
s i d e ,  D e ! e r m i n e  l h e  p e r c e n ! a g e  e t t o r  e  i n  u s i n g  i h e  a p p r o x i m E t c
fotmula I  = lmt '?for !b€ tnornent of inert ia about an axis nornal Lo the
bar and th(ou'gh lhe ceoter of one end psrat let  to an edge (see sanPte
pr. 'b len no.3 abovc).  Aos. e = 0.2492

2 .  D c t , i r m i n e  t h e  m o m e n !  u f  i n e r L i a  o f  a  c i l c u l a r  ( i n g  o f  n a 3 3
r n  a n d  i n s i d e  a n d , , , r ! s i , l e  r a d i i  1 ' l  a r r d  1 2 ,  r , : s p . . t i v e l y ,  a b o u r  i L s
. : . n t  r a  I  p , ) l r r  a { i s .

A n s .  r - + n ( r ? + r 2 t -
z 2 l

3 .  c a t c u L a t e  t h e  m o ' n e n L  o f  i n e r l i a  r f  a  h o n o g e n e o u s  r i S h t
c i r c u l a r  . . J n e  o f  ' n a s s  n  a n d  b a s e  r a d i u s  r . r b o u r  l h e  c o n c  a x i t '

1 "
A n s .  I  = ; * m t '
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4. The nooenr of-  in€rt ia of a body ei th
p t a n e  i s  0 . 2 0 2  l b , f t . s e c . 2 ,  a n d  r h a L  t d i ! h  r : s p e c r
0 . 4 4 0  l b . f r . s e c . '  T h e  r a d i u s  o f  g y r a r i o n  s b o u !
f t .  Find lhe neighr l , I  of  rhe body.

5. DetenDioe the monen! of inett ia of the
of rass m ebout the cyl inder axis O-O.

l -
Ans ,  I  = im  (a .+  b , ) .

F tB .5

reaP€ct to the x-y
t.o the y-z plane is
the y-.r is is 1.20

e l  I  i p t  i ca t  cy t i nde r

!  r ,g.  o

Ftg. 8

6. Determine the momeo! of ioert ia about the z-.x is of lhe
homogeneous sol id parebotoid of revolut ion of n6ss r tr .

7,  Deter ine the l loments of inel t ia of the horogen€ous r igh!
circular cyl i [d€r of f i rass tn about the xo-,  x-,  snd yr-axe- ehorn.

4!9.  I * "  -  
i ^  (1" .  +  t . ) ,  rx  -  

1 !  o  (3r ,  +  49"2) ,  ry  _

r1g .7

,.v".



E, Detemine tbe nonents of ioert ia of the half sDheri.cel6hell  t l i th respecr. ro t+re lr- and z-exee. The *"." oi tr," 
"t i i i - i" . ,and  i t s  t h i ckness  i s  neg t i g ib le  conpered  I ' i i h  t he  rad ius  i , .

Ana. Ix =

1
2

9, Derermine the noment of inerEia of the conical  8hel l  ofm a s s  m  a b o u r  r h e  a x i s  o f  r o r a r i o n .  l { e l l  t h i l k n e s o  i s  n e e t i g i U i e .

Ans .  I z  = !0?2.

F r g . 9

10, Derernine th€ noBenr of
bel l -shaped shel l  of  udi form smal l  th

. tJlT - 44
A n s ,  I z  E : - -  n a - ,

b( l r  -  z ,

Fig. 10

inert ia about
ickness if  the

the z-axis of the
n a 3 a  i s  n .

.  C o r y | o g i r e  B o d i e s :  T h e  d e f i n i n g  i n r e g r e l ,  E q .  c l l ,  i n v o t v e s
rne sque(e ot rhe distence f(un the exis ro the eGnenr and so rs
alrays posit ive. Thus, es in Ehe case of area noaenta of inert ie.  the
' [aas oonent of inert ie o€ a co,nposite body is the suo of the nJ;ent€
o t  r n e r t i e  o f  t h e  i a d i v i d u e t  p a r t s  a b o u t  t h e  s a u e  a x i s ,  I r  i s  o f r e n
coovenreDt to consider a cornposite body es def ined by posit ive volurnes
aod oegal ive volunes. ?he monent uf inert ia of negai ive elerenr.  euctra s  a ' h o l e ,  D u s t  b e  c o n s i d e r e d  a  m i n u s  q u a n t i t v .
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PROEl.n|s

l .  Calculare the nonent of inert . ia about the z-axis of the
cyt inder ei th the hemisphericat caviry i f  the net ness is n.

l ns .  r  -  lnaz

Ftg .  I

F l g . 3

I

Le steeI hsndrheel
ich has a unifortu

homogeneous rotor,
=  2 . 4 3  i . B ,

ra

F lg .  2

the
lrh ich

@t

lat .e the noment of inert ia of
T h e r e  a r e  s i x ^ s p o k e s ,  e a c h  o f
e a  o f  0 . 4 0  i n . '
I  =  0 . 4 3 I  l b .  f t .  s e c .  2

ine the radius of gyrer ion of r
a b o u t  i l s  c e n t r a l  a x i s .  A n s ,

.,/AI
.'')l ,vl
l-+1 | .4 rl
lili (tfr
l---47--1 \ t.l I
i-.,-. I \,J.4.'

\ i  ,"

2 .  C a t c u
i t s  a * i s .

A n s .

3 ,  D e t e r m

F l g .  4



4. Determioe
to the axis 0-O. The
and rhe handle is made

4!9. r" -

5. Deterrnioe
about axe8 A aod B.

4!9. rl =
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the noment bf enert ia of the mal let  r i th respect
head is bade fron hardwood reighing 65 lb. / f r .3,

f r o r n  s t e e l  r e i g h i n g  0 . 2 8 3  I b . / i n .  !

0 . 1 8 9 6  l b . f t . . s e c , '

t h e  n o m e n t s  o f  i n e ( t i a  o f  t h e  s t e e t  b o d y  s h o u n

0 , 1 4 4 6  l b . f l . s e c . 2 ;  I B  =  0 . 3 0 2  I b . ' f t . s e c . 2

a ' /

r1g.

6

6

Flg. 5

6. Determine the
l ink about the axis 0-0.

radius of Byret ion
A n E .  k = 4 . 3 6  i n .

o f  t h e  s y m n e t r i c a l  s r e e l
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